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From Algebras of Normal Operators to
Intersecting Hyperplanes

E. A. AZOFF AND H. A. SHEHADA

Good theorems are often the basis for definitions. In [12], D. Sarason
proved that every algebra of normal operators which is closed in the weak
operator topology is reflexive. Analysis of Sarason’s proof led the authors of
[14], [9] and [7] to extend the notion of reflexivity to linear spaces of operators
and to characterize “hereditarily reflexive” algebras of operators. The key
property, called “P,” in [8], “D,” in [7], “(A,)” in [3], and “elementary” in
[1], has been expressed in terms of preduals and preannihilators. It is the
purpose of the present paper to gain perspective by retreating to the more
primitive concept of separation by linear functionals.

We begin with generalities on separation. A map g taking values in a
topological space separates subsets 4 and B of its domain D if g(4) and
g(B) have disjoint closures. A set G of such maps separates A and B if some
g € G does the separation. The G-hull of A denotes the set of all points in
D which G fails to separate from A.

PRrROPOSITION 1. Let S be a convex set in a topological vector space X and
suppose G C X*. Then the G-hull of S equals

(@) (St NG)y if S is linear,

(b) the closure of S if G = X*.

PROOF. (b) is a version of the Hahn-Banach Theorem proved for example
in [15, page 130]. For (a), note that g(S) is a linear manifold of scalars for
each g € G. Thus if g separates b from S, we must have S C ker g while
gb)#0. O

Let H be a Hilbert space, and write L for the algebra of bounded linear
operators on H. A will denote an identity-containing subalgebra of L, not
necessarily closed in any topology. For each pair of vectors x,y € H, the
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vector functional x ® y in L* is defined by setting (@, x ® ») (the action of
X ® y on a) equal to the Hilbert space inner product of ax with y. We write
Fy for the collection of functions in L* which are sums of at most k vector
functionals, Fy, for the full linear span of F, and T for the norm closure of
Fw. The F stands for finite rank and T stands for trace class, reflecting the
fact that T can be identified with an ideal in L where rank has its traditional
meaning; neither this nor the fact that T is the predual of L will play any
role in the sequel. F,, and T induce topologies on L called the weak operator
topology (w.o0.t.) and the ultraweak operator or weak* topology respectively.

DEFINITION 2. Let S be a convex set of operators.

(@) S is k-reflexive if F; separates each point of L\S from S. (“reflexive”
stands for “I-reflexive™)

(b) S is elementary if F| and T are equally effective at separating points
in S from convex subsets of S.

Our first job is to reconcile this with earlier definitions. Note that vectors
in H can be thought of as maps from L into H. It follows directly from the
definition that the H-hull of S is {a € L | ax € Sx for all x € H}, often
referred to as ref S.

PROPOSITION 3. Let S be a convex set of operators. Then the F, and H
hulls of S coincide.

PrROOF. Apply Proposition 1(b) to H to conclude that H*(~ H) separates
bx from Sx if bx ¢ Sx. O

CoROLLARY 4. Let A be an identity-containing algebra of Hilbert space
operators.

(a) The Fy-hull of A is alglat A.

(b) The Foo-hull of A is the w.o.t.-closure of A.
(€) The T-hull of A is the weak*-closure of A.
(d) The L*-hull of A is the norm closure of A.

PROOF. (a) For each x € H, the (closed, linear) subspace Ax is invariant
under A4 and these cyclic subspaces generate lat A as a lattice. (b), (c), (d) are
direct consequences of Proposition 1(b). O

In particular, the operator algebra A is reflexive iff 4 = alglat 4. Applying
Proposition 1(a) we can also express alglat 4 = (41 N F,), —this differs from
the expression (4, N F;)L of [1] only in that we have deliberately ignored the
fact that T is the predual of L.

PROPOSITION 5. A linear subspace S of L is elementary iffl T C S* + F,.

PROOF. Suppose S is clementary and let t € T. If ¢ = 0, we can write
t=0+0 € St + F. Otherwise, choose a € S with {(a,f) = 1. Since ¢
separates a from the convex set C = S nkert, there is an f € F, which also






