Mathematics 2200 - Test One - Solution
Friday, September 16, 2005

. Evaluate the following limits
(a) 1 2+ 27 — 3

a wl_}H% 3 —1 )

Solution: We can just factor out the numerator and denominator

common term (x — 1).

. *+2r -3 (x —1)(x + 3)

lim ————— =

a—1 g3 —1 =1 (x —1)(22 + 2z +1)
x+3 4

m ——--—-—-= .
I—>1$2+l’+1 3

(b) lim vr+5-3

z—4 x—4
Solution: This problem needs to multiply the term x + 5+ 3.

T vVr+5—3 I vVr+5—3 Vr+5+3
11m —— = 111l

a—4 g —4 =1 z—4  \Jz+5+3
(x+5)—9
= lim
v—4 (r — 4)(V/x + 5+ 3)
1

1
= lim ———— = —.
i=i\T+5+3 6

.1 —-cos3x
(c)hm _
z—0 xsinx

Solution: We have done a similiar problem in the class.

.1 —cos3z . 1 —cos3x 1+ cos3zx
lim ———— = lim . .
z—0 grsinx z—0 gxsinx 1 + cos 3z
1 — 2
i — cos”(3x)
2—0 zsinz(1 + cos 3z)
B sin?(37)
~ 2=0 zsinx(1 + cos 3x)
sin3x sin 3z 1
= lim — . =
z—0 g sinx 1+ cos3zx

1/ 1 1
d) lim = [ ——— — -
()mlg(l)x<\/4+x 2)

and then cancel the

9

5



Solution: this is almost the same problem in the second quiz. If you don’t get this
problem, you need HELP!!!

lm1< 1 _1)_1. 1(2—@)
20 \VA+x 2 24+ x
L 2=Vi+r 244+
T eItz 2+4Ate
B 4—(4+x)
T 020 /A T (2 + VA T a)
—x 1

— i — 1 _
200 2e/4A + (2 + V4 + 1) ) 2vV4A+z(2+ V4 + )

1
=1 quotient, product and substitution laws.

= lim —
z—0

(e) lim V2r - Vo §2

z—2 2 — 2z

Solution: this problem is supposed to be difficult but it turns out to be very simple.

m V2 —xr+ 2 ~ lim V2r —v/x+2 V2z+r+2

li

r—2 332—21' r—2 x(gj—Q) ‘ 1/21-4_,/1»4_2
. 2r — (z + 2)
= lim
=2 x(x — 2)(V2x + Vx4 2)
1 1

=2 x(V2x +x + 2) 8
U

2. A rectangular storage container with an open top has volume % m?3. The length of its

base is twice its width. Let z to be its width.

(a) Show that its total surface area S (four sides plus the base) can be expressed as

1
a function of the width z as follows: S = f(x) = 22* + %

f(a+h)_f(a> to find
h

(b) Using the definition of the slope-predictor m(a) = }llin%
m(a).

(¢) Find the value of a such that m(a) = 0.

Solution: (a). This problem is difficult. Let y be the height of the storage container.
The length of its base is 2z. Hence 2z - x - y = 1/6. Its total surface area is

S=2-2+2-20-y+2-z-y=22>+6zy

where the first term is the area of the base, the second term is the area of the front
and back, and the third term is the area of both sides. Then we solve for y from



22%y = 1/6 to getly = 121562. Next substitute y into the formula for S and obtain
S = =22+ —.

flo) =2+
(b) We first compute the term f(a + h) — f(a):

1 1
h) — =2 W4+ ——— — 202 — —
f(a+ ) f(a) (aj—i_ ) +2(a+h> a 2a
1 1
—_9 2 2 _
[(a+7) a]+2a+2h 2a
2a — (2a + 2h)
= 2(2ah + h?
(2ah+ 1)+ = 20+ 2h)
—4ah+2h2—L—h 4a+2h—¥
B 2a(a+h) 2a(a + h)
Hence we have
. fla+h)—fla) . _ 1
m(a) = lim h = et | T T e

(c) Set m(a) = 0, this implies
1 3_ 1
4a 5 =0, 8" =1 a = a=

O

-2 ifxr<6 .

is
cxr+20 ifz>6

3. Find the value of the constant ¢ so that the function f(x) = {

continuous for all z. Explain your answer.
Solution: If x > 6, then f(z) = cx 4+ 20 and this is a linear function. Hence f(z) is
continuous.

If z < 6, then f(x) = x2—c?* and this is a polynomial of degree 2. So it is continuous. We
need to find the value of the constant ¢ such that f(x) is continuous at x = 6. Note that
f(6) =36—c?. f(z)is continuous at x = 6 if and only if hrgl, f(z) = lirgl+ f(x) = f(6).
This implies 36 — ¢ = 6¢+ 20. This implies ¢ + 6¢ — 16 = 0. Hence ¢ = —8 or ¢ = 2.
O

Jv1+ecxr—1

4. * Bonus Problem (very difficult) Evaluate lim —————— where c is a constant.

z—0 x

Solution: This is a truly difficult problem. The trick to find this limit is to introduce
the new variable t = /1 + cx. Then t3 = 1 + cx and * = 1:37—1 Also we note that

1in(1)t = lir% 1+ cx = 1. Hence



