Mathematics 3100 - Homework 11
Wednesday, February 11, 2004

. Let {a,} and {b,} be increasing; are the following increasing? Prove or counterexample.

(i) {an + by} (ii) {a, — by}
Solution: {a, + b,} is increasing since
ap < apy1 and b, < b,y implies a, + b, < api1 + bpya-

{a, —b,} is not increasing since we can not take the difference of two inequalities. Take
a, = n and b, = 2n, then a,, and b,, are increasing but a, — b, = —n is decreasing.
O

3dx

. Give an upper estimate for In3 = / — as in the example 22C, by using (a) one
1

trapezoid; (b) two trapezoids.

+3 4
Solution: (a). One trapezoid has area In3 < 2 x 5 3 = 3
(b). Two trapezoid has area
1 1,1
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U
. For each sequence, tell if it is bounded above or not
(@) =t iyl L
Yn = 4 7 3+ 1
(b) ap =14+ —= ! + + !
n+1 d:[;
Solution: (a). Compare a,, with the integral / g e have
x
" L n@n +4) — 7
W >
“ / 1+3x = 3(InBn+4) = In7)
Since In(3n + 4) is not bounded as n — oo. Hence a, is not bounded above.
(b).Compare a,, with the integral / 3z Ve have
1 1 3
by < 1 / —l+(1-——) <2
Hence b,, is bounded above. O



. If |ag sinb+ ag sin 2b+ - - - + a,, sinnb| > n, prove that a;| > 1 for at least one of the a;.

Proof. we can prove it by contraposition. Assume that |a;| <1 foralli=1,2,--- n.
Then

lay sinb + agsin 20 + - - - + a, sinnb| < |ay||sinb| + |az|| sin 20| + - - - + |a,|| sin nd|
<lay| + |ag| 4+ -+ |an| (since |sinz| < 1)
<n (since |a; <1 forall 1)

This contradicts to the statement that |a; sinb + agsin 2b + - - - + a, sinnb| > n. O

sinnb

. Give upper and lower estimates in terms of n along for |cosna +

n

Solution: We just apply the triangle inequality and |sinz| < 1 and |cosz| < 1.

sin nb sinnb 1
cos na + < |cosnal + <1+ —.
n
On the other hand
sin nb sin nb 1
cos na + > || cosna| — > .
n
O
. Ifaflanda§2,thene>%.
Proof. since |a — 1| < € and |a — 2| < ¢,
1
l=[1-a+a—-2]<|a—1]+]a—2| < 2, €> 5.
O

a”

- is monotone for large n.

. Prove that if a > 0, the sequence

Proof. The sequence involves the power and factorial, hence we consider the quotient
fntl  This gives

an

Upi1 a™tl n! a
an (mn+1)! a» n+1
if n+1>aorn>a—1. Hence the sequence is decreasing if n > a — 1. O

at+ag+---+ay,
" .

. Let {a,} be a sequence. b, =

(a) Prove that if {a,} is increasing, then {b,} is increasing.

(b) Prove that if {a,} is bounded above, then {b,} is bounded above



Proof. (a). Since a,, is increasing, a, < a,41 for all k <n+ 1,

ap + ag + -+ Gpqy < e I
n+1 n-+1

b’n+1 = - a/n+1.

and
(n 4+ Dbnpr — nby, = (a1 + ag + -+ + ang1) — (a1 + a2+ + ay) = apyy

This implies
n(bn+1 - bn) = Qp+1 — bn+1 > 0.

(b)If M is an upper bound for {a,}, then a,, < M for all n € N. This implies

mtastota, MAM+-+M

b, = =M.

n n

Hence M is also an upper bound for {b,}. O

a+b

. The arithmetic-geometric mean inequality v ab < for any a,b > 0.

Proof. This can be shown by the positivity of square.

b
OS(\/_—\/I_?)2:a—2\/%+b so 2Vab < a+b, \/%Sa;r )

O

The figure illustrates the above inequality if we take h to be the height. Then the

b
similarity of two right triangles gives T~ 2 Hencer = v ab which is less than the
a

a+b

radius oo



