THE DETERMINANT II - KORANYI NORM

NEIL LYALL
ABSTRACT. In this wee note we calculate the determinant of the usual (non-vector field) mixed Hessian of

our favourite phase function.

THE KEY IDEA

First observe that if A and B are d x d matrices and rank(B) = 1, then

b: a al
as b2 ag
det(A+ B) =det(A) +det | @3 [ +det | @3 [ +---4det | : |,
: : ag_1
aq aq bd
where a; = (ajl, ceey (de) and bj = (bjla ceey bjd)~

1. OUur PHASE FUNCTION AND ITS MIXED HESSIAN

We shall define our phase function ® to be

@

D(z,y) = ¢(x,y)" 7,
where
o(x,y) = (uF + - +ud,)? +bt> = 52 4 bt?
In the formula above
uj=x;—y; forallj=1,...,2n
and

t = Tont1 — Yont1 — 2a((T1y2 — 221) + - + (T2n—1Y20 — T2nY2n—-1))
2n

= Tont1 — Y1 + 20 Y (=1 505 <1);
i=1

‘We therefore have
B+8

1, _s+s 1 _pis
o,y = —Zﬁ(b 1 [qb(x,y)qbzy - %qﬁgj(bﬂ =: —zﬁqb T |o(x,y)A — %B .
One can then calculate that

A= —4(C+D+bE) and B = —8(sbtF + s°D + b*t°E),

where
s abt 0 0 0 0 O
—abt s 0 0 0 0 O
0 0 s abt 0 0 0
0 0 —abt s 0 0 0
C = . ;
0 0 s abt 0
0 0 —abt s O
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—2a"w2y 2a°T1y1 —2a*%2,Y2 2a°T2n1Y2 ay,
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2a2 —92a? e 2a2 —92q2 _
a"T2Y2n a"T1Y2n—1 a"T2nY2on A" T2n—-1Y2n aY2n
2 2 2 2
—20°T2Yon—1 20°T1Y2,—1 - 0 —207TopYon—1 20°Top_1Y2n—1 AY2n—1
—axro ary tee tee —QaTop arlonp—1 %
and
—2a(uixs + u1ys) 2a(urxy — ugys) . Uy
—2a(ugxy — u1y1) 2a(usxy + ugys) _ Ug
F = : :
—QCL(Uzn—N?z + Ulan) QG(Uzn—1CC1 - uzyzn) ot U2p—1
—2a(ugn®2 — UrYan—1) 2a(U2p®1 + U2Yon—1) -+  Udg
Ul u e 0

We now for convenience introduce a 2n x 2n matrix G with rows g; = f; — 2uj eg, 1, that is

—2au1ys - —2ausnys
2au1y, e 2au2,Y1
G = . . .
—2au1y2n 0 —20U2nY2n
20u1Y2n—1 0 2aU2pYon—1

2. CALCULATING THE DETERMINANT

2.1. The Big Reduction. We note that rank(B) = 1 and consequently

ai
a
2n b az
det(¢(z,y)A — Z2B) = 6?1 det(A) — ¢ { S det | 7| + det
=t : agn
a2n bont1
agn+1
Now since rank(E) = 1 it is easy to see that
c1+dy
det(A) = —42"F1p det :
Cop + d2n

€on+1
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Using again the fact that rank(E) = 1 we see that for j =1,...,2n

c; +dq + beq c1+dy 61‘1‘&1
) 2 ; . 2424 . ) . . ~
gt gep | VST T S O |y gy qer | O T Sdi | penitgg det | brg, + sd,
Con + d2n + beQn Con + d2n ~ L~
azn+1 bean 11 €2n41 Can + dan
Finally, and of course again using the fact that rank(F) = 1, we see that
ci1 +d;
ci +d; + be; ci+d; .
—2:427+ 1t det : = —2:42"1pt { bt det : +bsY det |
Cop + d2n + be2n Copn + d2n j :
b2n+1 sfon11 + btegp €1 Con + doy,
f2n+1
Therefore
4
det(pA — 211 B)
61 + al c; + dl
C1 —+ d1 . .
. 2n .
= (40)"b{ 2((8 + 2)bt? — 25?) det : +(B+4)s Y Q det [ btg; +sd; | + 2btdet K
Con + d2n i—1 . :
€2n+1 5 o Cop + d2n
Con, + d2n f2n+1

2.2. Lets get down to business. There are three calculations that must now be carried out.
We now introduce the notation

C= {cij}ij=1,. 2n and D= {dij}ij=1,..2n

Key to these arguments is the fact that rank(D) = 1.

2.2.1. The Easy One. Since rank(D) = 1 it follows that

Ci1
c; +d; .
. 1 N _ 1 2n -
det 1 = —det(C + D) = = { det(C) + Zdet d;
Con + d2n 2 .
€2n41 N
Con
Now it is easy to see that
det(C) = (s* + a®b*t?)",
while a more careful calculations shows
C1
det | d; | =(s*+ a2b2t2)”_1(23u? + (=1) ' 2abtuju;_(1y1).

Con
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Therefore
ci+d;
2n
det : = S0 (2 + b )" + (52 + a2 %)" D 2s5u? + (— 1) 2abtujuy gy
Cop + d2n 2 Jj=1
€2n+41

1
— 5 {(82 + a2b2t2)" + (32 + a2b2t2)n71282}

1
= 5(52 + a?b?*t?)" 1 (352 + a®b*t?).

2.2.2. The First Hard One. Using the fact that rank(D) = 1 we see that

(~31 + 511 61 (~31 C1
P : k 1 !
det | btg; +sd; | =btdet | g; | +sdet | d; | = (s + (—1)]u—abtyj_(_1)j) det | d; |,
. . . J
Cop + agn Cap Cop, Cop
and hence

¢ +d;
2n :

: 2n
Z det | tg; +sd; | =2(s* + a®p**)" ! Z SQU? — (=1) sujabt(uj—(—1y; — Yj—(-1y3) — @bt Uj_(1)5Yj—(~1)s
=1 : i=1

é2n + aQn
=2(s* + a2b2t2)"’1{53 — sabt((ury2 — ugy1) + -+ - + (U2n—1Y2n — UznY2n—1))—

_ a2b2t2(u1y1 _|_ cee 4 U2ny2n)}.

2.2.3. The Second Hard One. Using once more the fact that rank(D) = 1 we see that

ci + d1 61
2n e 2n 1 :
: o
Zdet :J = Z(_1)3+ ayY;—(—1)s 2, det | d,
J=1 : J=1 :
Con + d2n &
font1 n
— 9(s2 4 g2p22)n 1 S 1)+ 1 2 1+ ab
= 2(s° 4+ a“b"t*) Z(— ) ayj,(,l);ﬁj(suj + (=1)abtuju;_ (1))
j=1
2n )
= (s + a2b2t2)"71aZyj,(,l)j)(abtuj,(,l)j + (=1)7 suy)
j=1

= (s + a2b2t2)"’1a{abt(u1y1 + o+ ugnyon) + s((u1ye — uoyr) + -+

o (U2n—1Y2n — u2ny2n71>)}-
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3. CONCLUSION

Lets now put everything together, doing so we see that

det(pA — %B) = (40)*"b(s* + a®b**)" " {((B + 2)bt* — 25%) (3s® + a®b°t?) + 2(B + 4)s* }
= (49)*"b(s* + a®b**)" 1 {2(B + 1)s* + (3(B + 2)b — 2a%b%) s*t* + (B + 2)a’b’t*} .
By analyzing the discriminant
A = 4a*b? — 4(B +2)(28 +5)a’b + 9(B + 2)?,
we see that our Hessian will be non-degenerate provided either
2% <3(B+2) or  |2a%b—(28+45)(B+2)| < (B+2)V/(28+5)2 -9,

which reduces simply to the condition that

2a2b < (B + 2) (25+5+ V@B +5)% — 9) .

SOME REMARKS:

1. Note that some condition on the size of a?b is forced upon us.
2. When a?b = 1 the corresponding pseudo-norms are in fact norms.



