DIFFERENTIATION UNDER THE INTEGRAL SIGN

Theorem 1. Let () C R"™ be a rectangle. Let (a,b) C R be an open
interval, and let f : Q %X (a,b) — R be a function such that for all
t € (a,b), f(x,t) is an integrable function of x € Q). Let

o(t) = / .

Assume that a—j; is defined and continuous for all (x,t) € Q X (a,b).
Then ¢ is differentiable, and

o, . of

Proof. Fix t € (a,b). Let € > 0. A continuous function on a compact
set is uniformly continuous, so there exists a 6 > 0 such that for all
x,y, € @Q and all h € [0, 0],

of of
E(y,t—i— h) — E(ac,tﬂ < €.
For all x € @ and h such that 0 < |h| < 0, there exists by the Mean

Value Theorem a number ¢, with |c, | < |h], such that

H Gt h) = f 1) = Pt en)
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