THE EXTERIOR ALGEBRA

1. THE DETERMINANT

The determinant is a preferred element of A™(R™). If T' € A"(R"),
then the input to 7" is a sequence (vy, ..., v,) where each v; € R". It is
convenient, however, to regard (vq,...,v,) as an n X n matrix. In this
way of thinking, elements of A"(R") are functions of an n x n matrix,
alternating and multilinear as a function of the columns.

Definition 1. The n x n determinant is the element det € A"(R"),
defined on an n x n matric A = (a; ;) by the formula

det(A) = Z SgN(0)a1,6(1)---Un,o(n) (1.1)

o€Sh
It is an exercise to see that indeed det belongs to A™(R™), and that
det(ey,...,e,) = 1. (1.2)

Theorem 2. The determinant function is a basis for A*(R™).

Proof. Let T € A™(R"). Let ¢4, ..., ¢, denote the basis for (R™)*, dual
to the standard basis ey, ..., e, for R™. Let {¢; | I € {1,...,n}"}, denote
the corresponding basis for L™(R"). Then we may write 7" uniquely in

the form
TVIZZE:C[¢[.
I

From the alternating property it follows that ¢; = 0 if there is an in-
teger that appears twice in I. Thus, the only terms appearing in the
expansion of T" are those such that I = ¢ for some o € 5,,. Further-
more,

Co = Sgn(0)ca2,...n) -
Thus
T = ¢ Z sgn(o)o, = ¢ det ,
oS,

where ¢ = ¢(1,2,..n). This shows that det spans A"(R"). Equation (1.2)
shows that det is nonzero, so it is a basis. U
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Theorem 3. Let A and B be n x n matrices. Then
1. det(AB) = det(A)det(B).
2. det(AT) = det(A), where AT is the transpose of A.
Proof. To prove 1, regard A as fixed, and let T'(B) = det(AB). Then
T € A"(R™), so there exists a constant ¢, such that for all B,
T(B) = c det(B) .

From the definition of T', T'(I) = det(A), where I is the identity matrix.
This shows that ¢ = det(A), which is what we wanted to prove.

To prove 2, observe that as o varies over S,,, so does o~!. Further-
more, sgn(o) = sgn(oc~1). Then we have

det(A) = Z sgN(0) a1 o(1)--An,o(n)

oESy

= Z sgn(afl)aoﬂ(1)71...%_1(”)’”
0cESH

= Z sgn(0)ao(1),1--Ao(n)n = det(AT) . (1.3)
0ESH

O

2. Basis For A*(R™)

Let pn = (i1,...,%) € {1,...,n}" be a strictly increasing multiiindex.
Then we get an element ¢, € A*(R") by defining, for all sequences
(v1, ..., vg) € (R™)F,

Vu(v1, s vg) = det((93,(v)))i=1,.. kj=1,...) - (2.1)
Another way of writing this is
Y, = Z sgn(o)pue . (2.2)
O'ESn

Theorem 4. Let 7 C {1,...,n}" denote the set of all strictly increasing
multiindices. Then {1, | p € I} is a basis for A*(R™).

Proof. Let T € A*(R™). As before, write T" in the form

T:ZCI¢I )
I

with the sum now running over multiindices of length k. From the
alternating property it follows that ¢; = 0 if there is an integer that
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appears twice in /. Thus, the only terms appearing in the expansion of
T are those such that I = 2 for some u € Z and o € Sj. Furthermore,

cue = sgn(o)c, .

T = ZC“ Z sgn(o)pue = Zc#wu :

neT €S neT

This shows that {t,} spans A*(R"). Furthermore, if u = (iy, ..., i),
then ¢, = T'(e;,, ..., €;, ). This shows that {1, } are linearly independent.
U

Thus

3. THE WEDGE PRODUCT

Theorem 5. Let V' be a finite-dimensional vector space. Then there
erists a unique collection of bilinear maps:

A ARV x AAV) — AFHV) (3.1)
(N (@, 1) is written ¢ N1p,) such that
1. (associativity) (f Ng) Nh=fA(gNAh),
2. Given Ty, ..., T, € AYV), and given vy, ...,v, € V,
(Ty NToN - NTg)(v1, 09, ..., vg) = det(T;(v;)) - (3.2)

Moreover, for ¢ € A¥(V) and ¢ € AY(V),
pAY=(-1)"YA¢ (3.3)

Proof. We leave it is an exercise to check that if the theorem holds for a
given vector space V', then it holds for every vector space W isomorphic
to V. Thus we may assume that V' = R". To define A, it is sufficient to
define 1, A 1), where ;1 and v are increasing multiindices. Define the
concatenation of two multiindices, p* v, to be simply the juxtaposition
of u and v with the erasure of the obvious internal parentheses. If the
entries of p * v are distinct integers, define [p * v] to be the multiiindex
obtained by rearranging p * v in increasing order. There is unique
permutation ¢ such that

(n*v)” =[pxv]. (3.4)

In that case, define

wu A wl/ = Sgn(o')w[u*u] . (35)
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If there is an integer that appears twice in p * v define ¢, A 1, = 0.
To prove associativity, it suffices by bilinearity to establish that for all
increasing multiindices u, v, A,

1%/\(%/\%\):(@%/\%)/\@% .

It is an exercise to check that both sides are zero unless the entries of
px vk A are distinct. Assume then that the entries are distinct. There
are permutations o, 7 such that

(v X)) = [p*v]*\ (3.6)
([p*xv]*« N =[uxv*A].
Then
(b A y) A by = sgn(T)sgn(o) Y] -
Similarly, there are permutations (, ¢, such that

(Lxv* NS = px*[vx )]
(*[vxN) =[uxvx). (3.9)

Then
¢u A (wu A ’(/)/\) = 59”(5)39n(C)¢[u*V*A] .
But 0 o7 = ( 0 &, for they are both equal to the unique permutation
that transforms p* v % A to [u* v * A]. This establishes associativity,
since sgn(o o 1) = sgn(o)sgn(T).

To see that the operation we have defined satisfies equation (3.3),
observe that if ; and v are increasing multiindices of lengths k and [
respectively, such that p * v has no repeats, then the permutation that
transforms p * v to v * p has sign (—1)*,

With formula (3.3) in hand, we can prove (3.2) by duality. That is,
fix vy, ..., v, and think of both sides of (3.2) as functions of 71, ..., Ty.
As such, both sides of the equation are alternating and multilinear.
(Here we use the fact that the determinant is an alternating multilinear
function of the rows.) Thus it suffices to establish formula (3.2) when
T, = ¢;, and pp = (j1, ..., ji) is increasing. Then ¢;, A--- A ¢j, =1y, in
which case formula (3.2) reproduces the definition of .

Formula (3.2) also establishes the uniqueness of the wedge product,
since it gives an explicit formula for it.

t

Proposition 6. Let S : V. — W be a linear transformation between
two finite-dimensional vector spaces. Then for all ¢ € A¥(W) and
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e A(W),
S Np) =5%(d) ANS*(¥) . (3.10)
Proof. Let Ti,...,T,, be a sequence of elements of W*. Then for all
V1, ...,y €V,
S TN NT,) (v, .y 0p)
= (Tl AERNAN Tn)(S(vl)a ceey S(”n))
— det(Ti(S(v,))
— det(S*(T})(vy))
=S* () N--- NS (Ty)(v1, ..., vp) (3.11)
Then, if g =Ty A+ AT and ¢ =Ty 1 A -+ AT, we have
SN o N) = (ST (T) A= NS™(T)) N (S (Thegr) A -+ - NSH(Th))
=S (TN ANTR) ANS*(Tjsr N+ ANTy)
— 5'(9) A S* (1) (3.12)

The general case follows, since both sides of equation (3.10) are bilinear
as functions of ¢ and . O



