Generatorsfor abelian groups, and free abelian groups
0) Read pages 6-16 of my web notes 845 partl. [and thereferencegiven there to the splitting
criterion, in 844 pat 29

1) prove if A-->B--->C--->0 is an exact sequence of abdian groups, and if
A and C arefinitely generated, then so isB. [hint: use theimages of some generators of A, and
some choice of preimages of some generators of C.]

2) proveif 0--->A--->B--->Z”t--->0 is an exact sequance, then B isisomorphic to Ax(Z"t).
[hint: if bl,...,bt are preimages of the standard generators of Z"t, then themap A x (Z"t) --->B
indwced by thegiven map A--->B, and by sending the generators of Z”t to theelements bi,
should be anisomorphism. i.e. this "splits’ the sequence abo\e.

Give an example of an exact sequence 0--->Z/s--->Z"t---->C--->0 that does not split, and where
Z"t isnot isomorphic [by any map], to Z*sx C.

3) proveif 0--->Z"s--->K---->Z--->0 is an exact sequence, then thereisalinearly indepedent
generating set congsting of s+1 dementsfor K, and hence K isisomorphic to Z*(s+1).

4) Provetha Hom(Z”s, Q) isisomorphicasaQ - vector spaceto Q"s, by sending the map
f.Z"S-->Q tothevector (f(e1),....,f(es)). (andwheewe multiply maps by rationd numbers
by multiplying thar values, to make Hom(Z”s,Q) into a Q vector space.)

[hint: ore proof would beto finda Q - basisfor Hom(Z”s, Q), congsting of exactly s elements.]

5) Assuming thedimengon of aQ vector space iswell defined, use theresult of 4, to deduce that
Z"s cannat beisomorphic to Z*t unless s = t.

6) Provetha (Q,+) isnot afree abelian group, i.e. is not isomorpic to acoprodud of either a
finite or an infinite number of copiesof Z. [hint: show tha Hom(Q,Z) = {0}, but tha
Hom(G,Z) isnot zero, if G isfree abdian]

This shows that (Q,+), theaddtive abdian group of al rationds, is quite diferent from (Q+, . ),
the multiplicative group of positiverationds. This may beonereason that statements like the
famous Goldbach conjecture that every even number isthe sum of at most 2 primes, i.e.
statements which mix thetwo structures, are so difficult to prove

Euclidean domains, Unique Factorization, Fin. gen. modules
Definition: A ring Risa"domain" if theony zero divisor is 0, we will
aso say R has "no" zero divisors.

Definition: A domain Riscalled "Euclidean” if thereis anation of
"size",i.e afunction||:R - {0} --->Z, whose values are bounakd below,
say by 0, such that after division, theremainder has smadler size. |.e.
given ab, in R with b not zero, there exist q,r, in R such that a=bq +
r, andeither r=0, or |r| < b



Definition: A map of R moduesf:M--->N isahomomorphism, or smply R
mopdule map, iff it isagroup map and preserves multiplication by scaars, i.e. f(ax) = af (x) for all
ainRalxin M.

AssumeR isa Euclidean domain.

Problem 1: Proveevery ided | inRis prindpd, i.e. isacyclic modue.
(hint: If I containsnonzero eements, choase one x of smallest size,
and provex divides dl the other ements of I.) condude that either | =
{0}, orlisisomorphicto R.

problem 2. Proveevery submodue of R*m isfinitely generated, andin fact isomorphic to R™n
wherenisat most equd to m. hint: read the proof for Z.

problem 3: If M isany R modue, andx1,...,.xm are any elements of M, provethereisaunique R
modue map f:R*"m--->M taking & to xi , wheree1 = (1,0,...,0), 2 =(0,1,0,...,), €tc....

Show moreover f is surjectiveif andonly if the{xj} generate M and

injectiveiff the{xj} arelinearly independent over R.

problem 4. If M isafinitely generated R modue, say with m generators,
prove M isisomorphic to the cokernd of an R module map f:R*n--->R"m, where f can be given
by an m by n matrix of eements of R.

problem 5. Proveevery m by n matrix over R can be diagondized by
invertible row and column operations. hint: useindudion onthe"size" of
the upper left entry of the matrix instead of on the number of prime
factors.

problem 6: proveif f:M--->N isany R modue map, andg:M--->M and
h:N--->N areisomorphisms, then hfg:M--->N has kerndl and cokernel
isomor phic to those of f.

problem 7: Prove R"m/(Raje1x..xRamem) isisomorphic to
(R/Rap) x..x (R/Ram).

problem 8: Concludethat if M isafinitely generated R module, with
minima set of generators x1,...,Xm, then M isisomorphic to some produd

of form (R/Ra1) x...x (R/Ram), where some g may be zero, but not units.

Clarification: In problem 7, theg are eements of R.

In problem 8, youmay wish to provefirst that if M isfinitely generated
by x1,....xm, then M isisomorphic to some produd of some cyclic modues R/Rg, and then

afterwards provethat if mistheminimum cardindity of a set of generators, then nore of thegj is
aunit.



Call adomain "strongly euclidean" if it is aeuclidean domain with asize
function | | satisfying the extra property that [ab| = |d if bisaunit, andthat |d < [abl and |b| > O, if
bisnot aunit.

problem 9. provethat if aisanonzero, nonunit, eement, then acan be
factored into at most | irreducible elements.

As remarked abowe, the proof of existence of factorizationis harder for a

p.i.d. than for astrongly eudidean domain. Thusif you are asked to provetha agenerd
euclidean domain is a ufd, you have to work harder, but if your euclidean domain happens to be
strongly eudidean, as many favorites examples are (rationd integers, polynomas over afield,
gaussian integers), it is easier.

Finitely generated abelian grpsand k[X] modul es
#1)a) Write down oneabelian group of order n = (2°3)(3"4), in each isomorphism class. How
many are there?

b) Write down onek[t] modueV, in each k[t] isomorphism class, of k - dimenson 7, and such
that the subspaceV(2) ={xinV: forsomer,

(t-2)*r .v = 0} hask dimenson 3,

and thesubspaceV(3) = {xinV:for somer, (t-3)*r .v =0} hask dimenson4. How many are
there?

c) Write down onejordan matrix (over Q) in each "conjugacy” class, with char. polynoma (t-
2)"3 (t-3)*4. how many are there?

#2)a) Write down al abdian groups of order 648annihilated by 6 (always up to isomorphism).
b) Write down al k[t] modues of k dim'n 7, annihilated by (t-2)(t-3).
c) Write down all 7by 7 jordan matrices with min' poly. (t-2)(t-3).

3) @) Find dl abdlian groups of order 2/3.3"4 with ker(2) ! 2/2x Z/2,and ker(2"2) ! Z/2 x
Z/272,i.e ker (2) hasdim 2 over Z/2, and ker(2"2)/ker(2) hasdim 1 over Z/2, and ker(3) ! Z/3x
Z/3,

andker(372) ! 2/3"2x Z/3"2,i.e. ker(3) has dim 2 over Z/3, and ker(3"2)/ker(3) has dim 2 over
Z/3.

b) find al jordan matrices A with chaacteristic poly = (t-2)*3 .(t-3)"4,

and ker(A-2) of dim 2, ker(A-2)"2 of dim 3, ker(A-3) of dim 2, and ker(A-3)*2 of dm 4. |.e.
dim(ker(A-2)"2/ker(A-2)) = 1, dim(A-3) = 2, dim(ker(A-3)"2/ker(A-3)) = 2.

Find al abelian groups of order 648 = 2/3. 34, with annihilator 648.

Findal 7 by 7 jordan matrices over Q, with minima polynoma



(t-2)"3.(t-3)4.

#4)If k = 2/2Z, find dl k[ X] modue structures on k"3 up to isomorphism (which extend the
naural k modue structure).

Jordan forms

Exercise 1) (i) Finddl 5x5 Jordan matrices with m(t) = (X-5)A2.

(ii) Find al 5x5 Jordan matrices with m(t) = (X-1)(X-3)(X+6).

(iii) Findall 6x6 Jordan matrices with m(t) = (X-1)"2(X-2)2.

(iv) FindtheJordanform of T, if thek[X] modue (M,T) hasinvariant factors (X-1)(X-2), (X-
1)"3(X-2), (X-1)"3(X-2)"2(X-5)"3.

Exercise 2) (i) If A isa3x3 matrix with ch(t) = (X-4)’\3, findal Jordan formsfor A, each with
itsminimal polynomad.

(i) If ch(t) =" (X-t)Mt is thecharacteristic polynomia of f:M-->M, proveevery root of ch(t) is
adso arootof theminima polynomia m(t), andif Mt = {v in M: for somer > 0, (T-t)"T (v) = 0}
isthe primary subspace of M corresponding to theroot t, provetha dim(Mt) = mt.

(iii) Use determinants to compute ch(t) for these matrices:

310 111 4 Lofe i 0
| " 0,
A—"O !10’8—%0 2 1§c—$3 .2 |1'/ D—$1 0 130
“H og _#O | 28 _& N “9112 1 0
' 18 21 2 1 2%
Exercise 3) FindtheJordan forms of these matrices:
"1 0 !1 1 Oy
"2 0 0 0y .
"0 11 2y 91 1 0 o $4 1 13 2 1
(J)A=8 !4 6 .(i)B= .(i)c=%2 11 0 1 1.
B 12 3 0 11011 3 1113 4 1
e 24 21 1 1 2% SR :
A8 12 17 5 4¢

Exercise 4): Find matrices Q which put each of the following matrices in upper (or lower)
Jordan form over C:
"l
R I TR
(i) Azﬁl 0% (i) B=#H 2 18&(i)C=B 2 1.
M 1 28 £ 1 113



"5 11 13 2 150

w1 12 11 0o
, ® 2 0 0 0
i D—$1 0 130 iDE=% 0 1 1 12
() D=g1 15 1 ¢ (DE=
$1 2 1 2 1.0 3 1
P11 111 1

Noetherian rings, max'l ideals, rank of freef.g. modules
1. If Risancetherian ring, proveevery ided | of Riscontainedin a
maximal ideal withou using Zorn's lemma.

2. If Risanocetheianringand | any ided, then R/l is nogherian too.

3. If Risaring, 0--->A--->B--->C--->0 an exact sequence of R

modues, proveB isnogherianif andonly if both A and C are.

[If A,C arefin.gen. proveCistoo] If N isasubnodue of M, then N and M/N are both
nogherian moddes, if andonly if M is.

4.1f Risancetherian ring, proveany fin gen R modue M is nogherian.

5. IfRisany ring, and| anidedl, R/l isadomainif andony if I is
prime, and R/l isafiddif andonly if | ismaximd.

6. If { 1j } isany linearly ordered indexed set of proper idedsinaring
R, i.e.if for any two ideds lj and Ik, oreis contained in the other,
then thar unionisaproper ided.

7.Using Zom'slemma, proveinany ring R, that every ided | of Ris
contained inamaximal idedl .

8. If f:R--->Sisaring map, | anided of S, then f-1(1) isanided of R, theinduced map R/f-1(1)---
>3/l isinjective, andf-1(1) is primeif | is.

9.1f f:R--->Sisaringmap, | anided of R, f(I) may not beanided of
S. If fissurjective, f(l) isanided of S, and sending | to f(l) givesa 1-1
correspondence between idedls | of R containing kerf, and al ideds of S.

10.Foran Rmodue M, andided I, let IM be the submodue generated by
al produdsrx, withrinl, xin M. Prove RMVIRM isisomorphic to (R/I)*N as R modues, and as
R/l modues. If R\ RMM, deduce n = m, assuming it hddswhen R is afied.

" Normality" (integral closure) of rings



Assume R isanocetherian domain if helpful.

Definition: A polynomia ismonicif it has leading coefficient 1.

An dement of thefraction field K of adomain Risintegrd over Rif it istheroot of amonic
polynomid in R[X].

A domein Risnomad, or integrdly closed, if theonly dements of K that areintegral over R are
eements of R.

Further properties of ufd's. . )
Exercisel: Any ufdisnomal. [hint: lookat the proof of the Qational rootOtheorem from
precaculus]

Exercise2: Inaufd R, provedl GninimaOprimeidedsare principd. |.e. if theonly primeided
containedin Pis{0}, then Pis principd.

Exercise3,4,5: If Risaufdinwhich al nonzero primeideds are minimd, proveR isapid. (see
DF, problem 6, parts a,b,c, page 283)

Definition: If Risadomain, thefractionfidd K, of R, isdefined as the set of al formal
qudients{x/y: x,y arein R, andy # 0}, subject to theequivaencerdation, x/y = ab iff xb=ay.
Thisisafied containing an isomorphic copy {x/1: xisin R} of R.

Localization of rings . ) .
Definition: If Risadoman andP aprimeided, the (Qpartia Ofraction ring Rp, caled Qhe

localization of R a PQ is thefollowing subring of K.
Rp ={x/yinK suchtha y isnot in P}. Since P is prime, the produad of two such fractionsis

another such fraction.

Fact: If Risanorma noetherian domain, then for al minimal primes P of R, thelocdization Rp
isapid, in paticular PRpis principd in Rp. Thisisweaker than theanaogous property for a
ufd, but both alow us to define the order of the zero or pole of arationa functionaong a
subvaiety of codmendgon ore.

Exercise6: Provethat theidea PRp generated by P in Rpis maximal, and that al eements of Rp
not in thisidea are units. Condude tha thereis only thisonemaximd ided in Rp. [Rpiscaled
aQocd ringQ]

Example: If kisafidd,andR =K[X,Y] isthering of polynomal functions on the affine plane
k~2, then (X,Y) = Pisamaxima, hence prime, ideal congsting of polynomia functions vanishing
a thepoint (0,0). Then Rpisthering of those rationd functionswhich are defined at (0,0), i.e.
whose denominators do not vanish at (0,0).

Exercise7: If Risnomal, P prime, prove Rp aso nomal.

Exercise 8: If Risufd, P prime, prove Rp dso ufd.



Sylow subgroups

1. Imitate the proof we gave today for the number of sylow subgroups to provethat if #G=
m(p”r) where p does not dividem, andif Q isany subgroup of G of order p*"swhees<r, then
Q is contained in some sylow subgroup of orde p”r. [We proved the case where s=r in class.
Thepointisto let Q act on the set of sylow subgroups by conjugation, provethereis afixed
point, and Q is contained in thefixed sylow group.]

2. Proveevery group G of order 45is abelian. [Proveboth sylow subgroups H,K of G are
noma. Then provetha Gisadirect produd HxK. Deduce that every group of order 45is
abelian, and write down dl of them, up to isomorphism.]

3. Provenogroup of order 182issimple.

4. If the"nomdizer" N(H) of asubgroup H of G, equals N(H) = {thosegin G such that gHg”\(-
1) =H, andif Pisasylow subgroup of G, prove N(N(P)) = N(P).

Def: A group G iscaled "solvable" if there exists a sequence of subgroups
G =H1,...,Hn={e}, suchtha

a) each H(i+1) isanoma subgroup of Hi, and
b) each quatient Hi/H(i+1) is abelian.

A sequence with @) is called asubnomal tower, or just anoma tower, and one with a), b) is
caled an abelian subnomal tower. So a solvable group is onewith an abelian subnomal tower.
[These groups are called solvable because the Galois group of a polynomia which is solvable by
radicals, has this property, as we will seelater.]

5. If p,q aredistinct primes prove
i) every group of order pq is solvable.
i) every group of order (p2)q is solvable.

6. ProveS(n)isnot solvableif n> 4, assuming S5) ! Icos

7.1) Provethe number of fixed points for theaction of ap - group on afinite set is congruent
mod p, to thecardindity of the set.

i) if P, P areany two sylow subgroups of agroup G, using ony part i), and nothing el se, except
that P, and P exist, prove P is conjugate to P by looking at an action of P onthe set G/P of
coxtsof PinG.

8.1) If Pisasylow subgroup of $(2p), proveP is abdian.

i) Proveit for p > 3, and P a sylow p-subgroup of S(3p).
iii) Proveit for p > n, Pasylow p-subgroup of S(np).

9. Determine how many sylow subgroups exist for each prime, in thegroup GL3(Z/2) of



invertible 3x 3 matrices over Z/2.

In fact, learn everything you can abou this group: the order of thegroup, the number of elements
of each order, the number of sylow subgroups of each order. findall possible characteristic
polynomias for dements of thisgroup, and for each characteristic polynomd, findal rationdl
forms having this polynomal, and jordan forms if they exist.

Actudly find lements of each order, and find elements in each conjugecy class. Note whether
any elements of the same order fail to beconjugate. Note tha thereisexactly one(invertible)
rational form for each conjugacy class of eements in thegroup, i.e. two matrices have the same
rational form if and only if they are conjugate.

You may use al three tools we have to study this group, jordan forms, rationa forms, and the
fact that it acts linearly on the vector space (Z/2)*3, hence onthe 7 point projective plane
carrying linesto lines.

Try to provethisgroup is smple, dong thelines of the proof we gave for Icos i.e. use conjugecy
classes, [but they are harder to compute].

10. Provetha if Gisafinitegroup such that p”s divides #G, then G has a subgroup, of order
p”s.
hint: useinduwction, and the center of agroup of order pr isnontrivid.

Cyclesin S(n), and commutators

A k- cyclerepresents theaction of a permutation on an orbit with k elements. Within a
cycle, actionisfrom left to right, i.e. (123)takes1to 2,and2to 3,and3to 1, (cyclicadly, listo
theright of 3). For congstency with DF, we compose cycles like functions, i.e. (123)345)
meansfirst (345), then (123) so thecompositionis (123)345)= (12345) while (345)123)=
(12453)

1. Proveif sisany permutationin S(n), and (a1ap...ak) is thecycle taking a1 to a, etc,..., then
a1 a)s 1 = (a)s(a2)...-(ak))-

2. Prove digoint cyclescommute, i.e. if no g equas any bj, then (a12p...ar)(b1b2...bs) =
(b1b2...bg)(a122...ar).

3. Prove §(n) isgenerated by 2 - cycles: Hint: (ajak)(a1a2...ak-1) = (a182...ak).
4. Prove S(n) isgenerated by these 2 - cycles (12), (13), (14),....,(1n).
Hint: (L1i)(2))(1) = (ij).

S. Letf(X) =" igj (Xj-Xj), andlet S(n) act on Z[X1,...,Xn ] by permuting theindces of the
variables. E.g. if n =3, (12) sendsf(X) = (X1-X2)(X1-X3)(X2-X3) to (X2-X1)(X2-X3)(X1-
X3) =-f(X). Deducetha every permutation m takesf to either f or -f, and that setting sgn(m)
= ¢, where m(f) = c.f, defines a surjective homomorphism S(n)-->{ £1}, whaose kernel is those



permutations which can be written as a produd of an even number of 2 - cycles. Cdl that
subgroup A(n).

6. Prove A(n) isgenerated by 3 - cycles. Hint: If ab,c, dareal different, (ac)(ab) = (abc),
(cd)(ab) = (abc)(bed).

7. Prove, for asubgroup H of S(n), that settingj ! kif andonly if the2 - cycle (jk) belongsto H,
defines an equvdenceredationon{1,2,...,n}.

8. Proveif H isatrangtive subgroup of S(n), any two of the equivaence classes defined in #6
have the same number of eements. Hence atransitive subgroup of S(p) where p is prime, either
containsno 2 - cycles, or dl 2 - cycles. Thus atransitive subgroup of S(p) containing one 2
cycle, eg. asubgroup containing a2-cycle anda p-cycle, isal of §(p). Hint: use problems 6,7.

Define the commutator of x,y to betheelement xyx-1y-1 and note x and y commute iff their
commutator is1. Thecommutator subgroup G' of G is the subgroup generated by all

commutators. Thecommutator of the commutator is denoted G(2), and so on,..,G(K).

Defn asubgroup H of G is acharacteristic subgroup iff f(H) = H for dl automorphismsf of G.
In particular H characetristic implies H nomrmal.

9. Provethe commutator subgroup G' of G is acharacteristic subgroup, hence normd, that G/G'
isabdian, and if ahomomorphism f:G-->K exists whereK is abelian then ker(f) contansG'.

10. ProveG is solvable iff some repeated commutator G(N) = {e}.

Galoisgroups

Work these prelim problems
1) #1 sep 1997,

2) #7 march 1998

3) #4fdl 1998

4) #8 presumably spring 1999(jus beforefall 19M), typeset by ams tex;
5) #8 spring 2000

6) #5jan 2001,

7) #8jan 2004,

8) #5 augug 2004,

9) #4jan 2006,

10)#6jan 2006.

1.i. Provethe polynomal f(X) = X2 + X + 1lisirreducible over k = Z/2 and hence the quatient
K[X]/(f) definesafidd of 4 dements.



ii. Provethesplitting field of X"2+X+1 over Z/2 has dimenson 2, hence thegaoisgroup is Z/2,
asolvable group, but provethe polynoma isnot "solvable by radicas’, i.e. theroot field is not
aradicd extenson.

2. Findan irreducible cubic polynomia mod 5, and hence condruct afield with 125 e ements.

3. Find 2 different irreducible cubic polynomas mod 5, hence 2 different
redlizations of theuniquefidd with 125eements. can youfindan
isomor phism between them?

4,5, 6,7, 8: Work problems 14, 15, 16, 17, page 557 of DF, and then deduce cor 28, p. 600, that
every finite abelian group occurs as thegaoisgroup over Q of some subextenson of acyclotomic
extengon.

FACT: If f isan monic polynomid of degreen over Z, and whichis
separable mod p, with irreducible factors mod p of degrees ab,....,c,
then thegdoisgroup of f over Q, as asubgroup of S(n), containsacycle
with decompasition of type a,b.....,C.

E.g. If f isamonic quintic and factors mod p into an irreducible
quadratic times an irreducible cubic, then G(f), as a permutation of the 5
distinct roots of f over Q, containsacyclelike (12)345).

9. Show X”5 - X - 1isirreducible and separable mod 3.

10.Show X”5 - X - 1 factors mod 2 into an irreducible quadratic and an
irreducible cubic. Show thereis dso atrangposition, and deduce that the
gdoisgroup ove Q isS(5).

8000Fall 2006Midterm, Do asmany problems asyou can.

la) State Zorn'slemma.
b) Prove that in acommutative ring R with identity 1, tha if xisany nonunit, there exists a
proper maximd ided of R containing x.

2a) Proveevery prindpd ideal domain R has "uniquefactorization™.
b) Give an example of aring with unique factorization that isnot a principd idea domain. (You
donot haveto proveit.)

3a) State the classification theorem for finitely generated modues over a Euclidean domain, and
give abrief sketch of themain steps of theexistence proof.

b) Give an explicit example of one abelian group in each isomorphism class of abelian groups of
order 360



4a)If f:M--->M is a surjective endamorphism of an R modue, that is not injective, prove that

{ker(fAM}, n=1,23,.... isastrictly increasing sequence of submodues.
b) What can you conclude about a surjective endanorphism of a noetherian modue?

5) State and prove the Cayley - Hamilton theorem.

6) a) Compute both the characteristic and theminimal polynomias, and also the Jordan form J of
this matrix:

"1 1 0 0 0o
$4 3100

A=%0 0 1 0 1 Youdonotned tofindamatrix Q such tha Q-1AQ = J.
$0 001 0
%0 0 0 0 2%

b) Write thematrix J as the sum of adiagona matrix, plusa nilpotent matrix.

Math 8000Fall 2006,Final exam.
DEFINITIONS

A. Define what is meant by:

i) anoma subgroup of agroup G.

i) a Sylow subgroup of G.

iii) asmplegroup.

iv) aleft actionof agroup Gonaset S.

V) the semi direct produd group defined by a homomorphism
c:H-->Aut(K).

B. Assumek isasubfield of afield E, and c an element of E.
Define what ismeant by:

i) cisagebraic over k.

i) theminimal polynoma of (an algebraic e ement) c over k.
iii) Eis separable (dgebraic) over k (give 2 characterizations).
iv) Eisnomal (algebraic) over k (give 2 characterizations).

V) E isan agebraic closure of k.

vi) thegaloisgroup Galk(E), (i.e. Autk(E)).

STATEMENTS

C. i) State al 3 pats of Sylow's theorem.



and, ii) State the Jordan Holder theorem.
(and prove onre of them.)

PROOFS

D. Prove One:
Either i) Thereare nononabdian groups of order 9, and ony onenonabdian group of order 10.
OR ii) lcos(or A(5)) isasimplegroup.

E. Prove One:

Either i) If kisafield and E afinite dimendond extenson field (as k vector space), thenE is
agebraic over k.

OR i) If kisafidd andf apolynomid of degree $ 1in k[ X], thereisafidd E containing k in
which f has at least oneroot

F. Prove One:

Either i) Every field k has an agebraic closure.

OR ii) If Eisan agebraic fidd extengon of k (not necessarily finite), and F is an agebraicdly
closed field containing k, there isafield homomorphism E-->F which is theidentity onk.

G. Prove One:
Either i) If Eisafinite Galois extendon of k, themap from subgroups of Galk(E) to fields

intermediate between k and E, taking a subgroup to its fixed field, is surjective.
ORii) If c1,...,cr are the primitive nth roots of 1 contained in thecomplex field, then the

"cyclotomic" polynomid An=" (X-cj),i=1,..,r, liesin Z[X] andisirreducible over Q.

H. Prove One:
Either i) Every real symmetric matrix is orthogondly diagonalizable,
OR ii) The Cayley Hamilton theorem. Say what your hypotheses are.

PROBLEM S
I. Do all parts: For each of thefollowing polynomals over Q:
a) Provethe polynomial isirreducible over Q.

b) Say as much as you can about the splitting field E, i.e. thedegree over Q, whether ornat itisa
solvable extenson, whether it is contained in R, and compute the Galois group as well as you
can.

c) Say whatever you can about those intermediate fields between E and Q which are normal over

Q.

i) XA3-3X +1,
ii) XA9- 20X +4,
i) XA7-2.



