COMPLEX ANALYSIS PRELIM — MAay 12, 1994

Closed Book, 3 Hours, Do EIGHT of the ten problems
1. Let f: C — C be analytic and satisfy
If(=)l S C(L+1D¥

for some constant C whenever |z| > Ro. Give the general form for f and prove that it is
the general form.

2.
(a) Demonstrate the existence of some € > 0 so that

J(eF =1), z#

0
A=A 1 i
is analytic in N¢(0).
(b) Demonstrate rigorously that the radius of convergence of the power series for f

about 0 i1s 27.

3. Let -
zﬂ'
= il
Ha) /o 1422

(a) For which a € C does the integral make sense?
(b) Calculate I(a) using the path:

R P £

No change of variables is necessary.
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6. Construct an entire function such that f(n)=nand f'(n) =0, for each n € Z.

7. Do either A) or B):

A) Let f(z) be an entire function which is real-valued on the edges of the triangle with
corners 0, 1,—% -+ % 3;. Show that f(z) must be constant. Generalize.

B) Find all entire functions such that |f(z)| = 1 whenever |z = 1.

8. Explain why there exists a function u(z) on |z| £ 1, harmonic in |z| < 1, such that
u(ei®) = |sin(8)| for all §. Evaluate u(0) and u(3)



{{,qu 9

4. Let
U={z€C; |z—-zg|<R,\z—21|>r1,lz-—zz|>r2}

where ry +12 < |21 — 22|, R—m1 > |21 - 2], R =12 > |22 — 0l-

Let f: U — C be analytic. Imitating the development in an annulus, show that

F) =Y ez =) + 3 bom(z = 2) "+ D eom(z = 22) "
n=0 m=1 m=1

5. State and prove the analogue of Schwarz' lemma that holds under the hypotheses that
f: N1(0) — N;(0) is analytic and f(0) = F0)=D0.

6. Let a € (0,27] and let

Up={re?;0<r<1,0<8<a}
U ={z €C; |z| <1,Imz > 0}
Us;={:€C; Rez,Imz > 0}

Uy = {z € C; Imz > 0}
Us={:€C; |zl < 1}.

Find analytic bijections Uy — U, Up = U3, Uy — Uy, and Uy = Us. (Powers and linear
fractional transformations suffice.)

7. Let P(z) = N pan_1zV 1 +...4q0.
(a) Use the change of variables w = 1/z to show that
!
1 / P'(z) de = N

§-h"'_i |z|=R P(z)

for R sufficiently large.
(b) Use the argument principle to draw a conclusion from (a).
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8. Use the function y

z%sinz

to calculate 350 (=1)"/n?.

9. Let f be a nonconstant doubly periodic meromorphic function on C. Show that f must
have at least two poles (counting multiplicity) in a fundamental domain (fundamental
parallelogram.)

10. Let A and A’ be two lattices in C. Let f: C/A — C/A’ be an analytic map of
Riemann surfaces. Show that the form of f must be

fz+A) =az+8+A

for some constants a and §. (Use covering maps and problem 1.)



