Probability Theory, Ph.D Qualifying, Fall 2016
Completely solve any five problems.

. (a) Suppose that X and Y are independent random variables with the same exponential
density
f(z) =0e7% z>0.

Show that the sum X + Y and the ratio X/Y are independent.
(b) Show that the mean yu of a random variable X has the property

mcinE(X — )= E(X — p)? =Var(X).

. Show that for any two random variables X and Y with Var(X) < oo,

Var(X) = ElVar(X|Y)] + Var[E(X|Y)].

. Show that random variables X,,, n > 1, and X satisfy X,, — X in distribution iff
E[F(X,)] = E[F(X)]
for every continuous distribution function F'.
. Let Xy,...,X,, be a random sample from a distribution with F(X;) = 0 and Var(X;) = 1.

Show that as n — oo,
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. Prove for iid random variables {X,,} with S,, = X7 + --- + X, that

5= g s

where S, = X1+ -+ 4+ X,,.

n

for some sequence of constants C,, if and only if F|X;]| < oco.
. Let {X,,} be iid random variables with E|X;| < oco. Show that E(—l)"% converges a.s.

. If {X,,} areiid £' random variables, then >°° , % converges a.s. if either (i) X; is symmetric
or (ii) E|X1|log™ | X;| < 0o and EX; = 0.

. Let {§,, n > 1} be independent random variables such that for some 0 < p < 1, P(§, =
1) =D, P(gn = —1) =1 —p=4q. For n > 17 let Nn = ZZ:I é"k and Cn = (q/p)nn Show that
{Cn, n > 1} is a martingale.



