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SEMINAR ON SINGULARITIES 1
The seminge metl Tive nes, The speakers woere Hironaka (luly 14
and July 16y, Zariski duly 21 and Sudv 20 aed ADhy@nkar (Judy 255
by

EL. 1 ronalia

§_l. A Chew e of Whithoey

Let § = '.:"c.... [::": I an immbedding of & complex-analylic varcty
Vool dimension nocoa vaciery will be alwiays asgumed o e reduced and irrcducible,
Guppage ¥, identificd with ity jpage by govs Lhrough the ovigin €0 . IT w i&
a simple point of ¥ _ then TH[H will elenote the mh:::gcnl spaco of v oar x ., which
iz cananically identified with a linear gubspeer of €5 | 1he last boing viowed a5 the
tangenl spaoe of {:H at each paint. Wi nave an oedinary inner product in Lhe wetor
SECE EN L denoted Ty a-v = :h=1 u.l-'.'i' if um {uj ..... uH] ad v o= |:1.'.l: .. r'-.'};}.
Wis Jdefine the normal vecline space, le_ifl ,oof Vo oal x as the orthogonal comple -
menl of the tangenl spacce 'I'K{I'] in €% . Tet 1;-'0 z ¥ - Vi J{}j where SiV) =

e singular loeos of Vo0 Lol us conguder

all:;sl = mux |-.r{_‘,T;:|

L (1,.- £ N}:{f}) ['.1 - | EE |
. v £ 0

oo . :
where x € ‘u’u abd Ox - Lhe weelor joining 1he orvigin o ki the veclor spaec T

t y

' —
( v £ qul}) [u[_icrx|

v od 0

Tx] ~ mus

for x £V We hygve the cquality
)
2k o+ el x)T =1

L
Theurem {1.1y  (Whitnoy)

o

lim fu,l' LRy o=l
r—a
ur, cguivilenily .

limm T(l-=) =14
X -—31



wiwre s 1ung througl Uw non-singular part ol ¥, other than the origin.

Prool, First conslder the cas: of dim ¥ = . Cleatly, we may assume thal vV oas

rercducible . Iel U e g yntfnemizing paraceior o the narmalizanon of Y oat the
point above OO Then (e cootdinal funetbons My TR {ta (L =i =) ace selemerphic
Nifetlions o bt o XNow, obvious.y

7] -
| E X4t x‘."{u ]

w ity = 0 i -
\J‘E % ttF’ \] z_ lx oy
Lt po bu the minimuom cf the ordees of xlﬂr , which is positive becavse Y gois
%, [ LY
1

theough Q. Lt urd{xluj} £, oy instance. Then  lim - lim foe all i

so that lIum E'E-{I Al = =31 J“lm L0 '1;1”]

Kext conside r the general case. The proof will be reduced Lo Lhe above case. Lot us choos
i

@ birational blowitg-op B! Vi, —3V sueh that, Vg being Lhe nen-singuiar part of WV

outzide the prigin 0, & induces ap isgmorphism of ‘-’i!‘_1

|_"-"u:| o ‘l.'u and the holemnorphic
IE PRI "..-"_.II w lhe Grasumanhban iy, o, 2 € Vyp ——=3 Ty 11, =xiende holomorphically
through J‘:’u . [Faor instanes, et TFU m;jhu geaph of the merotnorphic map defined by
W @l ""Iu —F Gy J Then ler ;@0 V—=V be the compusilbon uf Ty .111d thy

L

£t
biivalipnal blewing-up of the ideal on ¥ yoneraled by the X, Aj:;im ot (Wl 3

- 4
".-D , and ‘..-’G --—}I:_-N.nm-ch:n-rls throuph ¥ . Mow, of caeh podat ¥ % ‘v 'I.H. Can E:n-ﬂ i
independent holormorphle voctors which spun 'l't{l'jn for all = € ‘r’u =T {'n.-’u1 A clrldin
LT o .

neighborhood of % in V. and moreover thore cxists an odex q such Lhal the raboes
:-:j,-’xq are all holomorphbe at ::'J far 1 558 It inuw gagy ta show thot the fonetion
—if.x) for x & 'l..'L_I extonds continwously thruugh ‘i.-"H Now, Lo prl:r'l.r-l. the thegrem,
suppise 14 were falge, Then there cxisls p pmnt %e ¥ such lhal = u-'.]- =% mnd the
e beniledd L=z (f ;v takes a value & 1 .it ;-: Take then an wrudu:.itrlq__r:uwn tesrough
’:.T, 4ay i" , which 16 not mnnmﬁd Ln 1.- - ‘if'ﬂ Wi may assume that [ - { Jc‘. v
Lot {” —r{r:l . and H f* '-'L—}L e the ymbedéing induced by [, Then, f-ltm'lz-' hff
1he clefunition, ¢ {g . x) Lrif:x) forall x& P {’ l Then xlnl-}tum P H] éﬁliin"a{i -3
{ L. which ¢ontradivts Lhe aboye result in the 1-dimengional case. Q.E. D

WE' are here particularly interestad io the cage of iselawed 3ingular point

50y O ‘i..’r.'_..-,lI Then the dove theoroem shows that the funclion ﬁf ¥ for



Y-

x €V —{ﬂ , owhera [V {'h. cxbendds b a eontinwous funciion on VO 34 (Bay

Fir . oy -

the sy mhaols .Pﬂ' cxbkoxnd e if ; wpoin thig extonded sense. .
Remark 1,20 Tat (F) .. F e aluse of the ideal of ¥ in &

at lhw origin,  Let Jﬂ- e the ddeal om Vo genceated by the  (N-nid™-n}-minors  of e

Jucalan b{l"l. - .I"l_:lf :."Iu:.‘-"-'.!I e .}'-. JThen the elosure ¥

':1':.;.“ m Ve

b dame [or if ; =y with =0f 0 2 1. rom mew an, we akall gse

0 aof the Fraph ol 1"-0 -—

" fef. The abiwe J:uui al Thoeorem {1. 1y ig the rotiznal Diowing-up
LI e

ol CE/ with refepones 1o the morphiim 7 ".-'lI —=% % ndueed ly e proection frem
M. o
Remark (1.4 Ten, ‘F‘E b @ sphere of real dimension 2K-1 in £
with radius £ 3 0 and with conler € 0 et s Ik 2 point of 75.[_{}%’ . Then the
barnguenl spuge 'I'H{rgi bois watueally  identified Wi}-.,!] i R--subspace of EN ,oamd it
wintiing &0 W-t dimensional € osulspace of &£, L‘Je:n{nte this by T ':15}- p . Then
T [‘F{_] 15 crtbopgonal to the sweetor {'_I‘{ and S.:”"' l.s transveresal al
x il and enly i T l.-lrs_ll diis nolb contain (L LIV e T w PV Thus we ged 15;_(?". iP5
Iransversal at 1".¢:,l;;ar-|-.:.|':l' X = Ué;‘r?qf' %} .-,:_' 1. Thr_ refore, by Tho 1.1, there exists

Qe CHN seLe lhiet

3 pusitive sumber [ such that FEW 18 soansversal far all ¢ with 8¢ eef

B ConMnulty of W-fanction.

lel i X, v. g3 e family of isolaled singular paunls af comples -

analytie varictivs.  (of, My note on "Eguivalences and Dweformations of [solated Singular

FPuitsis" )  This means that X, Y are redwerd vomples-unalytic spaces; 7 and £ aie
nolomorphic maps swck (i ses - identity - ¢ §x flat; =t the Abres };}. Y E Y. arw
reduced and equidlimenaional: finally, X is Iocally isomorphic to n domain i Tx [:?g’
al every peiol of X - £0Y), where oo - ditn X . Suppose we have x permilssible wnbedding
R A X N. mamely, [ a8 an imbedding :::ur.h that x - iprojeclionpe] and £ (¥y -
T, Then we deline v(f . x, and ﬂt (% oon X, of. The abowe cited node.; Assume:
Y is son-singular sreedweible,
1 zhall prove.
Thewwem {2.1) The copdiflon (ES1 oo the pecmiasible imbedding - X Y n ©

implies the contlnuity of -=¢f ;% 5,
Progd:  HRecall Definit-on 2 of the aote eited ahove, We bave an ideal sheat
_:H" ey X, which iz the prr:rduct_ﬂ'a"’] whuns_ﬂ ig the jdeal shead of £1%¥) on X and ﬁ

is the 1rir:a| gheaf generan.d by the  [(W-nae(N-ni-minors ol the Jacolian of 1]-u_ defining
e
cguationsa of X in = {2 with respeet 10 the coordinale functivns on IE‘ et o; X -3

X he thwe biratlonsl Blewing—up of inn]lnwe:i by the ngrmalization. Ll }’ b thee idvad



—4—-

v S o r""'bl
shead on Ej:—rn:—rrmud b j" and ¥V ihe complex subspace of X defined Ty a’ The
flatness of ¥ -—3 ¥ {which is the condition (ESy  implive thal cvery irreducible com-

ponent of Y is reapped ento Y, This implica that for every poinl ¥ of Y, Ifj-[l'{}_: iy
. o

eounl be the clogsure of b 1{3{}, -E_{'Jr:l y in X, Now Telaim: z{{:x on X -EFY) T

- -

Ty ]‘[}{ - 1Y) ) eatends continuonsly through ¥ |, and the exteosion is G0 G ewely point

al ’f- H_ln::{ -£ir ) = F_l{[ (¥ . Mot the seeond ape rtion follows the fivst, by
what we fizve proven above and Ly Whitnev's theoreo. The first assertion, nn the wther
hand, is 2 copsequence of the facts that: {il _j?t_!‘:,'f:" is inverdible as &7 modules; and
(i) D’Ef i3 invertible, so that the ||fltul‘:ﬂ_:'nﬁ]'l X -EY)y 3 YxGN g (cf. Remmark
(1, 1 } is helomorphically exiendel o X —F ¥X Gh’,n* whepe X -] is ideotilicd

et

~1
with X =W S (f ¥y . R.E. D



BEMINANR (3N SINGL LARITIES, 1]
Ty

0. Zarishk
§ S, let owm, ¥t b ooemplex variables aond et Lix, y, £ = J.rn . :{1:;-'_, t;}']]-l
Toooe A ix, b, where Lhe HX boare Molemorphic fenclion it 8 =t s 0

tand T has na multiple faclors, ) Assume that AU, ¢,y « 9 aad Lhat the  y—discriml-
nant of { is of the form S0 v, g F U, EL,0 £ 0 qthis tneans Lhat the surface
= U s ceguisingular st the erigin, olong the line 5 - ¥ o= 0 see Aarigke g lecture
“Equizingularicy eic, ™,

Fix §30 sueh 1hat the pawer series %1} are vonvergent and thal
£ix,t) & O forall (x.t) swchihw |.1-:].=: b |t] < 4.

MNotelions:

A the affine 3-spage of the variables x.0v, ¢,

YV oothe st of poinus {x,v. 1y of tha suurfaee 7 - 0 such chat ;x|{ -5.

RT3 .

E,: {{Kr}'] | Ixle & y-arbitrary| .

T : the disc jti-r:’:':. ’

_"-"u D the gsetion of ¥ with the plane o« 0 .
The full details of Whitney's pragt of the following heorem wera glyes:

Theoarem. There exlsty g homeomorphism \+’ of EU » T imto & such thal:

1y W Vx Ty = v,

21 For any x.¥) £ EI} ard 1 e T, s hawe Wiix vix ) = (x, 60 5,0,1

where £ 1% soune continuous functinn o1 Eur T.
3b The lunctin #  has the following properies.
dap B{X.Y N - v
ab) g iz anm'yhe in b

del @ 05 pead analyile oy x 0y 8, cxcoept perhapa 13 2 the points where
“o= 0 and 2y ol Lhe pointg of Vu;!:' o.
The consiruclion of the function A (x.¢.L1) -
A1 One first constracts {ond chis is 1he easy part] a funetion ﬁl arL ‘u.-'u xT
1ad _-,.ril;:-;,t} bo the 1 disgtinagct

which will play the mde of the regtriction of o VQJ{'T ,
sotutiens of (v, t) = 0 (0 |.~c|r_’r5. [1 |=:15H andl ler
(M FLix = oy tx 0y



- -

Far any point ix."l,'.-'-ﬂ} of W lin. B 0 w0, % @ 1 oheand only one of the n

{l
{holemorphicy functivns _1.':{.'-:,15 has Lhe properly 1hal f.n:s-:*.t} —}’?’ ag x" U -

(x, 0. If PLETR is that Tuncticn  we 3ot

2 ﬂl{x "EJ.H 3 AR 1 x40
{ilm.ﬂ.u = 0.

By We now extond F51 1o o [anclion g on EU:IE.T. IF v v ....:.-'“

are complex numbers and v 4 ¥, wll 1. st

L _ P . v .

.J-L! - :I'__"f ]]lllll:_: """ - n !l' n
IR N

=1

T -L'll:i gre real-valued, pon-regativa, real analylic functions . defined outside e
n plants v = ¥ IFfor o given 0wl mive ¥, £ ¥, Borall j£i o the 1*'; is

i
also defined and continooug 48 (3. . L ]r'jh tulE 1 und 'J-:'in:;-.rl, L. _',.'j] -

8. .

1

1

For 1 A |x|{E!' sl
5'; [x.¥1 = l’:i“{?lt?-::l.?gtm ---."‘;lﬂ{le. Y.

whoe e e "':'illf.'-c} are defined in (11 . Then define the funciion  @ix. .11 58 Tollows;

L
Cd eyt o ¥ 4 2o iz v "?-.“"J] -
[ |

) E i, ¥1 & (0, 0.
Lﬁ TR

Then g s defined and continucus on Eﬂ)f T and has the prope rties  Sp). 8 and )

stated m che worem, Fhe proof that 1he mapping "~|“r of E & T imlo & defined hy

Q
"'Hlfr:.]r':xl] = X0 {x,y. 0 U i a bemegaorphose depemnls on showing thait if -c? L&

sulficienlly small then

(4 B MYy ¢ ddx ¥.rp dorall xoy oyt such that [Fili‘lg-
|ted ana v gy . -



The proof of [4) is bascd on fwe [eols,
Bly Dy elementary caleulus ane sha-wvg thag if 'IJl_ L, ... L &

vollplex oumbers and if

’ it v, if i
Sz AN T tv. by, iF i#)
‘ﬁ i;’]—!rjfg vl
Urn
(3] L (i 0¥ ¥gueno W0 FY -lJ'-li}'-l SR FTRERR . ) 4Ef’u1-l'l I }"-}']-
. .

From {3) wnd (3} it follows thar if the absolete values of the

(6} ﬂi[K.H —rljcx.n
tl'. (=} '-?_i )

whe e ﬁi[x:’?] - g.ri{x.!.:n - ’:;'i[:n-;:u pre bounded in the region 0 J{ !:-.I{ E |[ |f{§_ say if

ET ALY -J-"_‘n.,ji_r-:.h | A

. . — 4 @l ., id .
4-?[[1] - f:} |t:“ |
Lie
(A I BN FLE - Ak, ¥, -1, = i1y,
¥o- |
fee all x,v,3y'.1 such that |.'~c|-'-“-ﬁ- ) |Li-f:£, ¥ f ¥

B2 To say that the {7} are valid for some ¥ is fie same as sdving dhat
the: quetivats By are ntegral functions of x and ¢, This is in fact the cage ang 18 o
consequence of cUr assumplion that the diseeimmant of 1 ig of the indicpied Torm £ix_1) o
EAu.0y & 0. Then it fullows thal these quatients have value sero Al X w1 =0, Thopefom:
it & s sulilcienlly small thein, o {7, woe C#n LSS "J’t.’.’_ﬁr:—__“ cdnd then (4 dpllows
loam (5]

§4. We congiuder e, oo generally, an algelnwid hypoersuriace



~g-

{1 F E

g B o v ol -1

S e
3

assume that iz a monic polrnomial in v | of degree o, with coefficicnls which

in the complex affine 5 - &)-epace A of the vanubles Ky Kgreer . ¥

ATE [WrweT 3eTies in :1;1 'xE" - X 1 comveeenl in the repion |xi] ¢ é- fi=L1,%,....

1|=frj. If D{xl.nﬂ. Coe A 0 s dwe y-discriominand of Toand 7 denotes the
projcelion l[:-'.l,:-;E R N L T AR ol 128 hyporsurface (1) onlo tho
alliee (5« RBy-gpace &' ol Lthe capibles LY ,,.,_:h.ﬂ L, vlurn L hype ragyfieen

PN R

in A' iz ihe critical varieiy of the mappiog 7 .
In the casc % = 1 wo hove axsoered :ﬁﬂ] that &% is the Line X o= (1
In ikatl ¢ase, 2 neighbornood of 5o & dsa Topolagical {and oven analyiical) diteeot
praduci Eﬂ';r_'T . whe e EL'II is the line L - @ amd T i3 Lhe diee il]-ﬂ_é_ with ﬂ,
bBodng e Jihre 0xT o W shall now mnko a somidlar assompticn on & in thye pponeral
case, a3 fallows:
Kotathons:
M the sonof points NNy
Aurh thot |.'-:].|-::5 i = ;‘_ 2,___', s, |tle &,
Eﬂ' = {txl-:-:z_ Cen - .KE:II |.'-'.i'| < cﬁjl
T - the dise N": J
g"._"'-, 'L'II - the gection of O with the space t = O .

. X . oof the erilical vartety O oa U

We make Lhe Totlowing "divect producl” assumplion.

Them exists & Fopneomormhbism "'f" of E "y T inlo B scih thia:

WA RT AL

i W'((:{l.xz...., :-:S}x 1 = [11:1'. xz'...-, :ncs‘, tp . whers U xi‘ i

i

gome functlons of APRL TR 1.
|
3 Y g [xl.:tz. chu g ;-LE}:.:" Op = (xl.xz....- X ).
4y The Jilires ]-‘:,E =Y Ty ace analytic (fsemorpbic o T,
5p U Pz (arx 0 e 2y oang dE :ﬂl. AR ..r“_"ah

srredbacihle cormpmmients of ﬂ_ ot PU. 1hir=yy Fx lics on cach of &JI

are Lne analvticnlly

If Fo= (xp® 1 2% amy poinl of Eus-f T, lee m denwste the naemle - oof

distincl roots of h[?u:1 - Eﬁ. ¥, 13, and ot ny iy, ...0 be the mmltphelies of thess



_ﬁ..
rota n :Z]'l..] o The inlepers m. n-_i are funclions of P, Froean the "direet proditeg!
assUmIplion follaws Lhat loeally it T, the Fundameatal group of A - J:'::-, is tho same as the
fusdarewnen] growp of A" =S where & ig e Ipesplane |- 1 and ﬂ.t— g Lhe
goetion of &% with that hy p rpl']ﬂne Lsing Whis snd ap appropriate Galois Lheory argueent,

i is possibie w prove 1ie lollowsny;:

lemma. The funibwens miPy. :|'|1|:J:’;|-. - ,er‘,P}ﬂ’] are consiant wlong cack
fibmu F}-’. (provided 4 o saificiceily small,.

This lemma shows 1hat the inverse Jmage rr_lu-'x} ul eweh Biboe F:-& ig Lhe
wteicon ol n1r|:i"]- n[}l:' - Fx:l npn-=ince rgecting amalyle fibres, isomeorphic 1o F:-: . Thus the
Fibration F*'"I.\fl cdn be bHited to o lus oyperswface Vil o 00 and 1hia yiclds s homeromorpitism
kh ool "-"ﬁx T ontp ¥ i"-‘n =z Sechion wl % wid L= 10 suech that §f (G SERRRNE 7.0
= \-'L} ke LH A raly = [:{1'.:-3', - _;qh_' iﬁl{xl.xg.. ..,xs,**l,.h L. 5F . who {xl‘.xz'.. -
:-:5',t:| =N Rkx U and ﬁ] ix. L1 o NI A T ;*j{:-:.u Tewng Lhat ol of  EBix.v.1) = 0
which approaches 9 ag t — 0 .

I wr now wish toous: Whitney's metied Tor (be purpose of cxwending [{)l 1o o

homeomorphesm of ED_HT inle A fwie e E'::| = 1:'{:-:1::-'. . ,:-;5.5-]“ |_-:j| ed izl &,

g
4 sufficivniby small), then i s neccssary Lo assume that all tae quotents

ii{x:._r __!'-IH'H_ . ids,

¥ 0l -3-’J-t:-t.'3}

are integeal Iunetions of X)uBy oo ¥ t, Thls 18 easely seon e be vguivaleal e assuming
that the y-idlgcritminant L of f is aof the form f [:-:1.:-:3, T Ly L‘rﬂ I:Hl-u.i"igu. Ca ;-:Ej
wilh il b, ..,y & 0,

This iz proecesely the assumpiton of "onalviical cquisinpulacity of e critical
varioly made in 554 of Zariski's lectre "Equisingulanty ote.'. This proves 1he final state -
et mde al Lhe sery end of that Lectups,

The algebyars (o xljpebooid) sirectuee of VO in this particuiuc ease ooyuines

[urlhe r study.



WINSPLITTING
by

5 Alhvaokst

Purduse Dnivorsily

Definition 1. Let B boe a positive dimensiooal eegulay Toeal domain itk
quatient figld K. Let M be the moximal ide=' in H. Wo per a real diserete valuation
of K bytaking the valug ol x/y obe o -b where x and ¥y are any nooxcerco
clemonts i B oand 2 and b oare the prestest imuegere such thar x € w2 and ¥ E]".]‘h.
This valuation iz denoted by l!'.l-'l!'l:tR

Motation, Hencetorth Hoowill deoote ¢ Bwo dimenaional rogular leeal deoain
with guoticnt field K osuch that R is of charactenstie g /40 and the regidoe field of
R is algebemeally closed.

In the gacond parigiaph b page 13 of my etk "Currenl status of the
resalution problam® L stated o reselt concerning "local nonsplitting ", The main part of the
praaf of that result i3 the proof of the fullewmg theorom which g a 2pecial ease of that
resull.

THEGREM. Lol L bw o Gulowg extension of K oof degres poand let v

be a real nondiscrete valustion of K domepating B such thal v has only obe cxbensicn

tw fe. Lt H“ Imz the nt" quadrailic ransleerm of B oglong v Then there ¢xista o

positive wnleger mo such thatdor ol o ® m we bave thet ovdp, hoas only whe cxtension

ke Lo,

In turm, the proof of the alwove tworem fallows (rom the fullowing threr
lemmas.

Definilivn 2. Given s manie polynomia]l KZy oanoan indererminte L wilh
coefliclents in K and given w basis vx, yb o oof the moximal ideal in B, we gholl =iy that
f{Z) is ol [R, x, y]-type (u, v, 8, kool provided

e IR VU NLY R ST Y

where. u, v, 0. bn are nonnegabive inlogers. B s xunifin B F 18 4 nenaera clement

E

in X, ¢ m'dl-‘.,-"xth:F] where h: L =2 K/xHo is the batergd cpemorphisen: u=G, a= p,
bep, e€1; 1f a- 0 then b - ¢ s&alpl. i1 v =1 then B 0; if b # 0 them v 0
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Definition 3, Giver & reomae polvnermnl % In A wiath coeflicient s
tn K we shull say that (&) is B-fypical of thore csosls a hases e vpo of e
maximal ideal i R oand thoero exist ponnegetive mlegers 0 v, ne B, o sech thar
Ry dsof |H. 2. yl-type Too v o b0

Definitien 4. {hwer aGalois catensqen Loof Kowe shall say that L
is nice relative to K il there exbsts o primitive clement 2 of L over K such
that the minimal menic polyoonis o o« o Kois R-fpaci],

Delinition 5. Giver monwe pelynomaals 041 and g8 of degeee p
in ¥ withewelfivicnts i B owe shall say that gy is un R-fraeslale of f0) if
there exist elements ¢ oand = 0 B such thet v F 0 and gld} = LR P AR

LEMMA 1. Lot I be g Galegs oxtension of K of degree pooand ied

v bea real nendiscrede valualtion of K dominsting 1 o=aeh that v hag only one

gxtension to L. Let R be the nih yuadratic trynsiorm of Bowlang v, Theo there

gxists o positive integer moosucek Wkl L8 nice relpfive o llm.

LEMMA 2, Let ). b o Cnloes vxicnaion of Ko osueh ihat Lo iz wive

reiative to K. Then ordp  hax eply aoe eifension to L.

LEMMA 3. (Smabgliny). Let 6¥E) boe s monie polvbomial of degeec p

in 2 with coelficients in R such that BZy 15 K-pical, Then glyven any qusedrlic

trunslorm § ol T there cxists an S-lransiate @) of %) sueh thal giE) g2
E-fyvpicaal.
The proofs of Lemenas 2 and 3 &ro quite sy, The proof of Lemma L

1A alEarithemee.



FCRTHER COMMEXNTS QN BOUNDARY POINTS
by

La=id G, Mumfoed

In these notes, Ishell desvrila some joint work of A, KMayer and tayself
at well as gome pelated resulls, summarsing further comments made inomy leclere
and a dnd lectyre by Mayer., During the instilule, leolures weoe also given b H, lRauch
and I, Ehrewpreis discussing variows aspeets of tpe Torclli and Teichmuller CovETINg
spacues of the moduti scheme for corves of genus g (ed. the notes of Elrenpreis). Tlhe
ground fivld will ke assumed 1o la the complex numbers in out digcussion. ©One word of
apology: thwe full proofa of many of our 50l have not been weilben down, g0 alrctly
syeaking, much of what {ollows should e 1aken as conjoeclures nol {heorems.

-?'l. Compaci Meduli spaces for vector undlos ovey cueves.

This theory bas hecr worked oul by Seshadri, maradimhan, and myself,
[et E beavector bundle of rank 1 oenver & oneve O
Definitions:
iy E is regular if the only cndomorphisims of E  ape mulliptes of the
identaty .
ii} E is stahle 1f, for all suh-bugdles F CE, di:g[c I{Fﬂ{%E;-
+drE [ 1[El] '

ik Em.:s semi-stable if, fur all sub-tundles ¥ € E, deg] ¢ JFH €
LT::{E} - ey fu lI:E:I] :

vl E s relcactabls 15 is oo dieeet sum of stable bumndlos .

If dep|c -[E}] = &, E i3 rertoaclabde iF and only if E wimits 1 e rmiliun
stroclure With curvature form 0 .

To ollain 1 meodulus space for veetor hundles with plven rank ond dcg{clj,
lirst one muat thvew gl icregular bunifles since they give rise Lo Jump phepomenon, i,
constant familics of bundles, whick suddenly jurnp lo another bundic fef. my leciure notes,
"Cnrves on an zlgebraic surface”, leetuye 7,£4). In the remaining class of bundles, the
tepolopy is sUl un-geparated: ot in the 5ot of vetractable bundles the bepoluary is both
ermpact and separatedd, sitce Whis et oF bypdics is igpmorphic o the sel of unitary ropoe -
senlaliong of T, of the bage curve  (Tar :io;:@l{l‘.:-] = 0; ntherwise the argument can e
modi{icdy. This st lumms out ta comlain the opes grt of stable bundles . and Lo be contalned



in ke apen sel ol semi-stable bundles (i1 is not open i&el), One finds Lhal Lthe siable
bundles oo elassified by the points of 2 on—singulae varivy Vo, apd Ul YV s n
QPN subsch of 4 pompact varicly Vo, The scl of pounts o ¥ iz {scimorphic to he
{mos-algpebraic) sel of reteactable busdles, ard the v 15 cven a natyreal edp Fromm b
sctoaf sl semi-stable endlos o F But nohrisoamorphic oadles oo longe 1 coreespoend
fo distinel poinka:

-

regular _:} sl —— < polnis of
lndles hunrjlu 5 'ir'-

ol Cad I.JLH.L _— 1.H.u;r|Ls nf
|3=uud[¢_a.
r 14
HLmi— '=.L'1['.u]r~
bunedliz

2. H T Iil‘i' "'-i b]ia H .".': H Y ¥ -
§£ Compuct moduli spaces Jor abelian vagictics: Satak

Lt "u'l'_: dengte Lhe moduli scheine for principally polarized ahelian

varigties of dimension v, Tha is,
- :
, = 9’“ [ fas analytic spacc)
H

Wb g 1‘3/’_. is the Sicpe] uppe e ! -plame of ype 8, Fn is the modelar group acling
ol . ‘n.-"n hag even 4 cancnical siracteee of algebraie vAreLy vver &, dus ta ids
irdcrpreiatlon as o meodall 5hetg o4 1"'71 vartles oo canonical ¢lass of ample fnvertible

siwaves L defined fov all sadliciently lavge i, and soeh that
It @ S = eI )

when thiz makes Sense . Thoevefov one has the gradded riryr

R, = @ [ (W - TAib )

i

0
which is known o ke izomorphic to tha ring f modulsr fortns an J?'n willh oespest o

Fn' i on2z,

*cl. Baily'a work, or my "Ceomelcic Invariant Thepry'',



-

The Salake eompretification of V" s then the open immeraicn:
B

'irr-l_l ¢ Proj {Hn} = 1_:1;
It tuens owut that there is a cannmcal isomerphizm of 1,,";]* - 1'.': andt ‘».-"'n_I . a0 that
sit-theoretically:
V;Jt = vn. L IIrl::-l W e L v_]l LHTI.}
[1""1-] is @ single poinly . This wmnawing couitlion suegests that this compact varicty,
which is defined only as a kind of "minimal model™, shonld biye an inte rprewation as
a modubi gpace . In fael, consele e all commutidive group schomes X confectod ond
of fipmite 1ype ovor O,
Doefinition; X is stable of X a8 an abelian varicty,
X owd semn-slalde if X iy an extengion of an abelian varicwy
by mullipbinative groups {Gm]r
X is retractahle Af X 8 the product of in abeliae varicty by
mu Niplicative groups,
Exactly as before, A Mayer and 1 have proven:

Jﬁmhh‘ A& wilh i ﬁnintsnf
.

(rela i aLiun Py
T m
o
relpmciahle X " (poinls of
vith palweization e Vo

.’[ t
L. ™ -
srmi-stable X /
with prlacization
L, _
Explanati CUE

7oA polarizailor of X may e taken o mean a dividgor D oo X

e rmined up Lo slgebraw; eogulvalenee, sueh that il

i :K—}Hﬂ



is by projuction of X onoe its abelion paret, und if D = *'.E"“[DDJI [Tecall that  PiefX)

= e

L UL‘l 13 wnple vn HI} and

I'/H(I.'II; D) u [LUL

Mg = lhm}'.'ﬁ.

L}]]'

AR Fatmily of these ohjeets is 4 morphiam
[. ¥ — 8

wilh the gtructuiee of group scheme (i.e. |, & Urleipliemtion” g X x 4 —3 H, vle ) aail
2 family of Cavtier divisors 2 - on ¥ dewrmined up e flpebenic cquivalenee, and e -
plucemenis

LA LI

for any Carlivr divisors E on 5, &d inducing o polacization of cach {ibre f-l{ﬁ.} . Wik
this definition, stuble and semi-stable M's form open seds, bl geleactable ®'s  do not.
3% The meaning of the arrows in Lthe diagram g ehis: it f: X — 5 bra
laraly of semi-siable gbjects where 5 is w nozmal algebraic variely, BMap 5 Lo ".-"];*
Iy tssipning lo cach 5 & 5 the paint of vr;u cortesponding, in the classical way, o the
abwlian par: of ll:sr 'r“u = i of thiz abelian pagih. Thepn this ijs o morphism.
This last reselt is proven by ceduetny o tie case where 8 18 2 curve. Tlwen
[L]'ﬂ- ]_}

where all fibres of T ave duffesmoerphic cxoepl far f_j[lil-] e Mexl one introdocns the

Ol passcs Lo L corresponding analytic sel-up, and vepiaees 8§ by a dise {3

invarianl and vinighing oyoles o Lhe general fibee, Soa% o pel e poricd malcix
f]'_ .-]-in- ol the abolian part of 1_1{:” e o noemadized form. Oee Whaen eompules {using
vy e pbul tricks of Kodalra):

{51 q \
—-— T — — 1 I-'I'I-I.IJJ-———
FL otz = 55 e s |l o e}



where 305 indegeal, posulive cofioile and symawetric, and is obtained from Lo
mumed remy substitution o the cyele Erf = I, where A, B, G are hodomorphun in
e oal x = 0 amd wheee {1 i Lhe poriedd malrix of the abelian part of f_t[l|:|.
This iraplivs that ﬂ'[jiz} — 0 i Sanake s lopalogy, when & — 0.

_é‘ d, Compact moduli apaces for ceives

Iel Mg et The mgebuli geieme Tar curves of penug g, Lot

&M -
8 ES
Lz gbbe muoaphisan wlhiel assigns (o o varve ils jucohian variety with ils theta-polariza—-
Viene Foom b work of Baily, Matsusakna. and Hayl, il is koown Wl & is g
isomocpiism of M!; wilh 4 Jucally elased subvaricly of "."E  owlideh we #lug denote
ME; o The simplest approach e compactilying E'JF': 15 o use its closure ML_" in H’I'E‘* .

This Drvaks up inlo Dwe peoes

M - (M*OY 1 - M
s ig af] g "

M- MY o (MAAY
i " (M g

Marsusaka and Hovt showed that MRI is exacily tho set of products of lowe = dimensional

jacoldun varictics . We hove proven that ME;’ = Mg"_l . S Lhat

]"-lH" = ME- L ME’ L ME" LA ME‘_I L === ""J:"I.u
”'1:_3 = ".':_I iz a slngle ponl),
The proof is bazed on lwe bemmas, and on the results of 22
Lemma A Lot 0 e cwrve and et F X — © e a family of curres of
Aritemedic genuws g [i.l:'. . [ s proper amd flat and its fiboes f-liP] Are Conneched
curves of arhinetic genus g ] - Lwt P £ G und assume that f_liP} i3 not-singuior
i Py P'l}. Thuen there vxisls o disprans;
" 1
o] T
C o
i

e

T



i -

Wl 1) C" is 2 curve and 15 a tinite morphism totally ramilicd overe
. ' 1 . -1 F]
F, lor BJo=T

2y [ is o tamily of cunwes e G

S

4 H° - E‘"l{j’u‘] 15 jusl e induced family of cueves ower OF - Pﬂ

-1

| - 1 — r - 1 1

(LI I i : e o * I :I—"u] .
=1 .

4y I [PD‘J i recoced amd has only erlinacy double points.

lemma B [et (0 Be onocweree aod Let
f.H —=C

I# 3 fategly of curves of acvitlimelio peous © such liiat cach curve E_L(P] iz meduced
and hag only eedigaey double poins,  Twen the set of geoeralived jacobian varietivs of
the cupves f_ll:P} orms a faindy of polivized semi-stable group  varieties avier
These lenumas pive the incluston M!-’.” oy MI; dirvetly; Iennuna B oancd an
casy onnstruction of some actual familws glee the vonve rse M;_r:- O Mg" .
Uniortunately, ]'rig" b3 nol A reddonalde moedoli space for cueves: for

exampbe, Ll o point of I'-iﬂ' corroespand 1o

LR !
)

1 -1

whe tx e‘l.l iz 4n ellipdic carwve, ool '_liy;—l 1 the jacobian of 2 curve O of gepus p-1 .
Iet & -"ll ad ¥ € Ineany poinls. Fhon ,"l.ll.' H-l;_l ig [ generalized jacohinn

varwty of the curve:

lq"‘lﬁ:}r'l

with an nvdinary dowhle poinl, In otlwr words, Lhe jacobian is independent of wiich v s
chosen: soeo, Torelll's tkeorem is false [or redocible curves, It i3 clearly necessacy
b bbawe e Mﬁl « Thiz phenoenon is closcly related toe the Fret, digeove eod by Lers and

Ehrewpsls thal the gune cie point of !'r{g' is mot only Angulsr on Mg: Db s noel even
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"almost pon-singular” ¢ = "Funegian”T = *Vemanilold” . Io Inct, Letamn A suggesls
Dulinilion:
Acurve T of mithmetlic senes g i3 El:':lt_':l_::‘ il 7 iz reduced and
eonnected, has anly ordinary louble points, and has anly s finite group

of auiomorghismes |

I appears that the ser of all slalde curvesis open and compact and is
ndlurally izomorphle to the sel of ponus of 0 conpacl anadytie space witlh alemest non-
singular points; Mg“ , iz dill unknown whether- Frig“ ig A projectivs algelynic

varicly, alihough 11 is 3 LQ=varicly. Theee s 8 proper helvmorpiic map
:":E * —3 Al
1 [
which is an isemorphism over 1be open salisey MI-{‘ O of 1he remarkable Ivatuees of

bhis cuame s that there are oo seini-stable g ot s1able curves,

j':' 4. Compact meduli spaces Tor abelion vavicties: Jlown g

Theﬁgrﬁcﬂling cehatmction sugrests the pessibilily of blowing up "r'::‘
§0 13 Lo gblain "ir';" which corvesponds b a mn-:‘]ﬂ't proablem with a lacger set of
stlalie nbjects.  We omnuld like the stalale poinlyg af ".":'_l" L correspond bo polarized
compactifications of commublitive: Froup scheowes X o One approach is to compactify
the geperalived jadeobid varelivs of cueves O, 8ay £ s iroeducilde and pedeeed:

et J b the generslived jacglian of © . Then one hag an isomomphiso,

poitits ul’j = mverlible sheaves L on E—'} .
)  suweh that Y (L} = Ig_{:c]

Wae can prowe that thave 1 4 propeciive dciveme J® 0 contarning  J 0 a5 an open Fabset,

and oo which 3 acts, pius & nalural izomnrphizm

7
(pui:nla ::-IE = ? mvertiofe sheaves I on C
{ J | such that X4 - ,I-['CIE}

B} £

pninti M} = Jrank 1, teraion-free sheaves % oon € .
J suen that ¥im1 = KXo ol

Ly this, we Bind an interegting: V7 . in which anly one point is still mysterious: $hat

3

s Lhe point which is the image under @ of Lhe coeve of gemng 2 deproted below:



SEMINAR ON ETALE COHOMOLOGY OF ¥UMBER FIELDS
1-.:'_.

Michael Artin & Jeun-Lowis Yeedier

1.
Notalion (L. 13 E -+ a nwnbs-e [oeld,

A inwpers in k

X o Bper A

EX o nonempty Zariski-open sub3et.

Thy vtale cohomology of U with values in the maltiplivative group Gm can be
desceribed by class leld theory 5 {ollows:
Denotye by
i Bpoe k—ll

the map, Une has the usual vxaet segqueno

D! - are
(1.9 O—G b == iU} —> D —0
where

o & i X
& Ulosed u
in 1
g e shwedf of Cartier divigsars an 17 . Now by Lncal class feeld theory.
1.3 4 : i
{ 1 R ixﬁ-m , g >0, i.e.,

Qe R S
HYULLG ) =  1Epec k. €) . all @

Toking into account the vanishing of cortamn groups, the exact cohomology Sequene

of (1.2} wiebds the cxact srguences
{1.4) ﬂ—mmqt.': e —1-5 fZj — Pic U —0,

. P . :
u—:-iiﬁiu.ﬁm;n w3 Br k -——]-f' {ﬂfl} —-‘1H11IJ,-II='m]-—9ﬂ



.

b Br k = Ha{Spec k. 'I'im:l sl QSE = E[zﬂ-:l,’x] &)1 . The map g s
the: ome: rivwen by classg ficld theory.

Corollary (1.5): I k is tetally imaginary then

-
At o =~
y Fie X G 1,
HOR.& 1 =8y q - 2.
L/E q - .

Theorem (1.6): Suppose P £ 1 nrthat kK i3 lotatly smaginary., Then udp.‘{ = 3
and r:dpl! - 2 If U £ X

[ 3
-

In thig sewtion we denpte by F: X—*pee E 0 scheme of linitc tvpe.
Hrcauze of "Artdn-Behreier™ theary  one can show that Jor a seheme Y of characterishie g

2.1y ::l:ip‘l:' 2 ol Y -] B = echar Vi

whe re edge ¥ g SUP[qrilq{'t',]":lle fur sotne gquasi-coherent shoal F o oen Y] . Using

thig and dimension theery for ffe.ds, are ahtams

Theorem (2.2 ur_iP:H: < % dim X + 1 if p 4 &

The regr of this section is devoled o Z-goramobey

Nolrlion (X, 3): X = bpace nf cilgpscd poindis of X B B owith the real
B x

Lo palagy
-~ X{E)/G . where X(C) iz the space of points of X

with values in € . with the usual wpology . aod whe re
G- ESL operates by complex conjugation.
renl loous of X which 15 & closcd subspiace of X

X0 o

X = thee topological space whose underlying sel s X a }Em
with the topelopy whose opon sels are pairs (X' [
wheere X' s a Zariskl open ser in X, and T s un

b == |
vpen sabset of X o
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Actually, we will work with the fullowing Etale topology on X The categore of LM
sely ave paics (X' —X . I cohsistieg of 2 morphism of schemes £ oand
open sulizet U of x'm havimg the follewing properlics

fa) £ iw Ctale.
b In the map g l.'—i':'im itedoeed By f
giuy £ M{fu=pu e X ‘M)

A map [Il E:lj—-—_\»ql'z.i.'zj S o Trlas X ,—}K‘E CaTumeLling wilh the atructume maps

dnd such that wnde e the induced map X e .U, iy edrried inle [

1 g 2o 1 *

A famuly of maps with ramge F 10 15 4 -;:llf'u~1'-.:15_r, Wb 320 10 ds e union of the images,
For this 1opotogy  theee are morphisms }{m 1y .‘.'.EN Ak

J{m —t 5 RH_ whe v .'.'{m ig luken with the topalogy of Moval isomorphisms.  The

mup ) i5 formally an open immersion auel v iw ity closed complement,  The de oeeed

lunctors qu*F [vr o sheaf F oon X, e @ owerdion sheaves concentrated on the

1
ceal locua X(RY . g >4

Thiorem (2.4): Bt X = Hpec A be Lhe ring of integers inoa sumbe e ficld, and sel
[ﬁm}i e j_fﬁm]x . Then

AT 4 0,
Prie: X iy = 1
,l'l L] ]
H
‘“i'ﬁm.I BRLl . q = 2.
XX, g - 3,
1] ' o % 4

(5lighl warialions in dimeasions ¢, 1 could be oblained by insigling that 4 unit of Em b

4
pegilive at a veal prime.} The above s a0 eusy vonseguence of the following theorem

Theovein (Tale)  let K be a naanber field aad F ow sheafon Spec k. Then

]iqﬂ:ip:'n: A jr']""—-}liqtﬂp_'r:;kﬁl Ry I 5’

b5 gurjeelive, q«3, ond bijective. g2 . flere F m denates the induced shend,
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Thearem (2.5): Let ) be oo skealon X whose restrletion lo X t5 o nowtheriun
lorsion sheaf. Then Ilq;i:f‘; = F lor grr2dim X o+ 1

Coroltary (2.6): (a3 HYX 5, ——==n'ly KM Fos for grddlm X - .
thy od X< g ed X 4 2dim X - 1< XK} - B
(o] Em-:.'l.ﬁu]d K ;1 Tintle type udzl'l < s aff B is o peat
Figid |

{Part jeor is also an casy consogquence of o puene sl pesull of Betro., -

3

We use the notations of section 1. Let F7 ke a conmplex of shoawves
ovel X whose cobomology is bounded iLe, . HWF Y 2 0 for q sulficiently
Iargey and suech that E[ti':l s oa pectheviae lorsion sheafl fur all g

Woe denate by HI X, Py b bypereolomalopy of X inte FT oand by
EE:’(K;I-" ; Gmr thee g lohal h;p-* v-Exi om X, Forany g thase groops are finjie
commutalive groups and lor ¢ sufficiently laoee they are cqual W veeo.

For any prime imegoy ¢ und for any finide commutalive group B we
denule by Mp the  p-primary componuot of M .

Theorem 4313, The Yourda prodect

T q ! 3"] L " Y :i - -
by IR qug_x_g LSV p— 1] r:-:.{:me —’”—}prl

E

s a perfect duality for p‘,{rz - %k is a totally emaginapy icld ehe palbing "y, =
tlan @ perfeot doalive, i

let now Ul be an open subschewe of X oand EF' 4 complex of shepye s
on B satigfying the same condiliona a2 jn e ereinning of ibi: aection. Tho LR TRM]#1FIE
F'U will e Lhe ::unlllplr:x of ahedves on X pbtuined hy exlendmg the camplexy F' by
acro. We delineg H'ﬁ_ (L F ) abyvpereohomolugy with compact suppant on [ by e

erqunl ity

Wi e - gl g -
Similarly piven ary complex U of sReaves oo L Iwiinge eohomnlogyr is

lowmded) . we define the fouups E_‘g_gii,:u;l*' Gy (Mvper-Ext with compuct suppari

in the follawing way: Flrst we take an injective resolution LGy af o fie.,

morphism of cotmnplaxea P G- LG} into 4 complex whoae objects are injective



abzaves which induces an isomocphism on the shearves of cohomology 10 Then we define
the complex of sheaves oi U Bham (F° LG 11 o be the sipgle comples of sheaves
o Loof shead homorsorphisim of  F' ina WG 1. Then we define Eg“ﬁ:!‘“ ATy
the wqualiny:
Exthuir 67 o MWK RhoonFo NG00,
-t 0 a . T (B
When Lhe comples, G795 1be sipgle sheaf I!';m . the complox ].‘EIJE

(I’ .l[l}mﬂ will be denotied by Iy
As an immedlate corcdiary of the theooermn 3.1 we obeain:

Cotalley 3.2 The Yotwda product

q - - Ij_r‘]. rpt 3
B ¥ }pxl'i:_;’l LLE" ;p—:n UG } Ty r:p

o

ig o perfect duallly Jor any prime p o llileoet Teope 20 U Kk is fosally unpginacy il
i5 wiwn 8 pevbece doalily for p o= & .

Let ug denote by A the canwmical morphism of complexes
AN P — Dibiryy

Theorem 3,3 when the wrgion of the cohomology shepees of F° s primo to the
residusl characterietics of [0 | the morphism &% induces isvmorphism on the
shewves of onhomology,

As an pmincdiale corablary of the Lhworem 3.3, we ulitiin,
Corollaty 3.4: The Yoneda prolucl

B F x Ea 9 e :
ThLET e Rt .ﬁmap—}uur by R :I:p

i @ perbeet duality for ooy comples B whose worsion of cohormelogy shoaves g
prive w lhe regwdunl characleristics of U and For any prime  p diffeoent lrom

2. Asmsual, when ki3 aoeolally imaginary Dold, the resteiction 1 / & oam b

ormilivd .



ELLIFTIC CPRVES AND FORMAL CGROLPS

Lubin Scrre. Tabe

1. Berre discussed Sis resolts on the action of Galms groups on 1he
poinis of finite order on elliptic ¢t rves over rorber fietds snd Bocal ficlds [4] . The
lapal rosults in casc of nun-degererare rostaciaon can bae oblained by methods o be
discussed in this scminay

£, Lubin didcusscd sesults (rom [ 20 on the esdomorplism nongs of fee-
eal Lo Eroups ol ol purameter Jver ?-adic intere e fines. F A iz 4 commmutadive
ring with gdemtily. & one-paramets s Tormai foe Srosp aver A s o pewer sorices
Fix,.y1 & Allx.v] | suce that

Lo FEx vy o ok omoed depr 2
FiFrw. vl 2 Tox, Fiy, )]

1=

i

Fix vl = Fiy =)
[f F znd G are two such lermal groups an A-hamamorphusm of F

into £ 15 @ power Serics b{x) @ A7 x| | suoh that [ s no constant term and
E{F(x. ¥y G{lx, Iy).

The sct of all such he pomcrplnsms s caxdled Hom, F 0 CGb and is an

A
abelinn group endee the addition (T #g1ix) = Gitx g} s the group EudA{F:u - H“mA
[(F. Flisaring. IF (€ Endﬁ.

Propositvan. M A v an integeal demain of chicraeterislic o, and F

LY owe denste By o (T)ies fiest-degree coetficent.

A fornwl group over A, Lhe map
g End, rEYy » oA
1

LS an tnjeelive ringe-[ome crphn s .

In the cage e aee interested n. where A iz as-adic integar rng
e, a complete runk-ong valaat.en ring of characteristic zere, wilh cesidue class
freld of charagtoristic p= 0, of J:ZmlA (FN is closed i A s bl the endomear-
phisen rng always centains Ip' i Te-daie aRtegers,

Froposition. 1T F 15w lortwal Lie proup defined gver the & cudic lnte-

Eer ring a7, and F4, the furmal group defined over Kk =,..d",.-"§r by reduging all the

vecfhicients of F modulo ¢, is such that F* is pot k-isormerphic to the additave

Lurtial group = vy, Lhen End (¥ is injected intg Findk{F*} by the reduciion
may 1= f=*.

Wo know that over the algebruie clesore K of %, J~.'m:5|k [F*}a= iﬁunmr—
ke to the wique: maximal arder e the gesceal divasion algebea Dh of rank h"™ und
invarant LS oover SIJP. Heve Tioas the hedpin of F*oas definedt by Lasaed [ 17 .
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Thus sumee Endj{ﬂ i@ gommulabive subring of Endﬁ[ F*). ite fractien tield sl
b isomorphic ton subfield of Dh end 5o the degree af this field over ﬂ}in resl G-
vide &,

A copsequenae of this s thal @l P is delined over &, Lhere is o Dinite
exlunsion o of 4 such that for xoy la rper o U B "{F) <« End 4 "(FY . W call
thin Emjﬂ  [F) ihe ahsoluce andetoorphizm ricg of Fooand desgre it Bpd (FY .

IF F oia debihed over o & -adic ileger ving &, Lhe height of F oy de-
fined to be the beight of F* | the (ormal greap defioed over R =,ﬁ'.'|'.|'r§_u-.

I F iz of heieht h e e 1 iz full if

Yoo End 1) odiR iebeprally closced in its Teaction ficld K.
40 K !'Epj =Fk.

Tt turns out that foi cvery beeai Geld K oahere 08 a (ull formal group
whese endomorphism ring i8 the ring of intepers B

3. Lubin discusscd -esults Tram | 9], and 2ome ather sonjectares
abaoue poets of linite order an formal groups.

If F 5 aformal grcup of height hoem defined over 4 . und (Fis he
ring of inlegers in any compléete waension £ of L - the Daelaon feld of &, snd Jof ?20
18 1he maximal ideal nf{j, thr:n}-)-::-ln be made anln a group by means of

e b= Fla &) . Clearly the enly elemess al {his group of finike arder are of
crder p“ lor some no; il we call [.:.I the cndomaarphism of F ocorrcsponding oo
L pradic integer A, Ltheh asswining lh.n wi have o €2 sueh that [ m F{.z} 0
ter p A4 o, sinee 1—] ¥ £ Fndﬁ Ky :]a. : [_.ﬂl ™ F:I [} =0 and sw a,

Sow mince Foous of mmght b . the endamorphisin | p] P L% & pUWET KDILAR
whose Tivst und goelficicent is oo dc T ;:"'. Thus the fuest umt coedficiont of [ p"] l,l:xj
is ab dogrec [Jrh- And 3 Weiersiriss prepartion fype ’I.rgul:u-:*nt shows LRat [ p _i {'{i -
Eixps Mix) where P(x) 52 manic polynomial of degrec p such that &It cocffi-
cients af doegree less than p rh are: inAgt, und where UU{x] 052 power serics eith an
constant beritn, Thus in a seffecwentiy Jacge {5 . thercare exactly prh vlements o £ P
suchthat [p'] Fl[n'] - {

We can form the Tate grogp't of !

T =1Ir-l1 T o [Fy where F "I: F] s the growp ol all & in the algehraw;

=
closere of I, such that [p" ) plad U thaer projective limit is taken with respect to the
=T
naps Ip ]F: Tm—le (m=n}.
P [+

Then TEF) w2 a free zp—m-ﬁdl.'.lu of rank h. It iy 2lso ek Em:{d_{ ) -modale.
Let us assmine that ¢ (End { F}3C 4 so tha! K. the fruction-field of ot End({F)]) s a
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subficld of L. CallA the feld gotten by adjoining fo L oall romls of [g° ] g lallng.
Then G = g{.{,‘x’l..j has a [aithtal pepreseriabion O — EmjE (TLFY) =GLINL, Ip}
i

- GEL{k, ,CI'_pJ Luigt 215w the aetion of G on T{F) venmwnutes with End{F} ac
- . : = T o 1 R .
l'I,'E"j-EDI Q}_P iZam End{F)} & Ei—' = k-modile of rank s = - wherr 1 iy 1he E]}—]‘ﬂuk

Z
F 2

of End {F). Une may ask whether & 18 vpen in GLEs K} or, at any eate, whether
the commuting algelva of G oo Eod [(T(F}) & lp im reduced 1o R, We bave o indi-
cation af the trath ee falsity of thes, exeopt in the case 5 - 1 wheoee !l i% lrue, and
pan bé wsed Lo give an explicit reciproity e o loeal cluss Ficld theory in the Eolfoe-
iNgE Wiy

Ax mentioned Before  Tor cach finide cxiensivm K of m,p wWith rog of
tntegers A& | there is 2 full formal groap Fodefined aver & whose dbeolute endomos -
phism ming i5 isomarphic W& . Then TIFY isa lrec & -module of rank 1 asd so
G- 5’ (fﬂ{} — GL[1. .4) =4 *_ Asimple counting argument shaws that it fact
this map i% onto. The field A 15 & totally camfied aboliun estension of K and in fact
a maximal sueh. and the actwn of 4 = an 4 given by the above jzomorphism tarns
out to b the mverse of that fwrneehed by the reciprecily faw of Joeal closs-Fiokd Lhoeoiy:
specalically, if []}n] {q) =0 forseme o and @ E87,

(o /R Gy = Fu™ (e

By patching this cogother with the Frobemus mappiog on the maximal gynranuliod oxten-
sion ol Ko owe gee an oxsplwedl recicocily Berisula lor the nuaximal ahotian extenson of
K.

b Lubin digeossed unpoblislis] regalls of Lobin-Tare on modali ol formal
Eroups. Lot § hea formal geoup of height h <o defined over the residue class field
k =:J;‘_';-f - Sueha ¢ s k-isomocphic 10 voe satislying {Jl:'.-:. ¥ o x 4y {mod deg ph] .
and wi will asaume s conditaon saisloed for the sake of convenionees, Let ©o=
[ll SRR T e o family of h-1 independent rracscendentals. Gy mcliods of

Luazard | 1] 1t 25 eady o construcl a formal groap 1"{L1. cee [.h_l:l (% . w)h wilh covffi-
cicats in the palynomial ring .-ll"l'l1 SRS P i Swel dhar
ST M £ (R (N SN S STy _
Gip TLO, .0 0t oo Bla ¥hsx by pED (xL v} fmood deg o' ¢ 1) .
P

Chuose sucha I Let A bea feed] & -algelira with maxima ideal M. I we speoaiec
LT b, e clenents dl']. € M. woe obtair a geaap IS a0, vy dedioed over A which

peduces mod Mto §, oioe. such g ]a = Il Y. rlere we are identifving & 1‘,-‘?:



wilh ily canvnical image in ASMY.

Thoeorem: Sappose A 8 scparated and complete for ke M-adic LogHo -

logy. Luet F be a foresal group pver A suchibat § = F* . Then there vxist
ﬂ; EM, b2igh -1, andan A-gsemorphizm - F T Dray sueh dhat oo = don-
tity, Moreowver, the point & - (q’l. R and P aree T

ln other words. the unclor whick associodes wh cach complete locul

A -alpebr A Lhe sel of isomorpkism classes of formal crovps Foaver A rodue-
i) <75 Th 'i ] I {ullowable vAomeonphicims boung 1hose 4 -isomorpl sms roducing e
identity mod M) s represcrlabbc by e “uriversal” group law Ty over tho alge-
Lea A [ TR Lh_lj 1. Asuseal there resclts an aperation of Aur t} an

« L[th] . whose stedy should be interesting, o case h = % we have used b b goh-
stivet an clliptic curve B over < whose Formal group has eomples tultiplicalaen.
althougrh B dowess fot,

3.0 Tate disewssed 2 mxed group-sheal cohomolmy. e 5 bea
ground gelweme, X oa group schepic ever &, und B o comnmatalyve group sehem
aver 5. Suppose X operaies on Boonogn evidert sense, Lot ¥ b an open covers-
ing of X, With the ard of the groap law XN = X — X ane can assocate with % a
eeTlain open cover ¥ () of NP Nox k.., wX (pties)  for cach p. Cne
can then define a double complex C7 (8¢, X B} ok which an clement of CF° 9 152
tunily of morphisms (eam Lhe anlersections of ol ) epen sets in L covering

% PV ine B. The ditferentiatian CF T P 9" i as i the Geoh sheaf cobo-
mology . while the dillerventiation £ 9 & o BN L difined by Tarmalkss as n
standurd shomogencous ceinples  w the ardimaey colomology of groups.  Passing 1o
the associated single complex and cobomalagy we gel groups n" {(%. X. B}. Fur
wRAmple. H” (T M, B dioscethes the grogp-schome exlensions of X Ly B which,
ag filber spaces. ave trivial on the covering % . Passog 1o Lhe limit over &, we
EOt geaups HOLX, 1),

G, Tale discussed cosalis of Serve-"Tate on the vaising of abelian varic-
ties from ehigrdoleristic B, the masn sdea Leing :}:L?.-_n te radse A s pquivalont (o orais-
ing consistently the finite subschetnes Kee{ A E%A) Borall 0, Let R be un Arti-
man lecal ring wirth ressdue ficld & - Riee . Let [ bean ideal insse such that
A 1=4. Put BY RST. We wish to "raise'r Lhirgs {rom B o H.

(1) Raising kemomoerphiims of groups, Let B he a group schemn

srmuooth over R, and let X be o growp scheme at over . Assuyme X and B are

comnmutative {or simpligity. T

B-:=BRA' X -Xgnr 'ﬁ'.-.Eﬁ K. e
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Let ¢ (E} Iz the tangenl space to the arigin on B. The tengur. prodiel t{rﬁ} o1 s
i finile dimensional vector spece over K. Lel Wit I:Alf] # 1) depolo the correspond-
ing group scheime over ®, isomorvpine 1o the direet prodect of £dim .ﬁjfdimkij
copics of the additive group vIEa.

Thoeoremy, Lhere is an exuvl seguienod

D s Bom (X, WLI(E) #1)) — llom 41X B~ llom i By LT winT e,

RI. .
e e Hons arce B rauy hemummorphisms.  The H2 L5 that defitted i the preceding

segtion, andithe image of § s contained in the symmelrie part of 1{2, atd hencee can
be viewed gy in F:}l‘tl{':f_ Wi, Thetheoreo s proved by means of @n oxaet 2equence
of complexes as o § 3

OO, R Wl =07 N B0 X OB 0,
whove B s an afline open covering of M. The exactness fellows from the fact that
unan atbine set, a merphism X = B can be raisedto X - B,

0f wouise the inleresling point L5 1he # @ the ohstraelaen to aisiog 2
homamerrphism of commuetative greups lics in Ext r.;.\_. Wi, A geomcelnwe discrip-
Lioe of that exendon could certanty e given jand ooght eralle one 1o avead the maxed
group-sheal cohemology of §571 . 1 would also be imeresting to examine e selalwns
between Lhis and the group extens ans preen Iy Grocaberg's Binctor | assuming k& per-
focth: of 1 -m. | geems Lhat Greenhenrs extension is obfamed froan the other by o
suitable power of Frobenius.

Lity Lifving abolwn varicties. Suppose niew that ks of chaeoeterisie

p ¥ 0. The main theorem can bo ferimoluted by saying thet thero 13 a3 oquivalenes of

calegorive L‘l — CE' where;

[Cl} is the ctepnory of abelian schemes over R
H..‘z:l iz 1the categere of pairs {i Xy whoerc cI: is an abolan ackene
over K, and where X is o mmisiosto B oof .fr. Far this to muke sense, wio mast

say what A* s 6f A ds an aubelisn schome over Bior k-

At = A, where A = Hn—:rfpn;ﬂ-—tﬂ}.

Lo
n—g o n

P i

CH course the kernel A n 9 tiken us o group schome (fpite and [lal over R {or k}} .
¥
Cokedaruing A ™ one considers b as an ind -uljoet: (he notion of a raisiog to 1 of {}*

1H erefoes cguevalent to that of o seguenee of raisiogs of the i; o LOERCUp sehemaes
I*

Kn flal wver B together with inj sotions hE s raisxing the cansnical irclusions
1

+1
il]-_.” {:ip“” - [ what follews woe shall protend that A+ {or §7) is 2 trae Fronp seheme -

it ig eloar thal that will oo load 19 Secicus woreies.
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The Nubetar L‘l —+ I:L‘g iz alear: it associates with each alwelion sceheme
4 wyver B othe pair [E. At whepo & is the enduction of Adied md  which is
an alrelewn vapicly over ¥, Clearly, A™ is o radzisg ol I:::} * . The marvellous
thing is that it is an cquivalense of categories. In other words, if one koows Lhe ro-
dictuan 5 of an abeltoan scieme A ali that is brekane o determi-e A 15 & rasing
of 1the indegrroup scheme A+ whichis fuite @i et thing fsee bolow ),

The proal af the Lbeeeetty whics was skelshed io the seminar wsed the
axacr seqguence of (1) abave tope her wilh seown [acts aboat the existence of rais-
ings wl abelisn zehemes. Hewoeves  with Beliter doundartions  the theoeem siould re-
gult formally trom:

Lenura. Qo has J:'xt'[c]_: {ill}‘-?i E.ui[@" ﬂia] lat all .

i In fact, these grotipd aee moca for 0 F 1 oand [or @ =1 Lhey are
E-wector spaces of dimension cher AL 1 The Temumna wonld resole frops the et ehet
&/ {!-" A uniguely devssible Iy oo honoes all s Exts with d,'-u el YRS TR R

T Surre discussed applications of 1he procoedang.

frivh The casc where § has no point of eodey po I thes exge one can ideaify b

with the forinal group attached 1o §. Thes o raise § is the same as to raise s
formal proup. Incase dim § - 1§ an cllutic curve with Hasse inv, =0} Lhe
raizing of (he ormal geoup has been diseussed by Lobin in section 4 abowvo,

(iv) The case where { b the puesimum oumber of points of oedee . | This 1s
the wige whooh Serre hes {ceated previcosly womablished) by the method of Graecn-

boerg, The present theary gaves men proals, ore safislying in certain respecls. |
We suppose B operfect (s fcems essenlind o ucd not only duc to oo nato eal taste
for Galgis theoryy . Lot n =dim §. The hypetbcsis made on § amounls 10 sakang
tdnat :lii_l is the adireel sum of an dtale k-geoup of vedee pn ane] an inlinilesitoal
w-proup of "ordee® p". The firat sa {E/n 5!}r1 Twadled by Galois  and the sveond
a IFEJLI[iI twistod anslogously.  More generally ane hag a cpankical decornposition:

S RS DAY
Mow it s ecicar that *Et s oogegue Diftssg e Bocllensel], I oos e same {fur
ool by Curticr duality or hy the rnoelts of I!iq:n.ldunn-rjj faz ;1 o Cine gees Lhere-
Luge imeouediately that theye is 4 coronical way to mise é‘* v Gatiely the dircet sum ot
the raisings of g’;ﬁ and !LL and There resells. by the meneral theory a canopieal

baisitg of the abelidn variety §. It §s gasy 1o see thal ot cveb vhlaibs i this way

funcoer Drotn the catepgory of the {; to the cabegory Cl' & Fanctonr which & oavebse I
the redoction funcler (I B. this iqvorse is dedined only o the § having the maxi et
number of puints of weder Py T oone passes to fhe Joad over R one [inds o privci

a focenab abelisn scheme rkesing ¢ canemcally bot Mumdord csplained 1o os how,




using the canonicalnesa, one can prove that il is in reelily 2n abelian schemw.
Before discussing the canones] raisings o gore detaad, let us sayv a word
dhout the elher raisimgs,  We suppose {or semplicity that & is algebraicaliv closed.

[t is wlmost cvsdent thae each Brling of i" el g A is ar expenscan,

T —+A* —A° —+A% rd
1 &t

mhere AT and A'-ETI. e the canmical raisinrs of é:n and i::t To suppose k
algrbraically closed allows us to identify shese latter groups with the groups
(-Em—im'mal]”. anrd [lIllJ,-"'Ip}n ks prouns Boing taken crer BOin the abeioas
sensie. (L is theh an exercise to s o (hat an B -extension of J'.:III,l}.-"':E[_:I [ {Fm—l’urmai
18 characteri Zzod by 2n clement of the geogp HI = 1+ iho moltipleatbee group of
clements of B congruent to 1 omodule the maximal ideal ny.

Passing tu the limit over K. one secs LRat this result commses Lo hold
if one is over f complete neclherinn local ying 1 with residue fisld %, O course
uhic s oo longer sure thal one has 1rue abelian schemes, bet i any caso, one has for-
mal schemes, Therchore one can sy that the fornsal varioty of moduli bas 25 its
JHaints the syscerms of 0 Eincwinheiten: 0 has murcover s cunanigal group stouciaro.

The ghelian gehemes  or formal schemea  whose moduli (in the proced-

i fense ] are of finite opder deserve the nume quasi-canoreal, Incase B isa

disicrete valualwn ring, such a scheme is isogerous 1o 3 canoniesl scheme; the sut-
witan v5 not clear in the general cuse.

Continuing 1o assume R oo diserele valualion rieg of characterlstie Soro,
there is o simple claraeterization of the quast -canonical schomes: there are those for
whach the modale ‘n.-'p TF‘ - III]J sphits as a module vver the poadic Lic algebra ol the
Galoes group.  Inthea wax ooe arrives at a josbiication of theorem 1 page 9, of [ 4] .

H. Scrre discussed rawe canonicxl raising of elliptic curves. The problem
considered o8 the following.  Let L be perfect, snd ot E be an elliptic cueve wilk -
variuat | € K and with Hasse invirgnl £ 0 i.eo . having the m@ximum numhber of
poinls of oreder pY; by Lhe preceding diseuzsion, there is 2 cananical Lefling of E tar
the ring W{k) wl Wit vectors. The 3 ol thal Jiftiog is therefore a funciion

g: k- Hl.-t‘i_Ha:-,c:-;.q:.] ﬂwtk}

Hew does one caloolute & 7

Let 8 b the Frobenics automorphism of Wiky, goven by i""g T I |
= t-"-g- Kr’f- -o-1. Lut TP'[J' ity L the elassioxl cquation relating e modelar invar-
iants of tue elliptic curves having on jzopeny of degree heween emselves, an equation

wWith covlficients in X, symmetric in ..



Theovem i) Let A8 k- Ker {Husse), anddet % =90 (&) 8 W{k). Qe

'l Tpn{x.ﬁixnuﬂ.n.nd %= A (mgd p)

iy If AE 5 -IF g the Syelem (T) has a unique solutiun.
1

{Cambining (i) and i) ane sves therelooe that (%) characlerizes % - 8 {3}

provided ithat A ?’ ¥ 4}
P

T arove (1) one applies the [unclor "canonical raising' to lhe Frobenius
1spgeny: Fo-s E'M The cananical raisikg of E LBt obtained from thal of E hy
applwing the aulomarphism s, Ks modolar iovariant s {x} .5 thercfore retated to Lhe
mvariant & of the raiging of & b the 2guatinn TEJ [s.85(x%)} =0, henea fiy, The
asFerLion (il) is proved o a standaed way by Saccedsive approximations,  The hypo -

thisis A ﬁ’ inz) o e ryoies in ordir Lo b 2o that g certain partial decivative of Tp
P
doen not vanish.

Jugt-for fun. here is 3 nupecieal caarnple: for po- 2. 4 - 1. Lhe canoni-

cul raising B{A) iz equal o -3'{5'{.
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FAMILY OF ARE LIAN VARIETIES AND NUMBER THEORY
FART

Tre
Michio Kuga

_sgﬂl. let G e noconnoeted 1) semnd -simle L gromap, and K bea
maximal compact subgroup of G . sothat X - GAK e 4 symameelric spaee.  Parlher-
mote, we assume that X has g 3. dncariang complex structire . Denote by L5 C—X
the naturesd mapptng.  Let [7 me s diserew subgroup of & contaming ne finiv subpEroup
CF LIS {1} . nd such that r’\\ G pempact, Then U «-T7% X - DG;‘H 1% i
projeelive non-singular algebraic voredyr. et fow *-—!-GL.{Z*-'TH} Do 3 represenalion
o 0, suwch that P (] & SLK. 2 torall g F . Thop fpr cvery J"EJ_I , 1ho
matri;-:rf {y ) induces an dulomorphism I'; tr ! of ke lorus F - H",-".i:”. Lict uz
ke cporale on the product spaece XH F by the rale: X» F 5 orx WAt
X, ul o= yring, f; (FYur S X&F dor = [ This operation is P el
discontinuows, with no fixed point far F y 1 oand V - J__'\ XX Fiooag u compdact manifeld
H is cagy b find the projection m:p A uf % ante U winich makes 1he Elowing diagram

commklalive The nataeal map - P
Yy¥e— — X & F = %, wp
i
l"?ﬁ" l =
the natural map - p
Le——— - — E} y

Thiz construction shows that v ﬁ::.. L s 1 Dhye Tuandle over L sueh that 1) the typical
flibre 15 the tua . ¥ (2 tae sl ueture grolp is f-“ 147 thl wetion c.lr'un F i3 I,—__;.;
(81 b as associated with the wniverszl coverne X P—-} L.

Lot us assome furlbermare, thin Uere axists 4 non -singllar integyal
Alteruming N¥X N matrix B such thut Lr,mfgp Bpuwy - B ferall & & This mcans
thet poods homornerphism of (v inlo the sy npfonte Eronp SpilBy - {m e GLIN Ry
'm Bom e B j (e SpiNS2Z K 0 of 13 . For such u matriy [ owe cun find 4 posilives
definite resl syiunciric maleix 8 such Lhat- 43 B 8 15 - -5, {61 [df iTh § + 5 dPiF) =
¢ fwrall T 'EE’ ] {IJ} iZ1 5 - B LI_FI-IE-'I -0 rar oall XS ? whe 1 ﬂ} - Al Lie
Algebra of [ }‘ = the Lie algebro of K ﬂ’}- - E + J’f 3 the Cartan doeormposilion, The
cobkdilion (6] impliea 1w posends Koointo the maximal compact subgrayp Sp B ey T3
—_ { m & SMBE b Sm . EJ» of SpiF). Sothe r-r.'|:.ll‘n45.:1:.‘“.!_.11'mnn-;'UI iy L Mapping:



Tof X a G/E o SpiB / SpiB) - O - the lptter is & symnmwetric domain
holemoophicatly isomoophic 1o the Seiee] uppe e half space H{N";m. Thia mapping T

ia called an Eichler mapping. Satake determined all the representations which induro
holomeephie Elehler mappings.

let ug fix suck B and 3. Feropomt x of X, pwd Jx - -F-I'_E{JE_l
B P 1;._;3‘1: where X = i), g = G, We see cagily that 1 Jixy 62 4 well-defined
mutirix valued function on X; 9 J-r_ﬂ’.t; = FW Sl Fl:gr”jtl For “}‘Er (LK)
..Tl[."-::fa = -1, Hence, [oraflixed x, Jx} delines a compley stucture on /2 -
¥. Morvover Lhis complex lorus  oF, -Jed ) 19 an abelian variely, By agsigning the
compleX slriciure  JiK) Lo cvery Tibee o= F  of the peoduct X F, we gel a [amily
of abelian vaeietles (¥, Jixp) x £ X |, The natural mapping 'Fp“ Krr o W
trangfers the cotmplex structlune Jixd ol %0 F oo a complex struclure Jq of u fibe
FQ = I -t ) of V. where pixb - @, The eguatizn @91 shows that this isduccd
complex structure of FQ b lidependemt of e choies T the point & such thal  pix) -
Q. Thevefore cach fbre Fq of ¥ has o structuee of abelian variety. Furthermore
if the Eichler mapping T is holomorphic. then we sdan show (thatl (be dolal space ¥ has a
good complex stracture  J contp dible wilh cvery Jq and with the complox structume of
L, and thut V' is p projective algelwaie variety.

This rrault combimred witly Satake's Vsl of holemorphic Eichler mappings
gives us 4 rough elagsifleation of fomily of abeliae verielivs ot pur lype . One §mpor iod
cungequense is the existence of Sueh a family cver & symimedrie domadin sitpchod o
orthogonal group,

;(3- The Dibre varicty er]ﬂ detined in j/EI of Shimuras talk "Th aelu-
function of am stgebrare vapety. . " (guoted herceatter og [? I-‘]] iz an cxanple of our V.
Ln this case G - SLotRI. X = The upper Balf plase [7 = [7 L0070 (of. r.ﬂ.]- llfrl_-u] ',
lers I'd fike o discuss somwe conllaries of the formula given ia the basl page of [ ..-'F}

Lt ‘55’ be u fleld of algebraice functions of one yariable . over a finite
field T . and letf T be an ubrarnificd Galeis extengion of £ . Denote by ﬁ';{ Lk {3alopis
proup. ladr B be o popeesentati sooof g I N = N matowees with entrics in o field
. Foraprime dlutsmf nf ﬂf',.f Kol ch denote the degree of | F o oover A . Take
AN ExteTSion J;Dnt P to ;E Dl.'nn.l." EJ'.'E;;._., the Feolwnivs avlomarphizm of . T luees 43%e:
palynomibal ekl - H[EE;::' u f vois independent of the oxtension EE:‘: v il depends vhly an

r;. . Naw put
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L'[r.F "'rl.:.'j[;-' R. u] -TT deryl - Hréﬁ__'_,}uff}_l-

Thid {3 & [ormal powe r serics i the vardalle o with coellicicnls in P
1y ¥

The fibre variety W = "u.-‘,:.. has o modcl which is dedined
ever o ; and for almaost all p |:tu_ wduruumn W,f{ 1 of W:ﬁ{l] tniulo
i has alao 3 gtpucluce of filire variely over 1-":,; '._._..WEEEE Mbres are abelian varlelics
'!I'x of dimepaen 2. Tuake ilj;tll:.'l‘i{: poial x of V:-..] over (e prime field 3, and
vonsider the fiboe ﬂnx ol ‘ﬁ{“ al x . Fora prame number _f E‘} the

T

. I - . . .
veordinates of _{ Y-th divisipn points of "I"w: genersde b Galois -E'T.LLnHmnﬁE}" .[-!n,l.: AF I

m'w::l‘g w4 ix)y . The Galois Lrwpgl."utﬂgz- ]}_/;frﬁ ‘j}'; nvm'ﬁ has an - adic

represcenlution M of sige 4. Moreaver in this case, Mf- 15 cquivalent 1o g

diccel sum ("*:ﬁ %,} Wi ru J& is O representation &I'C[;'L by 2x2 ,f wlic
matrices. Take a syminetric ensor repeesenlation E:':_.__:E of degree n uof

GLeE, Q"E}. The'm, we howve, b
n poul LB
1 r . : +5 |
(1} L[‘EIE _l:I:D:EIltl,..-"_n':'ri u by
-t

N
2|12 fE-wk S 0] cur Fl o-py fm=0)

Wi ' tlw‘:{ p, 0} - el 1 'l'nfq:npp w o= p T pr.p: uE 1 Tas {.?..F]
Tl

From this cguadits 1t wi can deduce the followag l‘LhUitH, The nurmal
sulnrroup I_!'-..' iy of [_Hl:'l'.l'] defines o vovering Riemann s“urt".-u:e g rﬁ‘:\ X o
r-h.[ﬁ]\x . This algehrale curve ]_""--F 1£7) ""\_ X has also s model defincd over Q.
Comgider the dicobian varicly J (e N9 of it defined over 9. and consider the
Algobraic nembher ficld G 7 103, 35,{’} ,-P? bogenevated over i by all the coordinpes
of all the f—lh division pointa of J (&, NF) . This {3 2 Galois extension over G .
For a rational prirmne p,  denote by fp Lhe degroes of o prome divisor g} ol p in
QT e, .'-.'f': .,EJJ.. Then, for almost &) primes p osouch that p s 1 mod f

(2 f some power of i - 1 ord . or £%

3 2,
o o Hn.g ‘.-.:' L|.:| = il u.l 0~ 2 :I'I:'I.t:llj-’/r':|

{:--. _— =
- for n » 0. 2.1 /{?—! wbe re

d_ = the dimension of the space nf bolomorphic |_ (&, Ny - aulomorphle {orms of



wiipht m

Our methpd canr ol be tpplied oy r. BL{Z, ¥, hecduse we ouagpmed
that N "\JE ig compact. Bul we may conpecturt that the same resull 12 halds algo
for BL42, Z)o M we assuwme this, we can deduce the Following reiationa for the

Romanujan's function 7 {p}, wlerm x ﬁ_l P1-xy o = ©En} '
nel
() sl 0 imnplieg a1 =) 7).
(4] P =1 {3 implics Tipl o= E {3},
et P = L T} implies = 2 {71,
(T} p o» 1 (2d] , and g i& 3 predoet of two principal ideals in Q[m ¥

tHen Tipy = 20 (23 .

1
(771 The szl (p ralinnal prime number [ ps 1 {/"-';l‘.l . ripl= a {,{jjj
has a delinite Tachebolarcy's density, !

The Ticst 3 of these relutions nee elpssical. Fhe clagglen] vongruense selatugn

1-Fie- F'll U {631} rcannot be obtained in this way,
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Gurno Slnmurea

'5_1_ Field of modnli of o g arized abelian varicty.
, kg ALrCllan Varle
We alwaya tahe C  as the umiversal demain., Let 5 be znoalgehrs

over &  wilh identity element. Wwe UU!&EidUI‘HEi]'ﬂﬂtUT‘EW - {A,C, a1 formod
by an alwlian varisty A, nm]arizatinn'{f of A, and an isomorphiem & of 3
inlo Enl:lqihj. For o finlle Sl {ll.. e tl‘ } uf polsts on A, we consuder a
le:‘.ture.-..E = ,{,Ip {"1""' 1= rA..f_q. 2 11._.-. lt‘}' let £ - {H‘,C‘. a8';
tl', . ,Lr‘} be another struclure with the same 5, We say lhulE and U ¢ are
isgmorphic if there exists an isymerphism 4 ol A 1o A' which sends {':tu (s
and such that A, ©fa) » ©%al A @ €8p AL - tf (iz L2 o2 s said to be
defined over a ficld k if A w defmed over k& as abelian vaciety, I’f containg 3

diviger rational over k, e elemenls of 8 Endid}  are delined over K, and
the b,oare ralional over k. H k s such 2 field and O is an ispmorphism of

k lo ancther field k', then we cet naturally 2 atoeclue ‘%cr; wT or e 11‘}T
. .lrd_:l. Opée can prave that there exsls o aubfield hu of © wiilh “"'F-'_ lallowing

RrOpR iy

t1.1) Ist O bt oan aweomorphismoof €. Thenf and 3 ane

isomaphic of and gnly if O i9 the 1dewtity mopping on k.

Buch = kc' ig unigquely determired Iy £ ind is called the Meld of moduts of ,E .

fﬁc:‘:ﬁl’dlllg to Alwert. al] the division algebras over ¢ with positive
involions are classified into the following four 1ypea-
(Type I} a tptally poeal algebraic sumbep ficld F
(Type I1) 3 toptally indetanite quate rnion algelra over F oo
(Type 1) a lotally definie guate rnion alpebra over F

sTape 1V a division algeben wilh an inveloticn of the 2nd kind
aver I'. whose eenter is o botally imaginary
quadeatic vxlensionof FoO,

let 8 b anoalgebra Lelenging to these types aod lut p be a poaitivs
invelutinn of § . 1. E be n represenislion of § by complex matrices of 5i2e n.
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T]ian*g} (A, C vy ois said to ke of Lvps (S §. wy il i) dimicAl - n, (i

the representation of 8@} (@ € 5) by a complex coordlnate syswem of A i oguivalent
to ii v (L) the involution of E.‘.ll'.iq-[.r'!.:l determancd by Cuninnidts with i) —- ﬂ{n]":l
an WE} . Sucha [F} daes not exist waless the fullowing condition 15 satisled:

2.1 The direet sum of ES_ and ity complex conpugats _ﬁ
equivalent to a ratignal represeniation of 5 .

Let £P= [.Fl.,tf. B ol bype 8. § ar. uwnd el L‘n,-"l.} be 2 complex wels isomaorphic
A, We st thal Q-0 has naturally o straeture of a left S-moduwle of rank m where
1 = #n’ |_'S : Q] Pat Wow 57 and take an S-ispmorpkism 1 of W g Q-1 . Put

L - E‘l[m bt Y boothe basic polar divigor m(':. and Ler Efx, ¥ be tac Kiemann
form determined by ¥ . Then tiare vxisis an anti-hermzian fonn Fix, ¥ oan W such
that E{f{x}, fl¥p = ub H:T:x. A1 The stectuve (W T, Ly is eeiguely dode eitued
E:r:,'ff)up tosoinorphisms . We say that [f?:ia of Lype (%, §' p: T Ly If & 1501

(Twpee 1.1, I}, T canbe asbitrary. Supposc that 8 bejungs o (Type IV . Put

£ = {I—' ! [;é_]. et T :I; be sneguivalenl abselutely irreducible represeniations of

B wiose restricliona to Foaee cistinel.  Let T Ber the multeplicity of  in ﬁ )

Then T must salislhy;

(2.4 For each . tie complex hermijtian mateix J -1 Ty ey

—

xactly ry negativl characterislic rools.

Let ul.-...uré W . We gay 1113.1Q1 f{tl Cobuboia el dvpe (S, § p: T. L.{u%}
it = fqu) moed D for the alkne 1
i i P
Put M = L + E i=t E.l.l,i. and .
GIT) = { B € Enlgrw | TixB, yB) - Tix, y}f.

[iT.w = {6 eGir, | LE - L?,
|“".rr, M1 :{H Er'.;r, L] ! M{l-EJC_ L],
x = f_‘rl:T]n,-" tmaximal compact uhgroapy.

Then X is a bounded symmetric Jomain, and r' T MLy is & propovly biscontiouous
Eroup opevaiitng on X .
Thuorem 1. If sallsfics ¢2.1) and T satisfies (2.2) | then for g

given (3, E a: I, L. {lui)‘ 1. thero exisls an analktic ;':mtl} E ﬁz A
with the following properties:

(ly Fvery memler EE i of type 5 E w; T, L {ul?l 1.
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3 e . N hi i i
(23 Bvery » ofgpe (8. § wi T, L ) is isomarphic to a

member ﬂz.

@ S, and G areispmosgphie if and pnly if theve exists an

clemenl B oof Fryr, mysn) such that  Boxh - owo

Theprem 3. Theae vaisl mecomorphic functions J'l aaa ,{;t P By

on X with the following propertivs.

(L) G{il, - ‘t:.l} ig the feld of 3]l aulgmorphic funclions pn X with

respiect to | (T, M/L).

and g
Ii’]

(20 Qff (a3, .. Py r20) a8 the field of moduli of 0 o ali the F

aré holomorphic at oz,

k(E

(2.1}

{3, &)

3.4]

1"

(3 Ik isdhe pigebepic clusuee of @ in Qif,... 040 then
iy and € are lincarly disjoinl over k.
53.._ Field of d:finition lor X/ r‘ and Nibire vaciclics of Kupa's Lype,
. Adgutng that the fallowing eonditlong aoe satisficd:

For o gemeric nmmhr:rng . G Ha' (fz EEEH]GI Z ane has H}:{S} c
End (A, }.

r_' (T, M/L) has oo clermenl of Oinite arder other than (e identiey olement,
}L,.-"|_][T. My L) b5 compact .

Let F:r be a repregontation nf Lit"j":H Mg G LW Then all Lhe

H:I'

Assuttiplions in)rl of Parl 1 ure gmisficd by this F : far reader's convenience . we pive

a lisd of corveaponding symbols:

n [~

Pari L ' X pooRTOZY g
Part 1II, G Ty, X L triT) [T, M/2)

-
=

let B ow Xy 0T, ML) and let ¥ Le the fihpe variety consl racted

in Iart 1 out of these data, of which the base is 1 and ach fibre is the product of h

copics of .-"-?. wheve B s u Fixe] pesilive integer, lael 7 e the nalursl Profpeciion

of W

te L. {The above list is for the o226 b o~ 1.3
Theprem 2, Tet k beasin (3) of Th.y. Suppose thal 3.1), {4, 2)

atul {3.34 are salisfied, Thun there exisl projoetive Non-singular models dar 110 v ¥,

r—

which ave defined over g,

ﬁd- The fleld k ar o ¢lass-field,
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Let k be the glpcbraic number Ficld dete rmined by ¢3) of Th 2,

Theorem & let & be of (Type I, JL) Let % be 5 teaximad order
I 8, and &% an lelegrad two-sided +* ~idual. Suppose that 771 < L and M -
ﬁL_lL, Iet 3 be g posilive inbeger such fhat .[51,."]3 = a&. Thepn k = Q{EZHM}.

For the algelna of Type L1y one may conjecture that % is a
cyelptomic field,

Thegrem 6. Let & le an imapinary quadratic exlension of 4 totally
real wlpebraic number fleld F ., Pul 5% - @itry ﬁ (%11 x €5, Lot ® be the
cing of integrers ln 8, and @, anintegral ddeal in 7. Suppose thal TLEL M .

.ﬁ-;:ll... Then, for suilabley phopcn T and T the ficld k  ean be dedermined ag
Lol :

(Cage 1) N _ﬁ.l is eguivalent 1o E then 3" - @, and % - Q{ﬁw’:ﬁj
where 4 i the pesitive infeger such that OL/12 « ax.

(Case 31 If @ L& not equivalenl lo E then 3% is i Lptally
tmaginaey guad ratic gxtension of a Lotally gl dpebraic punmber field F*, and k

is the closs-ficld pver 5* corresponding o the following ideal group 17 in 8-

h L ¥ _
U= {'EHI FEES 4 0 -1 R = ye=i omodr @ for

an eqemen. v ool 5} if m igeyven:
. 5
= -ﬂ'_ .E.A- - . o - 1 [ .
H_{:Ehhqt A, ’E"’ir)' ¥l ¥y = BOED F= 1 modt B for
R

A elzmoent v ooof 5} i omLs odd.

Hepoe g&

pr-r 9y, A iEpmorphistns of 5' Il © whowe pestrictions Lo F* o

distingt; the vy are cerlain integers determined by 5 and :}l-_,- mad*  meins he
multiplicitive congruence.

We can aclualiy deteremine b for any T and Lo howeve r. the exprossion for
cevrespondging B is rulher complioated in the penorel case .
jrs - Bottpr fields.

Lot U b oo peegective variely, Suppose that the re oxists o subfold it
vl © with the foliowing propoy.

(5. 1) et oF be an pulomorphusm of ©. Then U s birstjenally cguivalent

toe U if and only it 7 1 the identily mappiog an B,
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Suel a Bicld 1’ Ag unicuely determioed b 7, of 3t oxists. We call B the batlivm
ficld far L. I U 1s delined awer an algebraie mutabaer ficld, then the Doltom ficld
ber U eaists. I 1 is » cupwe . the Botom ficld foy U exists and coincides wilh
the Eield of moduli of the canonics Ly pelarzod acobnan variety of U .

Lel Foobe a totally veel algebrooe number field of degrec g . and b
a gquate mion wlgebra over B, Then we may idemify I ﬁl-qﬂ with ME.{H”{ -
ME{H:' MK LUK, where KOs b division rieg of real quatemnions, loy o
be the numbe r of copies of T\!EIRF W assuwe that Qs t e @ Lol TF be g mosimal
order in D oand ﬂ, an integwal idenal o B Pt

r{ﬂ';&’,j -{EEG‘1:~L:-;"-1.:~:EI mﬁdﬁafﬁj

where % is the cannnical inveluvion of 13 Frojeciing r {7,633 tu the parliut
jreemluen I'r'[_,ljﬂrt o We Ay consicer il as m digcontlnuous group operating on .‘-E" -

1
izl ..... 3. (20 J I_mn:z.l]n - | R Im[z!]._:;. UJ?'
] | P P b the inlinite prime spats of F owhere T s
uncamificd, and !-el:'/] oo oo b the prime wleats of Fowhere I is ramified,  Let
5

L ¥) be the subgroup of the ided -group of F | genervated by the inllowing thyoe kinds
of idealy: 1} the principal ideals (n) suchlibat 2 is totably pogitive; iy the squnree

of all ideala in ¥ - ([{iiy the prime i-;lnm]uf'i ek ;ﬁ'-b

Iet T be ool ficid generated vor by tho E]E]‘l'l&h.l.:jz-!' -1 & far Al
g ¥, whero rf’i' R ,1_11‘__‘ e the isomorphistes of F ointe R cotrresponding 1o

Fool P

Theorem §. Suppoxe that 6 there is ne awtomorphism of 17 . other

than Lhe identity mnapping, which leaves invariant P " P ot }'1, I '}3 &y il
while; {11y fur cvery maximal order ™, 1the group [ o7 8 hus no elomend & lindw

]
arder pther then -1, Thep the composite of F* and the botlam ficld for X5 00 a1

is 1he clags-field ever F*+  quercsponding to the Jleal-group

T T o

where T £, are certsin jsotomphisms of F mle k&, determined by F

wd ..., 0



REPORT O TIHE COMMUETATIVE ALGEBHA SEMINATL

oy
T*ieer1vr Samunl

Ao informal dvonnar on Commutative Algebd mel on Tuesdays and
Thursdays ut 1:30 P M, There wore talks by P, Somucl {Parish, M, Soslaoder
{Brandeis), 5 Lichienbaum {[larvardy 1. Sehlessipger (Harvardy, Dock Sang Bim
{Rcodeis) and M. Greenteaf (Harvardi. Woe are gomg Lo give o summary of those (ulks.
1. Flai Modules (P, Samucl)
¥ery reevatly o vound French mofde meatician, Banict Lacard. has proved
the Felignwing therorem

M iz adirect limit of fyee A -modules of finite rank (with reapect by a fiiltering ordeved

g4t ol indices).

The cenverse (Cevery diveet limil of froe modulos is 7la1™y is well known.

The theerem wes known o B Lass an the case of a becad ning A . 3 Russian pablished
i b Doklady a proof 1l copleined mastakes  but hese mistakes van W correctad,
Lazard's proof {published in a Compies Hondus nete in June or Tuly, 1804y is independent
and runs a3 olloves:

lwmma - Let P obe afinilely presented 4 - module. M g flar A -module, and u

Fr—s M 5 hemumoophism. 'Theq theoe exists a {roe Tpodale Fooof finnle ek and

iL ke

Proof- We have an exact gequenoe Fl LE F':J — P 3 0 wilh Fl' FIZI- Friee of
[inile rank; sel & wueb € IIq:rm(Fu.!'-ﬂ a FU'EM et Fl be g froee moclulo such 1that
i

' — I-‘ﬂ" —H,F-FI‘ is cxact. Then Fr @l —1.'-F';}*" ®M is cxacl since BI i3 {lat.
Sinco CeB =0, ¢ sl image by 6 of an clement & of F'&M; there oxists
4 Erce gubmodule B of finite rank of F' such thal d e F'®M . 50t F < (F')" . 50
that P o F* then d may e viewed s an clement of F@M - HomF M), and is the
W were booking for, The franspose & of B+ —o Fﬂl* i a homomerphiam of Fu. inle
F suchthat eeas =0 thus gives v P —=F W.E.D
Bemark: The lemma proves iramediately that a linitely proscoted flat moedule P iz pro-
juclive- toke M o Poow o idenlity.

One thew reprosents the given Flat gdule M as (he diccet limit of o layg=
diceot system .[i;, . ﬁﬁfﬁ} of Boately preseated modules writing ¢ — R —r .-\m"'l'] -—
M — 0, ihe indicvs o are poirs {1.5) where | is a finite subsot of B X sod 5 a4
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linitely gene rated subrnedole of :";I k. By s AI.-"E. Py — M the sbvicng map,
and the order relation (1.5 € (' 8 messs 1€ amd £EC€E' . Far each o, 1::—} M
[aclors thyough a free maduie Ty of finite rank: By— iy M {by the lenuma).
Mow, Lhe diregl sysleimn {5 ﬁ"f,r?] Luving lurge enough . there exista (3“‘ such tha
!;ﬂﬁ] E‘-—J- M i& ispmorphi: 19 i;;,l —3» K —* M. Inolher words tho froee Ey's aro
cofinal im the system, and M 15 beir limil.  This proves Lazard's theorem.

hMany applicationg con be given,  For cxample. il M is 2 {12l moduie
Gver A fcommutative ving A then the: tengoe algelra T . the cxterior algebira MM
and the symmeatvic algebra (M) mpe Qal A-modeles, By pacticular. if A 15 an inlegn
domrain.  S{M) is torsien-Tece . wheneo is alss on integral domsin(seiling 1T = st of nob

! Sa bl 15 wjeclive, and we have '1"'15‘.,‘.:]1.1] -

zera elements of A, S_,“:M] N
ST—IAiT_lM:I = polynominl ting over the quotiest ficld '1"'1,.'1L of A = intepral domain,

§2. Beficxive modules wnd fuctorial rings. [P Sameed)

T proofs mar be Jound in P Ssmuel, "Modeles roflexifs el damean
facteriels”, Bull. Soc. Malh, France, 1964 (gee also Seaninaio Dubiredl, 1%63-64].

Beere A denotes a locol nectherion Macaulay ring. For an A-maoduls
M, rJIl-a{Mh (o7 d}':ﬁi'."-l] 1 deneies Lhe "dopth™ of M v, the number of elements of a
maximnal  M-geguenes |, Let 4 e oo oisleger s . Then the followdimge twi staroments
AT eeuivialens.
{Pq} Every A-geguence with %) clements is an  Mescguenge,
:P'{l} For every p € Spee {4 0 we have dl“f‘lp‘”p’ 3 anfig.dfiy l}{r‘spj w inf{y, nipt |

U M has frnie: homological dimeasion. these statemonts aee eyuivabent Lo
(B, Forovery P £Spec(A), we have hla IME € sup(0.5(p) - q)

M. Auslande r polived Uhal I:F"q_l 15 implicd by;

(P‘{;'} Thepe cxisls #n exact seyuence § —-3 01 —3 F —}FEH--“-? --- — Fq where the

F.'s are frew madules of lindw eank.

According to H. Bags. Uw convorse :L—‘qh — cF‘cl‘] ig towe if A i5 4 Govensicin ring.
nol othe rwize,

If A isa detoain, {F;} means that M s lamsion—free., U A v an
imegrally closed domain, (Foy moemns thal Mods reflexive (i.e, . that M —» M*" js
0 - li'-IpJn |
ls ropular, (P b omeans that M s {feve.  Thas the ol =prope rlivs '[Pq]' HULIL

dimyfa)
lo vorrespond to ring-properlies. This g corroboradoel by 1he Joltowing facts. alout 1he

Bijuctive, or, equivalent by, 11l M ig lovsien—tfres and that AL -

symmetric nigebra S(M) = @ 8N of a madule M over A
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1} S{M; is a domain i A is o domain woad caeh En{M} ls lorsion free pyer A jilo.,

has property {Pl}]-.

2h B(M) is factorial Sf A4 s fwlarisi snd cach 8" s refloxive over A Qe
hids property (E_}).

3) SiM} is regular iff A e vegular and cach §'(M} is o projective A-medule fbe.

has properly qu. ay) it A is Iecal) jrotice that. if M s projeclive, cach
. ' iy _b
(MY is almo projestive}.
Flaally we give sere cxsmiples in the case of 0 module M of homaboricat

dutension ane, i.¢,, delined by ponwrators X, and 5 £n dinearly independent
relalions = HJiKi =0 Let &0 Dwethe ideal geneeatod Dy the sws  miners of the mat pix
a..}.

{ u}

ay M has praperly {l’q] i ou is mol contained in any prime ideal of
hedght ¢ of A,

by If 3 =1 (enly one el :H;mr:} amd if M has properiy |:P ¥ then all the
symmetric P s 5 ] {lt 20y hsve properly {Pq] Thuu MOA s
factorial, A l_:{l. -4 ] i :g . :-'.] is fueslorial iff 1he idesl %A ai
1& nal comtaine] an oy prime: Jr]FﬂI of hoigehr 2.

v} In gemeral the symmetric powees of 4 reflexive module are net veflexive
Take for & o regulee local ring of dimeksion 3, le .b.oy bewa
systetn of penerators of its maximal ideal . Congider the lineeazrly lndepr'mduu
yowlatg w - (@, Iehv 0] w - 0,00, 0,20 in Aa. The module M ;.-"na s
AU =+ Av)] iy reflexive by a5, Howowver SE{M} has homological dimension
2, whence is not reflexive  (hy [P’L;} 1.

3. Power serieg over inlegrally closed damaing, (P, Samucl).

It is woll known aod casy to prove that, if A& ia completely integrally closcd
darnain (e, g, % noetherian wtegrally clogod domain). then A [}ﬂ and AJ:DC]} also are. On
the other hand, il A is an integrally closed domain, 5o t8 the polynomial ving A [}{] {this ig
Moo Sy W preved. However theoo exist integrally closced domaing A such that 1he WL
serles ring A {[x]]l iz not integrally closcd.

In fact take fur A an bnlegrully cloged domain in which There exist 8 nen-unil 4
and a noe-zere clement b osuch vt G og ;}')} Aa (e £. 3 valudtion ring of height 323, Cne

n=1

construets by induction on the cocfficients a POWLT 5CTIES  WUx) = uu+u1_-r;r, . --un;-_n-.-_ .. auch the

KaXsi® + aXaX) + X = ¢
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2 - . T Lo | e
tauﬂ 1l =i, uuﬂ]u, =0, 2 LI.':lLLI fl...2 -0, ¢ley) o Wee have a . £ A, The series

Xu(X) isintegrel oyer A [k} . belongs 1o ils guotical field (sinec bRu) & A [[:{]J :
and is not in A [D{]] {since u':I = i—]
A, Geyldenbeng pointed out b Tullowing somewhatl simpler cxamplo (ip

which A i :és above, and is supposed to conliin & b lhe 5orics ,] -_12”.-. = nall i -
X 1 = 1l =x
4+ = - R L B
HU‘Ea 5“—3 * i& 3 T

§4. Modules over saramidied repulae local rings, (M. Auslander)

Let R be dnunramilicd (v.g. equichpracteristie) repular tocal ring, and
AE two linltely geoe rawed R-moadules, M. Audlander proved:
Thegrem - If T-:}rt{ﬁt,ﬂ] = 0. When T{I‘]'}{.."'L.'_ B -0 Mucamy j >4

Qne conjectures thid the lcorcm is Lrue fov any local ring 1|, provided
the modules A and B have fnite homological dimensiona. We are going 1o give various
applications of this theorem. lenccforth W’ denotes an unvamificd vepgular local ring, and
all modules are finitely geacraied .

A Supposc that ABB i3 F U, A 40 and B ¢ o) ang I8 torswon free:
then A and B oaee torsion-foee, we have ani{.ﬂ;, HY - U for any
i»>0, ond hdiA' + hd{Fy < dim H . Conscgueotly, if the n-fold  1ensor
product AR ——- &4 {0 - dim B is tersion-feee. then A s freo,
Also, i A% & 0, and if cither ABAGA* or AQA*BA* is tovsioh Froe,
then A is free. Motice thal A is free iff A0AY is reflexive.

hy i hdd - hdA* | if A@AY s lorsion-lreo, and if A1J- 15 Iree for every
prime ideal p i m (N neximal ideal of R}, thew A Qs free or has
homelogical dimwnsion n -1 (if n-dimR i3 edd), For n odd. the
"kernel-image" in the m;ﬁ; term of o [ree pesohtion of Afm  has the
abpve propevtles, These 'middle modules" have probably many other
properiies.

2} Consider a free (or flat) complex -— —}I."Ei —}:-Ejhi—-; Ki+2d —_— -,

a medule C and the "unive rsal -coefficient -map':

g 11“;;-:;.@ L — Hqﬁxmt:}



r

=1 -

I Zq denate s the calernel of :{q _}qu , The pokernel of £ a8
Tn:-rl{zm-l:] and its kernef is Tﬁl‘E¢Eq1G} o Thoe thegeaekn shows thal,
il # s onbe, then il is an isemorphism.  For oxample if M2 —
Hom¥, A} (s onto, thek il 1s an tsomorphisin,  One gels slse relations
belween Exl and Tor |, and exsmples of modeles M for whice R
M-soquence is an R-sequenocs. )

di Given two H-inodules .-’4.,..-'1-1 ., Wi WTite [.-"L]: [.-"nl] [(rLap. I-.-".:If {.-\l].:

If hdrpl::"-p] = {rusp. £ h-;.lrp{.r'!. p] for every prime ideal ppoof A
Ore showa Lthat Supp -[’l'ur.ll:.-‘m,fsjl bois the sel of gl o € Speciiy Tar
wiilel there cxists p € SpeciA), po s such Lhal hdnp {.-"Lpﬁ 1 hd],zpqﬂp].

* dim{Rp1 v i, The prelaticns etwecn Ext oand Tor quotert
in ¢y showthat, of A £ 0 &nd E.‘xllﬁ'i:'-l,;\] = @, then Em'ﬂm,ﬁ] =0
for [E] < [_:".:-, in particulsr Exl'ﬁ-(M,H:l = [ . A3 & consequencde,
Extqie‘!....ef'.} = 0 Uf hed{A)el . At E;-:t]fﬁ.‘f\j = It W A a3 free:

{ Mare details may e foung in 3 Asualander, Ileols Journal. and Proc. Bl
Congrvse of Swockhalmy,

§ %, Modwies of diffeventials: (5, Lichtenbawm amd M. Schlessingerey

Given two camnowralive vings A, B and o ring bomomorphism o — B, wo

depate Try ﬁﬂ-ﬁﬁ
logelher with an A—derivation d; B _yll:iil.r'.-‘s . which are “universal™ for the A =derivalivns
of B Awig B-muedules. s clemenls are shinetimes called the "Kilhler defferentials of 13
Modules of differentials bave also boen sludicd recently by Makai, Surueki, Revger, Kooz gmd

the B-modale of A—differentials of B - et us reeall that it is 2 B-module,

Jouanolow.
IF A —3B—C i3adisgeam in the categoery of vings . Wwen we have the weyf

knaws exact RIqQUEnCE

Let M be aC-module, Then 11} - 41 82 and (') = Homd (13, W) are vxdct s
We are going Lo define functers T['[H":‘!"J ALy pnadd TliH-,."'."'l.,.‘r‘[:l fio= 0, 1, 21 which pComit 1o



—fim

extend {1'} mnd [1") to exact sequences with nine lerms. ¥ C = B/ | it is easily
Acan that I.I'"l'z mey be added at the leftof (1) . In Grolhendieck -Dieudgnng FGA [V \
1] 1p extended {0 2 plx-tarme exact gequence,

a) Definition of the functors ([or A —3 I

Let P be & polynomial Mig over A4 and I aniddeal in P such thal
0 =] +—pP —»B —>0 18 exact. Represent I oas a factor module of 3 Ivee P-module
F.ey 0—U—F 54130, anddefine 4: FBF —F by gixey) - efxly -
ey} x . Bet U, =Ini);wehave [T U < IFAU . The "colangent complex!
L(BfA, P, F) 1o

U/u, — FB, B - F/|p _""’?PHA ® B

P
ithe last arrow ls the compoaitlon F/ip —3 1/1¢ ‘L"?PIA ® 2} . Bythe ueual teehnique

ona proveg that, up to homotoples | the complex L {B/A, P, F} is independent of P ang

F . We desote §t by L (B/A} and deflne T, (B/A. M) = i, (uﬂmyam ardt Ti{E,.Hn M}

E ]'] {Hﬂmﬂ{l.{ﬂ,-":ll] H] for ¢every B-module M . C]H.aau,:al regults show that T :B-,f"ﬁ M
ﬁmﬁnm and TYUB/A, M) - Homg( ./t gy M) - Dery (B, M) .

b} Vanlehing prope cties

We have T (B/A. M) - 0 forevery B-rodule M if B s formally
smocth over A (L.e, Eﬁ;r}r bamomorphiam B —3 CfJ where .I2 = maybe lfied to
B —3 C) ; thls implies TI[BIA, M} -0 fgrevery M. I A ipnoetherlanand If B
ie en A-algebra of finite type then the Iollowing properties are equivalept:  a) TL[B,.-"A., M)
= 0 Ior every M; TI{E.,.-“A, Mj =0 forevery M o) B ig formally smmooth over A,
df B Ia smegoth pver A (l.e. H 1£flat over A und itg fibers are absolulely non-
aingulary; E]"ILB,-% ia projactive and TI;B,-"A, H = 0 b Tl{E,.-'ﬂ, B/m) - 0 for every
maximal {dep]l m of B g TI{B,M., Bfmj - 0 forevery maximal ideal m of B .

Agaln, If A ia poetherian and i B 15 an A-glgebra of flinlte Lype Lhe Following
are equivaleot: a) TC(B/A, M) = 0 for every B-module M ; bj T (B/A. M) = 0 for every
B-modhile M ; o) B ja locally o gomplele intersection over A (l.e, i#f B is repreaented
4g B quotient of 8 polyoomial Fing P over A Wy P --LrE —>0, then, for every p £ Bpec
By, Bgp i3 aquollenl of Pj'ltP} by a2 regular sequencu]

H K—L inaﬁﬂﬂw them T {L,.-"K M - 2;:L.-"']E M) = 0 for cvery
L-module M, the relations T (LYK, Mj « 0 forall M and Tl{l..,.-"I{ M) =0 forall M
ate both equivalent with the geparebility of L over K. If A and B are domaina, A € B,




it B is locally a complete imersection aver A . wnd if the quetlent ficld cxtenaion is
zepatrable then:
a) T(B/A, By = 0 iff TR/, 8) - EmlJj A psa: :'.I:ulfcrr svery M
i) TI:HM, E} iz & torgichn medule if Tliﬂfﬁ, B = E:-:lH [ﬁﬁfﬂ' B

¢} The nine-term +xaci RCrgLE e

Lot A — B — {4 be a dagram of ringa. Given cotangent complexes
Ligsa, Py F) oand LC/B, &, GY there exist o eolangent complex  L{CAA, B, Il such
that

00— I{BA, P, Fpw(—= LIC/A. R, H — LIC/B, @, G —3 1
is "almost exact™ . As usual thisg ywes an exact seguience:

TARA M) = TG A, ME = T (AR -3 T (BAA, M) T HCAAM) —— 2

THC B, M)~ 0

where M i3 any Comodule. Similarly fer the funclors Tt .

As an application, lel A be a noetherian local vlog, and 1,4 two wenis
of A auchthat 1£0 ;380 K =471, B ="/, C - Afi = BAK . M § is penerated hy
an A-sequenes and K by A B-gequence, then 1z genovaked by an A -zequence, Thia
is proved by wriling the exoct sequenoe fore le[*. C): here the TDHEL'I‘:ITLE arc 0,
TE{{-‘:"H Cy = + by the hypothesis em K, and Che Tl—lr:rms gFive:

0 =311 =17 S RRE o

by hypothesis 1% and K/K® e froc Comodules of ravks dim A-dimC  snd dim B—dlm £
whence, by NakKayama, I is gonerated by dimA-dimB elements, whenoe by an A—sequance.

§ f. Cotangent complexes and defornalions (8. Lichtenbaurn and M. Schlessinger

The notations arc s in_gﬁ- The vonstruclion of cotangent complexes commutes

with localieativn.  Henece, giveon a prescheme X over 3 prescheme § and a sheaf 5 oof

{T}[ -modules over X, we gel sheaves TE[K,."'.S,_F] fi =1, 2, 3,0 they ore colerent if 5 is

coherent and if the ueval finiteness conditians lar X -—- 5 are satisfied,

a) Ring extensiomns
Let B be p {vommeatativer A-algebed énd M an A-medole: an CRbensiGn Gf
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B by M isanexact sequency 0 —sM s E —SF —un , where E — R i8 an
algebra-hemomorphism and whe o: j{r-.-'[ji\::. ¢ . The isvmorphiam clagzes of such exwnsicns

correspond bijoctively 10 the eleasents ol Ti[.lj;";"., M)

¥ Ivformations

Let B be aMat A-algebes; lot us wrile A as A - .-‘sl,.fJ whoere jois oan
kleal of squam: 0 ﬁz =0y, An infinltesimal deformation of BSA ower 4l is wun .r'sl-
ilat algebra F.l1 such that B ‘iRl = B, Tat Del(B/fA, -"tl',l L the aet of tsumorphosm

clagzes of such deformations, Ieat ] - iny [i and consider the exact sequence {caming from

.*"Ll — A =5 H

Ti{ﬁ.r’h. 1 — hiesal 1 —}Tl{.wai: 1) _El} TB A, T

In Ttm;' 1 LI - Hnmhql I, we Liave e identily 1. Then o) we have Def(BAa, A]‘J
£ B E:l] =0 3 l.f Elil] L then Def(B/4, Al s s principal homogeneons
gpace aver the rgroup T {H-,-“A
i) U B is formaily gmooth over A&, DeEBSA, J'L]'l has Just one clement.
Kow let X be a scheme aver an algebraically closed Hiold k. we set

= Til::-{ﬂn, t];{}. I X is raduced, thewn TI = IEIUKU?_;.;, vy . Let b Le the
calegory of findte dimensional iocal k-algebens, For A & b, we denote by F(A} the
sel of isomorphigm classes of flat schemes Y ——= & such that Y@, k=X . ket k i_'f]
be ihe alpebra of dual numbers over k ig! =0 1. Then we have Lhe axact sequenee:

b —3A = BYK T —3 B - FH-:EE]} —utxrh o b o W Ty -
{Molice that Hn{}i,Tl} is the gheaf of germs of deformations), One proves that, if A and
I arc finile dimensional ovwer kfcog, if X s proper ever k1, then theroe exisly o com-
plew local ring R with residue field k and o formal proscheme ¥ over R jthe “wniversd
deformation” of X -k ] such ~hat;

(1) HomiH, A) — FtA) i3 surjeclive far all A £ h,

F. liom(R.k e | 3 =3 Fike|) i3 bijrctive,
] j

¥ R 5 chuesen minlmal, then B @l :{ AU unigue up to A noh-canonicdl isomorphism,

The tangenl space to R is B,



ey Rigid stngularities

Tat X e g sobeme over an alpebeaically closed ficld %, and T oan
bsclated sibgular poinl of X . We say thal Poas rigid il TL =0, Then, il X -
Spuc C'_p ., X has only trivial deformabions, and the lpeal ring Bo(see ) s k.

Forexample, if X 3z tne cotie of B ox B o0 Segee's iobedding
and if P is itz vertes, then P obs mgid fer o2l and m 2 2 . This has leen
proved by Cravert snd Herner (3ath, Am, ) by analylic melheds . An alpebrzic proof
has been given in the leeive, basec on the Lellowing lemma.
lemmas - IF {TP A Tg have depths > 3. Lhwen P s rigid.
In [ped, from cthe Bypolhesesin the lemma gpe deduces that TL = F.':-:Ll [Tl-" {}"P] has
depth 31 (ugual game with rescelulions) oo the olber hand 'l'lP i% a lorsinn-mogdule
simeg P ois an ksolated sinpulaniy Thenes Tll? - 0 and P i5 rigid.

Thls being so. one checks thut the vertex Povernified the aypolhedes in
lhe lemmn.

i Links with the Kdhler different and Riemann-Rach formula,

Let X bwe g closed subschems of 3 projeclive apace B over a scheoae
Yo.oond o X —+F;lel 1 e the sheaf of moximal ideals on X . Seppose that X
s Jocally a complete intersection over Y . Cunswler the Grothendicek -groep of :_T:{ -

maewiules, and, w0 this rroup. the clement

-

f:-:.f'.f = I[ 250 13,-".’] ) ”IE J

-

This is the ¢lags of the KYhlpy =diffurent of XY . With X —-hl:- T — ¥, we have the

trangilivity formula

R - R/

63‘:..':1.:' - ': Ellll‘l.'z ]

| The Chemm-oboss HH.-"Y = & f:{f\,:l m Bie (X) is interesting; il gives
ttwe good aangnigal class for o cunmee pver 8 non-pe ricet field.
The Ricmann-Roch formula

E,fchs - TiHpy = TiY}p ek {f, <

Eivies heogse
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_55 7. Generalived Koszul complexes, ({Dock Sang Rim)
This ig 2 report on an avticle 1o 13, Buchabawrm and Dock Sange Rim (Trana,

A b5, 1964 Analogous resulty ave been given in an acticle of Northeoll -Earon,

Lot }[ij (1=i4m. 1 €j&£n. mn) be independent varviahles, pod la.
the ideal penerated by the nEp -minets of tke matrix t‘xijl in I[ {J'ijj]l ] = 8, l:r.,- ny .
The aum is 1o wrile 4 free acyelic resoluton of tre S-1mawdule SIIF_ . For negl -1

this is done b Lhe classical Koszul combples
-k
0— A%y 5K 5" 5T —»S/(X, ... X _) —50

Move genevatly s hoave o comimatative ring B oand a linesy map
- ; . ft Pl -
E: I1'.Im—'Jl'I"{.j (1 2] , desoriled by o matris n-.']-j b We congider AL I.ﬁ.lﬂm_g. Jl'lllj-'[n
(201 and have to extend it {on ae left) 1ooa free seyelic complex. This is an snalogue

of the Doc-conslruction.  Firgl Berrne:

- -

1= Ts i
E]TI ___a_'ﬂ RI"I'I___:? III,-\II‘LHJ]

) .x
e 5 n_rLLﬂ{H“:' & M
We geia complex, K =Kip, B of length mo-»+ 1 (reducing to the Keseul camplex
For n - 1h. Thig may b peoereliced to o Jlincar map f- P — @ wheee Poand & zre
prjretive modules of conseand raoks . 0 (m o n

_ el E be an A-madul:, 1et Tt0 = Ann feoker ) 130 Then:
Th.l (1) The Mi- depth d of E i ihe smaliest q such thae 37K, Ey # 0

Lz] I!d{I{.E} = E:-:t"‘1 (cu}kﬂr;{ E. E}
Corgllayy - K is acyelic iff either tie Iff) - depthef R is m-p» 1, o { is oalo.

This gives infgrmations about the projective varieties defined by the

vunishing of the (nx n] minors of an (WA R) - Matcix (m 3n)
Th,* - I H.ll:h'..E] = 0, 1hen E[j- K.Ey =0 furevery jdi.

This affords cvidence toward 3, Aaskander's conjeelere quoted in § L.
The § = I R is s Macsnlay ning and 5F e Iit) - depth of R i m - n+ L, then coker
,"-,.ﬁf is ynmixed.

Tois peoeralizes 5 widl Known theorem of Macauiay.
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Finadly led E - ke oy li-rodule such that jooker [) 8 E  bas donjwe lenzih.
Tet S_Iu:f} b il extengion of 1 1o lhe  j-to symmeteic powers., Then the length
ff[uukur Sj{ﬂ @ E) iz finide, ood is 0 polynemjal Pi“' E) for j large. ils degies is

o - L ovedien Boandis £, I leading coclficient depends only on coker £ oand E.

- -1 4 . Tt . —
Th, 4 - The integer [n_ll.,_} e (Fe(i. Ep 1 is the Buler-Puinearl characte ristic
Y{H {K.E}

Thug, if n-1+dimE = m . this Buler-Poineay® characte rislic may be viewed as u
mutlibpbivity .

_gﬂ-. A weok form of Artin's conjecture. (¥, (ireenleal}

This is & roporl on @ n unpublished paper of Ax and Kechen. Artin con-
jeclured thatl any @ =adic field K .5 C,. d.uv. thatl eyvery homogeneous poly notalat
-a =
over B, owith degree d oand asd”  varisbles, bis A non-trivial rerain K . Lang

provied thal o power-geries lield in oone varisble over a {ipile Ficld is €, . Tihesheorcm

proved By Ax and Koeshen is woemde e than A rtin's conjecture:
-l
Theorem - Tet o and o be integers such thel n> d” . Theay cxisls u finite sel of

AEN T FALEE FU s Pﬂ[d' N} such that, fur evercy prime I|'t,45 PLI andl vy oy hnmorenesons

polynemial 1-“{:--.‘1 ca ::{n:l of degreer o ower ':v.]ﬂ. ]_'-"{:-;1 caa ,xn:l has 3 non-trivial oo

in Q.
Hemark - 5. dreenlea] praved ot result wiiick: is strongee in Some respects Zaven
hotnogrencous palynetnial Foovey G . with depgvee d and  nxd  variables [HTH) dij,
F hps o non-icivial gere oo 'an. bar alttust all primes .

The proof of the lheorem is bighty transfindie, Lel D be che ser of ol
prives and A the ving l_FI_P le-u Far x = [:‘;f-] €A, we xel N(x) T;FEP |
X i- |:|1. . I o is on ideal f Ao, the family (k) j:{ c o iz a {illey aver P, which
delermines oo comptetely: this Giluer is anoyltrafillue 17 iff oo b5 maximal, Now con-
sider A *ﬂf" F.l"-[ (X33 3 nen-trivial ubzaliller U over Pownd the coreesponding
taximal ideals moin A and fet oin A'. One preves that the pesidue [ields AJm ond
At are isomonphic Tbnth e ficlds wilh valuations: both reaidue fields are isomorphic
o (EP Flﬂ_j._s o, 'H-']'IE']'E m ds the mavimal wleal of T;rp ]F.I"‘- Corresponding to the
ultralilicr U, they bave charsctefistic O 0 the Tields are Imaximally cumplf_-u_zl . Heney, D
lang's theorem, every polvoomial ef degree d in on variables ovor Afm has s nan-teivial
Xy,

Bemark - The authors use here the continoum hyvpolbesis. bat logicians

have proved 1hal il is narmless.
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Suppse the thoorein is false . Thon the get 1 of all ae P dor which
the e ¢xisls o holnogeneous polynomial FoiX) of degrae d in n variables gver
W p with only the trivial zere, is nfinite. For jeel del FafR) e such a pelynomial:
Ene o & F st FiXp =0 Then (Fafkh) . p
et A [3inee the polyoomials [-},_ (X} have the game depree: beunded degrees would

may be vicwed ay o polynomiat  FX)

gdoj. Let U be a non-trivial olirsfilter containing 1, snd wm  the corresponding
maximal ideal, The reduced polvaomial F (X} aver Afm has & non-irivial zoro
{xh . We li:r. (%} 1o on element (x) = (ag. rana® ] of A" say o= '::‘F']AE p  with
{xg b in Elf;l. We have Fd s TFREMY !M p € ™M tbus the st joof all g & Posuch
thuzt Fe (% ) =0 belongsia U, (ne of the components, sav x, = %1 ol J;:ui x is

o
not in oo thus H{.‘-&l} # U, whepee P - Nt?{l} ¢ L. Sinue LU isa !'illfrr,ﬂ]ﬂjn[F-."-i{xl]
LF nen-cimpty: lel p be one of 1ts elemieats . We have i:";f'-j £ 1 {Bince % F_,ID .
FF_ [:1}.._] = 0 {aince . i, and F"n_ [h;ﬂ:l f- ¢ isince E 1) . Comlradiction.



Fa
BABY SEMINAR ON ETALE COHOMOLOGY
by

K. Hartshorne

Ist thie baby seminar on elale cohomology, Steve Kilelman gaee thee
lectures on the flrst two chaplers of Mike Artin's notes ['Srothendleck Topologics™,
Harvard 1962]. He deilned 5 topology. dacessed presheaves, and proved Kan's
lhearem an the existence of the adjoint fp o the “direcl image” furctor ' e
then defined sheaves and proved usefu] properties of the categoryof sheeves o g,
the existence of enouph injectives). He defined cohomology and discussed the Leray
spectral sequence.

Dan Quillen gave iwo leclures on the #tale cohemology of shezves over
Spee K, a field. He showed the connection with the cohamalogy of prodinite geaups,
anit proved the theerem that il KAk is a finilely generated field extension, then

cdp[i{; £ r:d.p[l-:] + e do KAk,

wheres p is prime to the characterisiic of k. and oin  denates the cohomoelegicos]

dimensuen {py pelorsion shepves,



REPORT ON THE WOODS HOLE FIXED POINT THEQREM SEMINAR
by

M. Aliyah and & Boot

1 In_ttq_'urrlu,nt:ipg

This semingr was devoted 10 the discyssion of 3 beautiful extension of the
Lefzchety Tised polat thearern which was proposed 1o the conigre-ce by Shimura. Skimura
also noted that oy curves this calebniob was o cos-seguoence af @ reault of Eichler.

Through the consider: bBle advertising abllitles of the puthors a large nurmber
of the pavticipants of the conference wete draa s inty the congideration of this {formuala and
as A consequence of this interrention. capecially thal of Yerdier, Mumfard ard Hartshotma.
it wat found that in ihe algebraic case the Shimura formola was correct and followed wlong
mere oF less claszical lines from the Grotheadieck version of Serre doality.

The formula in guestion is the following vne. Suppose that X i3 & nen-
singular projective algebraic variely over an algebraically closed field &, and that (X — X
is & morphism af X antg tseld. Suppose further that B 130 o1 doter hundle aver X, andd
lilting then defines Ln 4 natoral way an endomorphism ([, 81*  of the cokomology veclor-
spaces *2X:El. of X with cocfficients iz the locally free shea! E of germs of sections

of K andwe may therefore form tae "Lefschetz namber!™ of this epdomorpd i gm-

1 Xif d. Ey = >__ (=19 trace {{f. gy | CHYE - f_:_]} .

i1

Suppose next that § |3 nondegenerate in the sensce that the graph of f
irtersects the diagonal trandverdally in X X X, This implics that 2t each hxed point
ool {. the diflerential dip: ltp —3 }{T,, has oc 2igonvefue eqgual to 1 sa thar
detil - df # 0,

Finally noto that at a dised point p. the Lifticg 8 delermines an

B

vredomorphism gﬁp af EI} = Ef|'|}:| ihd a Bis o well dete rgited brgee.
Wilk this understood the Shimura conjecture which we now proposce 1w call

ther Waods Hole Fised FPoinl Theorem, is given by the relation;

i1-2} Xii. 8, E) = g trace dp.-' det {1- df]:,r
where s over the lixed points of .



2) S pamples
(2.1} A3 g hivar application of r1. ) we derive the pspal Lefschelz [ormoela

for  when X is defined over the comples retmber field € For this purpose let T

b the cotangent bundle of X, and let. AT e its qth exterior powet, The gth exterior
powet of the differential of [ thes defines a aateral lifting, A4ds; £ A9T=) —3 J%r»

af | oo that (1.2} ix applicable amnd yields ke idenoty:

(.2 WeE A TdE AT = 3 trace (30 de )/ del (1- L),
b

Cne now lakes the alkernating subd wioth respect 10 g, By wirtue of the idontity
(1.3 St -1 T trace ATdr o detql - di

The righl-hand side then coonta the nymber of flxed pointa of f,  each with moltiplicity
+ 1, as indead they should be counled in this nondegenerate and origntlalion. prescryving aituation.
The IefL hand gide becomes ¢ (-7 trace {i* | 1% . c:} by virtue of the Doiboux
isomorphiems, In short (2, 2) Implics the wsual Leischetz formula,

(2.4} Let P be projective n-space over K, wilh homogemsols
coordinales i:-r.u. ....... ; xn:l- Lex. I; P —>»F he the lingar map, which sends
X into Alxi,ii# U, ,11.#.1]. if iy

The {ixed points of £ then correspond to the coordinate xes and ave
reprosonied by By = O, ..o coo, W lady L, whore the 1 oceurs at the

lr.“" place.  Now dat (] - dfp} I8 easily computed Lo be

(1A, _.-'.1}.
j:DJ:k B

Thes for instanve, 1f we tako the treaal bundle for E. and e 1 o E by means of

the constant scetien, then (3. 2) takes the neo

1= ™~ _:‘-l-.
z—u JINTHEE

i ¥k

which 13 & well-known interpaiation formula.
Il poe takes for E e k power of the Hyperplane mndle, then
My b lifted tn B,  |n guch a ganner that the activnof (T, #) an | [P F) = HHP. Ej



is previsely the action induced on the polynomigls of degree K in }C[}:ﬂm ...... ’ J{"]

by the substitution X, —'Hll X
The forrmuwla (1, 2) applied to this siluation simuloateously forall k then
vields the wentity of lormal power series in b
:ﬂ; 4]
(2.5 Taor "2 g 3
i ]I’!\ w k 1 —tlk

i

Thix partial fractionaxpanaical the leir-hand side 18 wsefol in the
dlgtusfion of the characters of the irreducikle represchtations of the Tull linear group,
and indoed if one follows this dead, “hen (1.2} is Scen to imply the formula of Herman Woyl
for the charactar af an yrroduclbee Fopresentation of 1 semi-simple lie grooep in 2 most
ralural manper,

Qur tast cxample dexls with the case when X iz defined aver a finite ficld
al characterisiic p. One may then wse the Frobeqing eademorphism for | (which is
always nondegencrately, and vaing the constant fifting of § w the stoucture sheaf.
ﬂ:q__l= 1. une concludes dicectly from (1. €) that if X is "regular'” in the senze thal
El (2,0 =0 dor i % 0, then X must have at leasi une rutional point,

-‘1] Hemarks

Tt is oot diffico]r 1w propoge generalizations of (1. 2. One may drop the non-
degeneracy agsumption on [, or remeove the nonaingularity hypethesis o K. the veelor
Lundie ¥ may by replaced by a coherent sheaf. and fintlly — alas —with all ihis generality
gan; Mgy seck g statement reladive e any proper morphism, rather then the projectiot anto
oo,

The lirst step already leads to an interesting framewark of ideas, and should
ghed new light on the problem of Riemann-Roch which corrvespends to a highly degencrate  {=—
ngimely the identity.

For a possible singulir X one would af least hope to find 32 weak version af
.2 , .e., that :}{{i. ¥. E} = 0 if f hasno fixed points. A straightforward proof of
this Fact. that [3, une oot iovolylng duadity, would be kighly desirable.

The authors' main porgonat coneern was an cxtension of (1. 2) alang dlfferent

lines. We ronsider an elliptic complex

. d . d
F: 0 — E, 3 B, —wd e B —2» 0

o
ol 7 vortor bundles I::.. UYCer a campact o manifaldl X, with diffcrential operatota



-

d: E s E. subject to l:!ﬁ » 0. and the ellipticity conditlen that the asacciated
symbal sequence

ﬂ_}ED ﬂ:’il._._}}gl —f"—_.!.c-l;..s_l;. E oy}

m
should be exact for every nonzero cotangent veclor.
Under this hypothesis the complexs I [E} formed by the et -srCtions,
]," I{Ei:l of IE:.l with differential oporatar I id), has finlte—dlmenslonal homology and a

formula which specialized to {I.2) waien E igthe & resolution of E rcan he found.
Dutails of this, and gther developme s will appear elsewhere.






