REAL ANALYSIS PRELIM EXAMINATION
SPRING 1998

Complete as many as possible of the questions below. A smaller set of
complete solutions may carry more weight than a larger set of partial
solutions.

Unless otherwise stated, ” measurable” will mean measurable with
respect to ordinary Lebesgue measure on R".

1. Let fbe a real-valued continuous function on a closed interval [a,5]. Prove that fis
uniformly continuous on [a,b]. '

2. Letfo(x) = == . Determine whether the sequence {f,} converges uniformly on each of
the mtervals [0 1] and [1,). Justify your results. -

3. Letf(x) be areal-valued C? function on a closed interval [a,b]. Given & > 0, prove there
exists a polynomial p(x) which satisfies both of the following conditions:

Csup f ) -p ()| <
xe[a,b]

51[11111)‘&) -p(x)| <¢

4. Prove the Riesz-Fisher Theorem: Let {¢,} be any orthonormal system in L(E) where E
is a fixed measurable subset of R”. Let {c;} be any sequence in /2. Prove there exists
an fin L2(E) such that S[f] = Y_ cxé« -i.€. such that {c;} is the sequence of Fourier
coefficients of fwith respect to {¢,}. In addition prove that Parseval’'s formula holds:

2erf = | Jooras

5. The convolution of two functions fand g which are measurable in R” is defined by
(F+ ) = [ Azt~ das
Prove thatif 1 < p < o, fe LP(R"), g € L'(R") thenfx g € L*(R").

6. Let {f,} be a sequence of functions in L' (R") such that nf —fallr = 0. Let f(&)) denote
the Fourier transform of £. Suppose [f,,(co)| ( for some € > 0. Prove

a. f,,(aJ) —>f(co) pointwise as n —» o
b. |lfs —fllp2gry > 088K > ©

1+m|

7. Give an example of a function f{x, y) defined on I = [0, 1]x[0, 1] for which each of the



10.

terated integrals [, ([ fix y)dx )dy and (I s, y)dy )dx is finite, but [ [ |fcx,y)ldxdy is
infinite.

Suppose f, - fin LP(R), 1 < p < o, gy - g pointwise, and ||gk ||, = M for all k. Prove
that figx — /g I L7 (R).

Consider the sequence f,(x) = cos(nx) on [0,2x].
a. Prove thatf, - 0 weakly in L2([0,2x])
b. Prove that f, does not converge to 0 strongly in L2([0,2z]).
¢. Prove that £, does not converge to 0 in measure.

A real valued function fon R is Lipschitz if [f(x) - fiy)| < Clx —y| for any x,y € R where C
is a fixed constant.
a. Prove that a subset E of R is measurable if and only if E = HU Zwhere H is an F
set and Z is of measure 0. (An F, set is a countable union of closed sets.)
b. Prove that the image of a measurable set under a Lipschitz function fis
measurable.



