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ABSTRACT. Consider the set of functions fg(z) = |#—z| on R. Define a Markov
process that starts with a point o € R and continues with x4 = f6k+1 (zx)
with each 041 picked from a fixed bounded distribution u on Rt. We prove
the conjecture of G. Letac that if u is not supported on a lattice, then this
process has a unique stationary distribution 7, and any distribution converges
under iteration to m, (in the weak-* topology). We also give a bound on the
rate of convergence in the special case that p is supported on a two-point
set. We hope that the techniques will be useful for the study of other Markov
processes where the transition functions have Lipschitz number one.

1. INTRODUCTION

In their recent paper [D-F], P. Diaconis and D. Freedman describe a general
method for studying Markov chains. This consists of viewing a state transition
of the chain as the action of a function chosen at random from a family of state
transformations; the Markov process can then be expressed as an iteration of these
functions. When the state space is a metric space, e.g. R, they show that if
the functions exhibit a certain average contractivity (described in terms of Lips-
chitz numbers), then running the iteration backward rather than forward produces
geometric convergence to a unique stationary distribution for the chain. Many
applications of this idea are developed.

An example of a Markov process not immediately amenable to this method,
originally proposed for study by Letac [L], is defined on the non-negative reals
R* = [0, 00) by starting with a point zg € Rt and for £ = 0,1,. .., setting

(1) Thrr = forpn (Tk) = | k1 Tkl
where the j € Rt are chosen independently from a fixed distribution (on R*).
If we choose the starting point zo from a distribution g, then the above Markov
process defines a distribution for z .
We will consider the case that has finite expectation; it is known (e.g. [F], p.
0 ) that the distribution

1
() (#)=— Pr

() o
is a stationary probability distribution for this process (where is chosen according
to the distribution and () is its expectation). . Letac con ectured in [L] that

if is not supported on a lattice (that is, the set of integer multiples of a fixed real
number), then is the unique stationary distribution, and that the distributions
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of £ should converge to in the weak- topology. oth these con ectures
would follow from Theorem 1 of [D-F] if the fs s had Lipschitz numbers less than
one (on average).

In this paper we prove Letac s con ecture for compactly supported

T R

Lo 0
T

We prove this theorem in ections and , and in ections and we analyze
more carefully the special case of supported on ust two points. In this case
we provide a second independent proof of Letac s con ecture.  ur hope is that
the techniques will be useful for the study of other Markov processes where the
transition functions have Lipschitz number one.

After completing this work the authors learned of a paper by . Mattingly [M]
addressing similar questions; that paper obtains results similar to ours.

Let be a probability measure on a space and let fy € be a set of
maps from a metric space  into itself. The
is the Markov process of repeatedly picking €  according to and then applying
fo. Forxe ,and =(q, ,...)with € ,let ( ,z)bethe th

of z and ( ,z) the th of z; that is,

( ,Ilf) :f91 ft9 (SE),
(,2) =1 fo, (@).

Letac observed that for fixed and variable , the distributions of ( ,z) and

( ,z) are identical; yet for fixed ,as tends to infinity the sequences ( ,z)
and ( ,z) behave quite di erently. e used this to prove the following general
principle [L].

L 3 [L] ( 2)

Zo

In ection we prove the following general result which implies the hypotheses
of Letac s principle. ote that this theorem requires checking a property of only
the iterates.

T

@) fo( )
(ii) lim ( (,)N=0 =(1, ,...)

Loor any set , the induced probability distribution 7, ( ) is the measure of the set
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In ection we establish the hypotheses of Theorem . , completing our proof
of Letac s con ecture.
ur second proof of Letac s con ecture applies only in the special case that is
uniform on a two-point set , ; however the argument is independent of Letac s
principle. ur method is to analyze the iterated random function by studying the
orbit of a point; we begin this study in ection and continue in more detail in
ection . This technique leads to a bound (Theorem . ) on the rate of convergence
of the distributions  in this case.

N R UT

In this section we prove a general theorem which lets us conclude that the back-
ward iterates converge by looking only at the forward iterates.

Let be a probability measure on a set and fy € a set of functions
from a complete metric space  into itself. Denote by = (1, ,...) an element
of = and by = the infinite product measure on

The following lemma is used in the proof of Theorem . to move from considering
backward iterates to considering forward iterates.

L k... k
= € k = R = ]_ ,
=(1 ) =(1 5--0) () ()
P Let be any finite permutation of with ( )=k for =1,..., . (A
finite permutation is one with () = for all su ciently large.) ince is
invariant under the action of finite permutations, we have  ( )= ( ( )). ut
() , 80 the result follows.

For ,set (1, ) = (,2) z€ and ( , )= ( ,2)
x € . Let diam( ) =sup (z, ) be the diameter of (where denotes the
distance function on ).

T
(i) fo( )
(ii) lim ( ¢, N=0
T € ( 7‘77)
x
P Fix 0. et = diam( ( , )) for all . ince
41 and ( ) = 1 (by hypothesis (ii)), there exists () such
that ( ) 1 . Applying Lemma .1 to the set = with
E= () 1 , =1,..., (), we see that the measure of the set =
diam( (,)) is greater than or equal to  ( ) 1 .
ypothesis (i) implies that for , () ( , ) for almost all ;
hence

() diam(  ( , )) and () () forall )



Letting

= dam( (,)) and () (,)forall (),
() implies () 1 =1 . It follows from the definition of
that the ( ,xz) are auchy sequences (i.e. the backward iterates converge)
for every x € , € . Furthermore, since forz, € ,| ( ,z) ()
diam( ( , )),weseethatfor € ,lim ( ,z)=lim ( , ). Thus wehave
shown that on the set  of measure at least 1 , the backward iterates applied

to an element of converge to a limit independent of the starting point. ince is
arbitrary, the result follows.

ROO O T C ON CTUR

We now return to the iterated random function described by equation (1). In
this section, we consider supported on a bounded subset =[0, ] of Rt. etting

= [0, ] for any , it is clear that condition (i) of Theorem . is satisfied.
The rest of this section shows that and f, € [0, ] satisfy condition (ii) of
Theorem . , and then applies the conclusion of Theorem . to complete the proof
of Theorem

The argument showing that and f € [0, ] satisfy condition (ii) of
Theorem . can be summarized as follows on an interval , fy acts in one of two
ways. If € ,then fy translates ; whereasif € |, then fy translates and folds
(and in particular shrinks) . Furthermore, for near the center of , fy will shrink

by about half. ondition (ii) follows from showing that the process defined by
equation (1) (for suitable ) almost halves an interval infinitely many times. The
key fact we will use is that the orbit of a point is dense.

A1.T In this section we discuss the orbit of a point x under
iterates of the two functions f () =| 2| and f (z) =| |, where 0
We use the standard notation £ mod to mean the unique number , 0
such that z is an integer multiple of . Let z € [0, ].

The x is the set of points such that = fy fo, (x) for some
, witheach €
L z €0, ] = z mod e , =1
Proof Let = x mod € , = 1 . As shorthand, we represent
the real number xzmod by the ordered pair ( , ) € 1. ote that
FC,n= gmod )=( , ). Also,
( 1) if(,)
fC, )= _ : :
( gmod )=( ( 1), ) if(,) ;
thus the set is closed under fy foreach € , and we have
To show , it su ces to show that
Wmi,)e = ( , )e ,and

() (.)€ ( 1,)e



The first claim follows by applying f . The second follows by applying f if

 mod , or by first applying f and then applying f if x mod
C 0
ff [0, ] = , €
[0, ]
P If is irrational then the set mod  is dense in [0, ], so the orbit
of a point is also dense in [0, ]. If = then the orbit of = contains the set
zmod = k zmod |k=0,..., 1 which intersects each closed

subinterval of [0, ] of length at least

.S Denote the length of an interval by || ||
The following lemma gives a criterion for recognizing when the interval fy
f9,( ) is no bigger than about half the size of

L =(1, -...) € Rt R
1, 0 z |H}' | 1
(=2 .
i CoOl = s
P The functions fy have Lipschitz number 1, so for all € , we have
1
I (2 Co0 = b = o
ince ( ,z) ,it follows that  ( , ) || || 1 .Also (1, ) 0,

so the result follows.

We say that z € R is a for the probability distribution if
() O for every open interval containing z. The nonzero real numbers and
are if is irrational.

L
Rt Rt
0 - () () o
( 1, ’ ) € 1
Ifo fo, Ol
P We first assert that for any interval |, and for any 0, there exist
intervals 1,... with () O such that forall (1,..., )€ 1 ,
1

[1fo T O (= DIl

The result then follows by repeating this shrinking process.

To prove the assertion, we will first construct the midpoints of the intervals

. We consider two cases; as  is not supported on a lattice, either (a) has
two irrationally related points of increase, or (b) has an infinite set of points of
increase which are pairwise rationally related.

Let  be the midpoint of the interval



First, suppose (a) holds. Let be two irrationally related points of increase

for . y orollary . the orbit of under iteration of the functions f and f is
dense in [0, ]; thus there exists a sequence 1, ..., with each  equal to or
such that
() f .0 =l
ow suppose (b) holds. In this case we can find points of increase , of with
= ,with | € relatively prime and arbitrarily large. ( ote that we
cannot simultaneously guarantee that .) Find such , with [l
y orollary . ,the orbit of under the functions f and f intersects the closed
interval [0, ] [0, || || ]- Thus again there exist 1,..., with each

equal to or such that ( ) holds.
We have now defined the in each case. et to be an interval with midpoint

and length no bigger than —|| ||. ote that has positive measure because
every is a point of increase of
To verify the claim, note that for any ( 1,..., )€ 1 , we have
fo o C) =00 =M= 111l

since each fy has Lipschitz number 1. Thus we can apply the previous lemma with
x= ,any 1 O,and = || ||

T Rt
Zo 0
x
P We will show that f, € , =10, ], satisfy conditions (i) and
(ii) of Theorem . . onsequently, the backward iterates converge independent of
a starting point chosen in [0, ]=R* and the application of Letac s principle
completes the proof.
It is clear that  satisfies condition (i) of Theorem . for all € . To
establish (i), fix 0. y Lemma . (with = [0, ]), there exist intervals
Tyenes such that
Ifo fo, Ol
forall (1,... )€ 1 . As the fp s do not lengthen intervals, we have
)l forany = (1, ,...)suchthat for some , 4 € for each
=1,..., . inceeach ( ) 0, this occurs with probability 1. ince was

arbitrary, condition (ii) of Theorem . is satisfied.

ClI O OINT I TRI UTION

ur second proof of Theorem . relies on a detailed understanding of the orbits

. In this section suppose is chosen from the uniform distribution on the set

, with 0 ;ie. Pr( = )=Pr( = )=1 . vy scaling, we may

assume = 1; we do so for the remainder of the paper. We use the notation z to
denote the number = mod 1.



N ecall Lemma, .1, and note that the proof of Lemma
.1 (with 0 = 1) reveals the complete structure of the orbit of z 1. From
now on assume is irrational. otice that the numbers z are distinct unless
z is in the orbit of 0 (which is also the orbit of 1 and ), the orbit of 1 , the orbit
of , or the orbit of ¥—. These four orbits we call ; other orbits are

To visualize the orbit  , we associate to each point x a labeled directed graph

, as follows. The vertex set of is , with the vertex z labeled with

the ordered pair ( , ). This label is unique if is generic. A directed edge goes

from ( , ) to ( , ) if there exists a such that f4( z)= z ; the
proof of Lemma .1 tells us exactly where to put these edges.

ote that if x € then looks exactly like but with di erent labels.

Also note that if is singular then a vertex of will have multiple labels due

to coincidences among the numbers x ; e.g. avertex labeled ( , )in ¢ is
also labeled ( , ).

We illustrate the case =1 . Figure 1(a) shows the (generic) graph
and Figure 1(b) shows the (singular) graph (. In the singular orbit we have
consolidated the pair of labels ( , ) and ( , ) into the single label . oth

graphs have been drawn so that the vertical edges represent an application of f;
and the horizontal and diagonal edges represent an application of f . An undirected
edge indicates two oppositely oriented edges. ote that each vertex has out-degree
two, since has two possible values.
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I UR Two orbits for =1 1 . The orbit of z =.
is generic (a), and the orbit of = 0 is singular (b). In the orbit
of 0, vertices are labeled only with , since doesn t matter. The
boldface labels and refer to the actual numbers 0 and 1.

The large-scale properties of the graphs (for general irrational ) are impor-
tant as well. uppose for a moment that 1 . There are three types of vertices
in a generic graph (see Figure 1)

, where T 1 ;
, where 1 T ; and
, where T

The large vertices have in-degree one, and appear in as upper-right and lower-
left corners of boxes. The small vertices have in-degree three, and form the other
corners of boxes. The medium vertices are the remaining ones, which are not part
of any box. The fact that is uniformly distributed mod 1 implies that the ratio



of the numbers of small medium large vertices is 1 11 . If we
write = (1 )  with a positive integer and 0 1, then the number
of diagonal edges between consecutive boxes is either or 1. These numbers
occur in a pattern depending on z but always in the ratio (1 ) . For

=1  we see that there are either or diagonal edges between consecutive
boxes, this number being of the time.
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I UR Two orbitsfor =1 1 1 . Again, the orbit
of z =. is generic (a) and the orbit of = 0 is singular (b).

In the case 1 , the graphs are similar, but we exchange the roles of and
1 in the definitions of small, medium, and large. The graphs in this case
have more boxes and fewer diagonal edges. ee Figure , where =1 1
The large vertices are the upper-right and lower-left corners of the rectangular
strings of boxes; the small vertices are the other corners of the rectangles; and the
medium vertices are those vertices which are part of two distinct boxes. The ratio

of numbers of small medium large vertices is 1 . This time writing
1 = , the number of boxes between consecutive diagonal edges is again
either or 1 and these occur in the ratio ( )

Incidentally 1f is rational then the graphs of orblts are finite, but they exhibit
many properties analogous to the infinite case.

.U Assume  is irrational and is
uniform on ;1 . ecall that by ( ), the stationary distribution  is

z (1 ) if0 =z
(z Y@ ) if z 1.

Let be any stationary distribution for the iterated random function of equation
(1) for . We will think of as its distribution function, namely a right-continuous
increasing function [0,1] [0,1]; thus (z) is the amount of mass which is
concentrated on z

We will show that the values of are determined by ; the values we compute
agree with the corresponding values for

eing right-continuous, is determined by its values on a dense set; with the
aid of Figure we shall calculate (z) forz € (=

y stationarity, the mass of is concentrated on [0, 1]; thus (1) = 1. We begin
by establishing that cannot have an atom (that is, a ump discontinuity) at
for any €



0)=0

T = = 1, ,...

P uppose 1 1. If a distribution ¢ has an atom of mass  at 0,
then (referring to the graph ) we see that ; will have an atom of mass at
1, since the only way for z; to equal 1isif zg =0 and ; = 1. Thusif = |
is stationary and has an atom of mass  at 0, then also has an atom of mass
at 1.
Likewise, iterating the random function shows that at each vertex of ¢ there
must be an atom having mass equal to half the sum of the masses of the atoms at

all incoming vertices. It follows that there must be an atom of mass at ,an
atom of mass at , and thereafter an atom of mass at every small and
medium vertex and an atom of mass  at every large vertex.

As the total mass of a distribution must be 1, it is impossible to have 0.

Thus (0) = 0. We now note that if were not continuous at some point ,
then would have an atom there; then by the same reasoning would have an
atom at 0, a contradiction.

The case 0 1 is similar (see e.g. Figure ). ere an atom of mass
at 0 implies an atom of mass at 1, an atom of mass at , and an atom
of mass atl , and thereafter atoms of mass at each small vertex and of

mass  at each medium and large vertex. As before, must be 0, and the result
follows.

We are now able to compute the values of (x) for z € ¢, using a technique sim-
ilar to that employed in the lemma. bserve that the stationarity of is equivalent
to the condition that for each z € [0, 1] we have

() (@) = () ()
o 1
1 1
() = (@1 2 @ =) -(C =2 (),
where () = lim () (the limit exists since is increasing). We will only
need to consider the points ; Lemma .1 establishes that and are equal

at these points. ecall, of course, that (z) =1forallz 1and (z) =0 for all
z 0.

Again we first treat the case 1 1. We already know (0) = 0 by Lemma
.1, and also (1) = 1. uppose ( )= € [0,1]. valuating () atz = , we
get ( ) = . imilarly, at z = we get  ( ) = , and so on.
sing () repeatedly, we can compute ( ) for all € . In particular, if 0
and is small, then we get ( ) =( ) | ) where s the
number of large vertices among oo . ecall that 1 .

We now claim that there is only one possible value of . To see this, choose
an increasing sequence of positive integers such that 0. We may
assume the are small. ince (0) =0and is right continuous, we have 0 =
lim ( ) = lim [( ) | )] whence = lim

a ).
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If 0 1  we proceed similarly and find that for 0 and small ,
( ) =( ) ( ) where is the number of large and
medium vertices among yeees . We again have 1 , and the
corresponding limiting argument again shows that = 1 ).
ote that by equation ( ), ( )= 1 ).
T )1 0 1
P eing right continuous, is determined by its values on the dense set .
Therefore, by the above discussion, is determined by its value at . Finally,

we have shown that there is only one possible value of ( ), namely the value

()

T O CON R NC

We will use the description of to give us a rate of convergence for the back-
wards iterates in Theorem . . We shall need some preliminary results before
proving the bound in ection

1. C Fix irrational, and let

1

) =0 1
! 1

be the continued fraction expansion of (each is an integer, with 0if  0).
For Olet and  be relatively prime integers such that

1

— = :
! 1
1
It follows that  satisfies the recursion 4 = 1 (see e.g. [ -W]). The
and  are such that

1

() | - —.
We shall make use of the following fact.
L z € [0,1] k 0 k
0 =z k —
P Let = &k kE=0,1,..., 1, and for each =0,1,..., 1
let denote the unique integer among 0,1,..., 1 satisfying = (mod ).
ote that 0 € . It essentially follows from ( ) that each of the 1 (dis oint)

intervals (— -, — 1) where =1,..., 1, contains exactly one point
of , namely . To see this, note that by ( ),
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This implies that there is no integer strictly between  and , and therefore

| | =| |. Thus
1
| = | =  —
ote also that if then forall =0,1,..., 1; whereas
if then for all such . Thus no two consecutive points of
are more than — apart.

To summarize, the smallest point of is 0, any two consecutive points of are
within — of each other, and the largest point of is greater than — - =
1 —. This proves the lemma.

- R Fix 0 1 irrational, and fix 0 g in
a generic orbit. The vertex ¢ corresponding to z( in the graph = is small;
thus (see ection .1) ¢ is a cut-vertex of  (that is, o is not connected).

For an arbitrary vertex of ,let ( o, ) be the distance from ¢ to in |
ignoring orientations. Define a map from the vertex set of to as follows let

()= 0if (o, )= and isin the right hand component of 0; let
()= 0if (o, )= and is in the left hand component of 0; and
let ( 0) =0.
(0] ,1 T €
- (@ 1 1,
(fﬁ(m)) - (.’L‘) 1 1

The next lemma says that long paths on  must go through vertices which
correspond to very small numbers. As zg is fixed, we no longer distinguish between

a point z € and the corresponding vertex of
L T, € @) ()
€ @ () () 0 —
P From the graph  (more precisely, from the proof of Lemma .1), it is clear

that for any k € ,
E | (z k) (2 k.

uppose first that z = o for some € ;thus the vertex z is on the top
row of the graph and z is to the right of z. Lemma .1 gives a number k with
0 k and0 =z k = ——. Then () (z) () (z)
as desired.
n the other hand if z is on the bottom row of ,i.e. z = zo for some
€ , then we apply Lemma .1 to the number z ( 1) to get a k with
0 &k and0 z k = —. Again we have () (x)
() ().

We shall need the following; the simple proof provided was pointed out to us by
D. Aldous.



P For a walk to stay within  units of its starting point it is necessary
(though not su cient) that no subwalk of the walk moves more than units in
either direction. y the central limit theorem, there is an integer  and a constant

o Osothat for k o, @ walk of length &k remains within & units of its starting
point with probability less than . iven a walk of length , we break it into
pieces of length ,( ) and apply the previous fact with k = to each of the

o Pieces. It follows that the probability that the walk remains within  units
of its starting point is at most

. T The content of the following theorem is essentially that with
h1gh probability, the entire interval [0,1] gets within of its limit under backward
iteration after ((1 ) log(l )) steps.

T 0 1 k
k k = Llog
0
1
() I Chz) o () z €[0,1]
=(1, ) 1
P Let = 4. iven an interval we compute a lower bound for the
probability that
1
(10) I[fo, o O =11l —k

It follows then that with probability bigger than

W £ I (Y

In this way, with = log: - 1= log , 1 and fixed, we have that
for all z € [0,1], ( ) holds, i.e.,

[ Coe) () = lm | (,2) f fo ()]
= lim | (,2) ( fo u fo (@)

k

k
with probability at least
We get the estimate as follows. Pick a point € (zo as in section . )
such that is within = Lk of the midpoint of (recall that is dense). 'y
the observation in ection . , the sequence

C ), (foC )y (fo v foC ))seens (fou fo ()

is a simple random walk on



If this walk does not stay within  units of ( ) on the line, then we can

apply Lemma . togeta o,1 ¢ such that fy fo () — . Then
Lemma . implies that || fs o Ol L1l — L —. ince
fo never increases the length of an interval, (10) holds.
With ¢and ¢asinLemma . ,we therefore have 1 * (provided that
k 0)- Thus for plog & we have that () holds with probability
at least (1 k) k. y the binomial theorem, this last expression is the
same as
log & log &
L . =)
which, for large , is at least 1 klog 1 . This is the desired
result.
As an application of this theorem,let =1 . ere (see ection .1) we have
0=0, 1=1,and = for . The recurrence relation for  implies that
1 - -

=-( ) ) )-

The theorem implies in this case that there are constants and  such that for

log(1 ), and for all = € [0,1], the th backward iterate is within of its
limit with probability at least 1 . The same statement holds for any for
which the set of s (see ( )) is bounded; in particular this holds for any quadratic
irrational
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