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Let S be a convex subset of a Banach space L, and G a subset of L*. We prove
that if G does a good job of separating points in § from convex subsets of S, then
any point outside of S can be separated from S by a linear combination of at most
three members of G.  © 1991 Academic Press, Inc.

1. INTRODUCTION

For each positive integer n, write G, for the collection of functionals
which can be expressed as linear combinations of 1 or fewer members of G;
the full linear span of G is denoted by G.,. We say that G separates two
subsets 4, B of L if there is a g€ G for which g(4) and g(B) have disjoint
closures. For GS H< L* and S a convex subset of L, we write G~ H in
S if G and H are equally effective at separating points in S from convex
subsets of S and G ~ H outside S if G and H are equally effective at separat-
ing points outside of S from S,

THEOREM 1.1. If the linear span of either S or G is finite-dimensional,
then G~G.. in S implies Gy~ G outside S.

This is our main result. It has the following curious geometric conse-
quence:
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COROLLARY 1.2. Let % be a family of planes in R>, each triple of which
intersect in the first octant. If the normal vectors of % form a dense subset
of (R**, then % is concurrent.

Theorem 1.1 is sharp in the sense that G, cannot be replaced by G,.
Correspondingly, the two-dimensional analogue of Corollary 1.2 fails;
neither can the “first octant” or “density” hypotheses of Corollary 1.2 be
omitted. On the other hand, it is conceivable that finite-dimensionalty need
not be imposed in Theorem 1.1.

The motivation for this paper comes from D. Larson’s work [5], where
S is an algebra of Hilbert space operators, the functionals in G are induced
by rank omne operators, and external separation by G corresponds to
invariant subspaces of S. Our new idea was to think of Larson’s “Property
P,” as a form of “internal separation.” This led to the notion “G~ H in S”
and the formulation of Theorem 1.1. A leisurely discussion of the “invariant
subspace connection” is found in [2]; except for a few passing references,
this will not be used in the sequel.

In Section 2 we examine the meaning of the internal separation concept
“G~ H in S” in several familiar situations. When S is a ball in L, it means
G is dense in H. For linear S, the condition is equivalent to the contain-
ment H< S* + G. On the other hand, when G and H are linear, it means
the weak topologies which G and H induce in S coincide.

In Section 3, we unify these examples by developing a general algebraic
characterization of the condition “G~ H in S”; for the proof, we rely on
the existence of supporting lines for planar convex sets. In Section 4, we
reduce Theorem 1.1 to the case of conical S by modifying a standard
embedding technique from convexity theory—pleasant properties of the
embedding depend on taking special care of those ael for which
a+ S < S, the so-called “directions of recession” of S. ’

Theorem 1.1 is established in Section 5. After the preliminaries of Sec-
tions 3 and 4, the proof reduces to showing that certain “monotone” maps
on G have linear extensions to G_.. Corollary 1.2 is proved in Section 6.
Complementary results based on open mapping arguments are presented in
Section 7, and the final section of the paper is devoted to counterexamples.

Thanks are due to the referee for his careful reading of the paper,
especially for pointing out an error in an earlier version of Example 3.7.

2. EXAMPLES

We begin by fixing notation and terminology for the paper. L is a
Banach space, L* its dual; the field of scalars can be either R or C. For
acl and re L* we write {a,t) for t(a). S and G will denote subsets of
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L and L*, respectively; S will usually be convex. We say t€ L* separates
subsets A, B of L if ¢1(A) and #(B) have disjoint closures; when ¢ is real-
valued, this has the geometric interpretation that 4 and B lie on opposite
sides of some hyperplane on which ¢ is constant. To say that G separates
A and B means that some ge G separates them. Multiplication of a func-
tional by a non-zero scalar does not affect its separation properties, so we
will always assume G is closed under scalar multiplication.

Let G, H= L*. We write G~ H in S if G and H are equally effective at
separating points in S from convex subsets of S, i.e., given a point a€ S and
a convex subset C of S, either G and H both separate a from C or neither
G nor H does the separation. We write G~ H outside S if G and H are
equally effective at separating points in L\S from S.

Examples 2.1-2.4 constitute an informal investigation of the meaning of
the statement “G~H in S” when S is a convex subset of R? while
G < H< (R?)* are closed under scalar multiplication.

ExaMpLE 2.1. All functionals in (R?)* which separate a given point in
R? from a given line in R? are scalar multiples of each other. By consider-
ing various lines in R?, we thus see that G~ H in R? iff G=H.

ExaMpLE 2.2. If a line separates a point from a bounded set in R?, then
slight rotations of this line will still do the separation. It follows that if .S
is bounded, then the density of G in H is sufficient to guarantee that G~ H
in S.

The slope of a line separating a point near the midpoint of a segment
from that segment must be close to the slope of the segment. It follows that
if S has non-empty interior (so that it contains segments of all orienta-
tions), then the density of G in H is necessary for G~ H in S.

In particular, G~ H in the unit ball of (R?)* if and only if G is dense
in H. :

ExampLE 2.3. The situation is slightly more subtle when S is the first
quadrant of R2 If a line / of negative slope separates a point p in S from
a convex subset C of S, then slight rotations of / in either direction will still
do the separation. On the other hand, if / has positive slope and C is a ray
parallel to but slightly below /, then all clockwise rotations of / intersect C
while slight counterclockwise rotations of / continue to separate p from C;
the situation is reversed when C lies slightly above /. Thus mere density of
G in H is not sufficient to force G~ H in S; some members of H must be
“two-sided” limit points of G.

ExaMPLE 2.4. Let S be a line thru the origin. Then any functional
which is not constant on S separates points and convex subsets of S. If G
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contains such a functional, then G+ S* = (R?)*; otherwise G+ S+ =S*.
Since the same reasoning applies to H, we conclude that G~ H if and only
if G+St=H+S"

It is easy to generalize this discussion for linear S.

PROPOSITION 2.5. Suppose S is linear, and G, H<S L*. Then

(a) t separates b from S iff te S* but {b, 1) #0.
(b) G~HinSiffG+SL=H+S‘L.
(c) G~ H outside S iff (GAS*),=(HAS*),.

Proof. (a) t(S) is a linear manifold of scalars.

(b) (<) Given he H, there is a g€ G with g—heS*. This means g
and h agree on S, and in particular do the same job of separating points
and convex sets inside S. By symmetry, we see that G~ H in S.

(=) Let heH. If he St, take g=0. Otherwise, set M =Sn Ker h
and choose be S\M with (b, h) #0. By hypothesis, there is a g e G which
separates b from M; multiplying g by a non-zero scalar if necessary, we can
assume <(b,g)>=(b,h). This means S= span(b, M) ker(h—g), so
heG+ St Then HS G+ S* and G+ S* = H + S* by symmetry.

(¢) By (a), H separates b from Siff b¢ (Hn SH,. 1

In fact, we can establish Theorem 1.1 for linear (even infinite-dimen-
sional) S.

PROPOSITION 2.6. If S is linear and G~G . in S, then G;~G,, out-
side S.

Proof. Suppose G, fails to separate be L from the linear manifold S.
For geG and teS*, set Mg+1)=<b,g>. By Proposition 2.5(b) the
domain of ¢ is the linear manifold G +St. Also if g, +1,=(82+12)+
(g;+1;) then g, —g,—g;€S" NG, cannot separate b from S, so
(b, g,>=1<b,g,)+<b,g3), whence we see that ¢ is well defined and
linear. By definition ¢(g)=<b, 8> for ge G while ¢(r)=0 for teS*. By
linearity, we conclude that ¢b,t> =0 for all te S* NG, so G, does not
separate b from S. |

ExampLe 2.7. Set L=R2 and identify L* with L via the Riesz
Representation Theorem. Take S = the x-axis and G = the union of the two
lines y=+x. Then G+S*=L* while Gn St ={0}. Since G,=L*,
Proposition 2.5 tells us that G; cannot be replaced by G in Proposition 2.6;
a more delicate construction (Example 8.3) shows that G; cannot even be
replaced by G,. ‘
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from invariant subspace theory. See [2] for a more leisurely discussion;
this material will not be used in the sequel.

Take L to be the algebra of bounded linear operators on a Hilbert space
H. For x, yeH, define x®yeL* by setting (a,x®y) equal to the
Hilbert space inner product of ax with y, and write G for the set of such
linear functionals. G, induces a weak topology on L known as the weak
operator topology. ' :

Now let S be an identity-containing subalgebra of L which is closed in
the weak operator topology. In [5, Corollary 7] D. Larson proves that if
G.=G+S* then S is 3-reflexive. By Proposition 2.9(a) the closure
hypothesis on S means that G, separates each point in L\S from S. On
the other hand, 3-reflexivity means that such separations can always be
effected by G,. Thus the conclusion of Larson’s result amounts to
“G,~ G, outside S.” The starting point for this paper was the reformula-
tion of Larson’s hypothesis “G, <SG+ S*” as the internal separation
property “G~G,, in S.” This led to the present statement of Proposi-
tion 2.6 and initiated consideration of Theorem 1.1.

3. ALGEBRAIC CHARACTERIZATION

We begin work on Theorem 1.1 by reducing it to the case of real Banach
spaces. The main algebraic tool of the paper follows as Proposition 3.3.

PROPOSITION 3.1. Let A and B be convex subsets of a complex Banach
space L with A compact. If ¢ € L* separates A and B, then there exists A€eC
such that the real part of i separates A and B.

Proof. ¢(A4) and ¢(B) are convex subsets of C with disjoint closures.
Thus there is a real linear functional on C which separates them. But every
real linear functional on C takes the form z+ Re(Az), so the proof is
complete. |

COROLLARY 32. If Theorem 1.1 holds for real Banach spaces, then it
also holds for complex Banach spaces.

Proof. Suppose L is complex, Ge L*, and G~G, in S. G and CG
have the same separation properties, so we may as well assume G is closed
under scalar multiplication. But then Proposition 3.1 tells us that
Re(G)~ Re(G ,,) = (Re(G)),, in S. Applying the real case of the theorem,
we conclude Re(G .. )~ Re(G;) outside S, whence the same is true for G,
and G;. |
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PROPOSITION 3.3. Suppose S is a convex subset of the real Banach space
L and G < H are subsets of L* which are closed under scalar multiplication.
Then the following are equivalent:

(a) G~HinS _
(b) Given heH, aeS, and £¢>0, there is a geG satisfying
{z—a,h—g)<¢ forall zeS.

Proof. (b)=(a) Suppose he H separates a€ S from the convex subset
B of S: say f=inf{{z,h)>|ze B} >a={a, h). Take ¢ <f —a and choose
g as in (b). Then ze B implies (z—a,g)={z—a,h>+{(z—a, g—h) =
f—a—e>0 so g separates a from B.
(a)=(b) Let he H, ae S, and &> 0 be given. If the restriction of A to
S assumes a maximum at g, take g = 0. Otherwise set « = (a, &> and assume
¢ is sufficiently small that o + 2e € A(S). Set B= {ze S| (z, h) > a+¢}. Since
h separates a from B by definition, there is g € G which also separates them:
multiplying g by scalar if necessary, we can assume there is a real number
B such that z e B implies {z, g> > f+¢ while {a,g) =8. Let E= {({z, h),
{z,8>)eR?*|ze S}. The point (« +¢, f +¢) does not lie in E, so there is a
supporting line / to E thru this point [6, p. 100]. Necessarily E lies above
I, so the slope m of [/ must be at least (f+¢— f)/(x+&e—a)=1. We have
the inequality y = (8 +¢) + m[x — (¢ + ¢)] for all (x, y)e E or x —a < (1/m)
(¥ — B) + ((m — 1/m) &. Substituting for (x, y) and noting that (m—1)/m < 1,
we obtain {(z—a, h)<{z—a, (1/m)g) +¢ holds for all ze S. Replacing
(1/m) g by g gives the desired resuit. ||

ExaMpPLE 34. If S, in Proposition 3.3, is a cone with vertex at the
origin then the condition, in that proposition, means #—g<0 on S and
—e<{a,h—g)><0.

Proof. Suppose the condition holds and S is a cone. Taking x =0, we
obtain {—a, h—g)<sg, ie, —e<{a, h—g)>. Also n-xe S for all xeS
and neN. Therfore, (nx—a,h—g)<e for xeS and nelN, ie,
{x,h—g)<em+1ln<a h—g)> Letn— + 00 to conclude h—g<0Oon S
and —e<{a,h—g)»<0. For the converse, note that hr—g<0 on S
and —e¢< {a, h—g) together imply that (z—a,h—g)<eforallzeS. |

As expected, Proposition 3.3 reduces to Proposition 2.5(b) for linear S.
ExampLE 3.5. If S, in Proposition 3.3, is a linear manifold, then the
condition in that proposition reduces to S* + G=S*+ H.
Proof. Since —S<S,h—g<0in Smeans h—g=0on S. |

We can also use Proposition 3.3 to generalize Examples 2.1-2.3.
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EXAMPLE 3.6. Suppose G H< L*, and S is convex subset of L. Then

(1) G~HinLif G=H.
(2) If S has interior and G~ H in S, then G is dense in H.
(3) If S is bounded and G is dense in H, then G~ H mn S.

In particular G ~ H in the unit ball of L iff G is dense in H.

Proof. (1) Apply Example 3.5, noting that L* = {0}.

(2) Translating and dilating S if necessary, we may assume S con-
tains the unit ball D of L. Let he H and ¢ >0 be given. Applying Proposi-
tion 3.3 with a=0, we find g € G such that {x, h—g) <e¢ for all xe D. This
means |[hA—g| <e.

(3) Assuming S is contained in the ball of radius M about the origin,
|{x—a,h—g»| <2M | h—g| can be made arbitrarily small. §

EXaMPLE 3.7. Suppose L=R", GSH<L* and S is the positive
orthant R, .
(1) G~H in S iff given he H and ¢>0, there is a geG such that
g=zhon Sand | g—h]<e
(2) In general, density of G in H does not guarantee that G~ H
in S.
(3) If Gis dense in L*, then G~L* in S.

Proof. We identify (R”)* with R” in the usual way.

(1) (=) Apply 3.4 with a=(1,1,..,1). Since all the coordinates
of g—h are non-negative, the inequality 0<<{a, g— hy <e¢ forces
| g—hll <ne..

(<) Since the coordinates of g—# are non-negative, we have
(z—a,h—g)<{—a,h—g)y<elal| for all zeS, so the condition of
Proposition 3.3 is fulfilled.

(2) Take n=2. Let G be the union of all lines of negative slope in R?2
and take H to be the union of G with the x-axis. G is clearly dense in H.
By (1), if G~ H in S, there would be a point (x, y)e G with (x, y)=(1,0)
on S, but this is not the case.

(3) Let heL* and ¢>0 be given. Set 1,=(1,1,.., 1). By density,
there is a ge G with || g— (h+¢to)l <e. This implies each coordinate of
g—h is non-negative whence g>h on S. Since we also have
| g—=hl <(n+1)e, the proof is completed by appealing to Part (1). |

Example 3.7 will be genralized further at the end of Section 5.
The following example will be used in the proof of Corollary 1.2.
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ExampLE 3.8. Let S={(x,y,2, 1)eR*|x, y,z>0}. Suppose G < (R*)*
is closed under scalar multiplication and D = projection = of G into (R*)*.
Then, G ~ (R*)* in S iff D is dense in (R*)*.

Proof. In view of Example 3.7(3), it suffices to show that'G~ (R*)* in
Siff D~ (R*)*in R3,..
(=) Suppose he(R®)* separtes aeR’ from Cc R. Then
(h, 0)e (R*)* separates (g, 1)e S from C= {ﬁ"’ 1)lce C} = S. Therefore,
there exists g € G which separates (q, 1) from C. Then d=n(g) separates a
from C.

(<=) Suppose ke (R*)* separates ae S from C < S. Then n(h) e (R*)*
separates n(a)e R from n(C)< R? . Therefore, there exists de D which
separates n(a) from n(C). Choose gen~'(d). |

4. EMBEDDING CONVEX SETS IN CONES

Given a Banach space L, let L=LOR, equlpped with the norm
I(x, )|l =max(|| x|, [A]). The dual space (L)* is then isomorphic to
L*@R* with (4, DIl =ll¢ll +14].

For a convex (proper) subset S of L, we define S= {(Ax, )| A=0,
xeS}u{(x,0)lxe L with x + S S}. Clearly S is a cone and taking A=1,
we see that it contains a copy of S. Those points x € L for which x+S< S
are called directions of recession of S. They are used in the definition of S
in order to make it closed when S is. If, for example, S= [0, ©) <R, then
S becomes the closed first quadrant; points on the x-axis correspond to the
recession of S. ‘

Finally for G < L*, we take G = {(g, 1)/ 1€ R, ge G}. The main resuits of
this section, Proposition 4.2 and Corollary 4.6, show that the separation
properties of G are faithfully reflected in G.

LEmMMa 4.1. Let o€ R, telLl* If sup,.s<x t) <a then
sup;c s <%, (t, —a))> =0. Otherwise sup;. s (%, (t, —a)) = o0.

Proof. Since S is closed under multiplication by R*, the only possible
values for sup;.s <%, (t, —a)) are 0 and +oo. If {xo, > >a for some
xo€ S, then {(xq, 1), (¢, —a)) is strictly positive, so sup¢. s (%, (, —a)) is
infinite.

Suppose conversely that (x, 1) <a for all xeS. We need to show
(%, (t, —a)> <0 for all %€ 8. This is clear if £=(Ax, 1) with AeR™,
suppose %= (y, 0) with y+ S< S. Fixing x,€ S, we have {(xo,+ny, t) <«
for all positive integers n, so {y, t> <0 whence (%, (¢, —a)> <0. |
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PROPOSITION 4.2. The following are equivalent for G< H< L*:
(1) G~HinS. | '
2) G~HinS.

Proof. (1)=(2).Let de S, i=(t,7)e H, and £>0 be given.

Case 1. d=(Aa, A) for ae S and A>0. Find ge G with {(x—a, t—g)
<eg/(A+1) for all xeS. Set ¢=(g, a+71), Where A=SUPcs (X, I—8).
By Lemmad4.l, sup, s <% i—g)=0 whence SUp;es (X—a,i—g>=
Ma—<a,t—g))<e

Case 2. G4=(a,0), where a+Sc<S. Fix x,eS. Find geG with
(x—(a+x,),1—gd<e for all xeS. Set g=(g,a+t), where
a=supg.s(x,t—g). By Lemmadl, sup..s (%, f—g>=0 whence
supe s {E—a,1—g>=(—a,t—g)={xo—(a+x0),1—g) <&

(2)=(1). Let aeS, teH, and ¢>0 be given. Set d=(a, 1) and
i=(1,0). Find §=(g,7)eG with (£—d, i—g) <e for all xeS. Since
(x, l)eS‘ for all xe S, this gives {(x—a, t—g) <¢for all xeS. |

PROPOSITION 4.3. In order for G to separate (b, B) from S it is necessary
and sufficient that:

(1) B<Oor
(2) B >0 and G separates (1/B) b from S or
(3) B =0 and there exists xo€ S such that G separates xo+ b from S.

Proof. Necessity. (1)Suppose G separates (b, §) from Sand 0. Choose
¢=1(g, «), g€ G such that {(b, B), &> >sup{{(ix, 4), (g, @) )| x€S, 120}.
Since the supremum in question is finite, we have <{b,g)>+af>02
SupxeS (<x’ g> +a)

(2) For B>0, we have {(1/f)b,g)+a>0=sup({x,g)+a) so g
separates (1/8) b from S.

(3) For =0, we have (b, g)>02=sup({x, g> +«). Since (b, g) >0,
we can find x,€S such that sup {x,g)— (b, g> <<xo,g>. This means
sup<{x, g < {xo+b, g) so g separates xo + b from S.

Sufficiency. (1) (0, 1)e G does the separation.

(2) Suppose sup<{x, g> < {(1/B) b, g). Set a=sup<x, g) and take
g=(g, —2). By Lemma 4.1, sup..s(% £>=0 But ((bp) )=
(b, g> —aBf>0. So, g does the separation. ‘

(3) Suppose sup{x, g> <{xo+b, g> for some x,€S. In particular
(X, 8> <{xo+b,g> implies {b,g>>0. Set x=sup<{x,g) and take



