WANDERING SETS FOR A CLASS OF BOREL ISOMORPHISMS OF [0,1)

EDWARD A. AZOFF AND EUGEN J. IONASCU

ABSTRACT. A wandering set for a map ¢ is a set containing precisely one element from each orbit
of ¢. We study the existence of Borel wandering sets for piecewise linear isomorphisms. Such sets
need not exist even when the parameters involved are rational, but they do exist if in addition all the
slopes are powers of 2. For ¢ having at most one discontinuity, the existence of a Borel wandering
set is equivalent to rationality of the Poincaré rotation number. We compute the rotation numbers
for a special class of such functions. The main result provides a concrete method of connecting
certain pairs of wavelet sets.

1. INTRODUCTION

Let h be a bijective map of a set X onto itself. A subset S of X is invariant under h if h(S) = S.
The orbit [x] of a point # € X is the smallest invariant subset of X containing z. We say x € X
is periodic if its orbit is finite. A wandering set for h is a subset W of X containing precisely one
point from each orbit. Our usage differs from the standard terminology of [18] (and [2]) in that
we do not require the sets {h(™)(W)},ez to be disjoint, but we do require them to exhaust X;
the present convention allows for a unified treatment of periodic and non-periodic points in the
statements of our main results.

In this paper, we study the existence of Borel wandering sets for a class of Borel measurable
maps. Our interest in this problem arose in connection with the connectivity question for the set of
orthonormal wavelets. Related problems come up in a variety of contexts ranging from dynamical
systems theory to descriptive set theory.

We focus attention on piecewise linear isomorphisms of [0, 1); these are called affine interval
exchange maps in [3] and [2]. The classical example is the “rotation” map R; which sends z € [0, 1)
to the fractional part of x +¢. If t = I, with m, n relatively prime integers, then [0, %) provides a
wandering set for R;. On the other hand, when ¢ is irrational, then every orbit under R; is infinite,
and translation invariance of Lebesgue measure shows that R; does not even have a Lebesgue

measurable wandering set.
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In [1], M. Boshernitzan examined modifications of the classical maps R; obtained by varying
the slopes of their components. Somewhat surprisingly, rationality of the parameters involved is

neither necessary nor sufficient for the existence of a Borel wandering set.

ProPOSITION 1.1. Suppose h is a discontinuous bijection of [0,1) whose graph consists of two

line segments having positive slopes p,q # 1. Then in order for h to have a Borel wandering set it

Inp

Tng be rational.

18 necessary and sufficient that

In particular, Borel wandering sets exist if p and ¢ are powers of 2. Most of the present paper is

devoted to generalizing this positive result to the multi—slope setting.

THEOREM 1.2. Suppose h is a bijection of [0,1) whose graph consists of finitely many line
segments, with all discontinuities and changes of slope occurring at rationals. If all slopes involved
are powers of 2, then h has a wandering set which is a finite union of intervals W; (some of which

may be singleton sets).

It would be interesting to know the full fate of Proposition 1.1 in the multislope case.

A classical result of J. Glimm and E. Effros states that a homeomorphism acting on a complete
separable metric space X will admit a Borel wandering set if and only if no x € X is a cluster point
of its orbit. One strategy for applying this to Theorem 1.2 would be to throw away the orbits of all
points at which h is discontinuous; the remaining set, being of class G in [0, 1], is metrizable by a
complete separable metric. Another technique would be to double the offending points as in [13].

Each of these approaches would necessitate examining uncountably many orbits under h. The
hypothesis of piecewise linearity, on the other hand, suggests that everything should be determined
by looking at the orbits of the finite set A of points at which h either changes slope or fails to be
continuous. This is the tack we take in proving Theorem 1.2. The assumption that the slopes are
all powers of 2 gives us control on the union A, of orbits of points in A. The key Lemma 4.1 states
that if a € @ is not periodic, then there exists a closest member of A U{1} to the right of it. The
resulting proof of Theorem 1.2 is effective in the sense that the intervals it describes are built from
A, the (necessarily finite) set of limit points of A, and points generated by Lemma 4.1. It also

provides global dynamical information.

COROLLARY 1.3. For h and W; as in Theorem 1.2, it can be arranged that within a given
interval Wi, either all points have the same period, or their orbits share a common cluster point

set.
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The structure of the remainder of the paper is as follows. In Section 2, we review Poincaré
rotation numbers and their relation to the Glimm-Effros Theorem. The examples of Section 3
motivate the statement of Theorem 1.2.

Section 4 proves the existence of a Borel wandering set when the function A of Theorem 1.2 has
a single discontinuity; appeal to Theorems of Poincaré and Denjoy make this argument relatively
short. By contrast, the longer proof for the general case given in Section 5 is essentially self-

contained. The strategy of focusing on break points works in a more general setting.

PROPOSITION 1.4. Suppose h is a bijection of an interval whose discontinuity set is finite. If
the orbit of each discontinuity of h has only countably many cluster points, then h admits a Borel

wandering set.

Section 6 applies Theorem 1.2 to establish the existence of continuous paths of wavelets (via
Theorem 2 in [14]) connecting (MFS)-wavelets whose Fourier transforms are supported on sets
which are finite unions of intervals whose endpoints are rational multiples of w. We take the
opportunity to illustrate the constructive nature of Theorem 1.2 and Corollary 1.3 on a particular
wavelet—induced map.

The abstract argument of Section 4 does not compute the rotation numbers of the maps in
question. In the final section of the paper, we use renormalization techniques to develop a recursive
procedure for computing the rotation numbers of all composite maps of the form R; o ¢, where ¢
is the continuous bijection on [0,1) whose graph consists of line segments having slopes 2 and %

This discussion is independent of Sections 4 through 6.

2. PRELIMINARIES

Let (X, B) be a Borel space and h : X — X be a Borel isomorphism, i.e., h is a bijection and h
and h~! are Borel measurable maps. We denote by h(*) the identity function on X when k = 0 and
the composition of i [resp. h~!] with itself |k| times when k > 0 [resp. k < 0]. The orbit of a point
x € X under the action of h is the set [z] := {h¥)(x); k € Z}. More generally, the saturation A
of a subset A of X is defined by A := ;e h\)(A); it is the union of the orbits of the members
of A.

DEFINITION 2.1. A set Q C X is called invariant under h if h(Q) = Q. A set W C X is said

to be a wandering set for h if W contains one and only one point of each orbit [z], = € X.

As we have already mentioned, we are interested in wandering sets which are Borel sets with

respect to the standard Borel structure on [0,1). The notion of wandering set has been considered
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and studied previously in various papers and from different points of view. For a self-contained
well-written monograph on this subject and related topics we recommend Nadkarni’s book [18]. It
was noted in the Introduction that Definition 2.1 differs from Nadkarni’s use of the term. However,
it is proved in [18] that there is always a Borel set W) containing precisely one point from each
periodic orbit of h, whence existence of a Borel set satisfying Definition 2.1 is equivalent to the
existence of a Borel set W; such that {h(”)(Wl)}nez form a partition (without repetition) of
{z €10,1) : = is not periodic for h}.

From the dynamical systems point of view, isomorphisms for which wandering sets exist are
considered very simple (for instance, they are called elementary Borel automorphisms in [18] or
smooth in [5]). In fact, this property is equivalent to some “non-ergodicity” conditions as they are
called by E. Effros in [6], improving upon an earlier paper of Glimm [8]. Using these equivalent
conditions essentially proved in [6] and improved in [7], one obtains very general criteria for the
existence of Borel wandering sets for homeomorphisms on complete separable metric spaces (Theo-
rem 2.3 below). One important result in this theory which makes Theorem 2.3 applicable to Borel
isomorphisms on standard Borel spaces is the following result due to Ramsay and Mackey (see [21]
and [22]).

THEOREM 2.2. If h is a Borel isomorphism acting on a standard Borel space (X, B) then there
is a complete separable metric topology which generates B and with respect to which h becomes a

homeomorphism.

If i is a homeomorphism acting on a complete separable metric space X and x € X we say that x
is recurrent if h¥)(z) # x for all k € Z and k(™) (x) — z for some sequence {n;} in Z (|ng| — o0);
this is equivalent to requiring that z be a cluster point of its orbit. A Borel measure v on X is
ergodic with respect to h if for every invariant set Q under h either () = 0 or ¥(X\Q) = 0. A
point zg € X is a periodic point of period n € IN for h if h(") (x9) = xo and h(k) (xo) # o for all

k <mn (k> 1). The next theorem is one of best known results in the theory of Borel isomorphisms.

THEOREM 2.3 (Glimm-Effros). Let h be a homeomorphism acting on a complete separable
metric space X. The following are equivalent:
(i) There exists a Borel wandering set for h.
(ii) There is no recurrent point for h.

(iii) There is no non—atomic measure on the Borel subsets of X which is ergodic with respect to h.

For more general results along these lines we refer the reader to [5], [10], [12], and [15].
Throughout this paper, “piecewise” means in finitely many pieces; thus piecewise continuous

functions are only allowed finitely many discontinuities and piecewise linear functions may only
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involve finitely many slopes. We are interested in studying the existence of Borel or measurable
wandering sets for maps h which are piecewise linear isomorphisms of the unit interval I :=[0,1)
which are right-continuous at every point and such that the various slopes are positive real numbers;
these are referred to as affine interval exchange maps in the literature. We denote this class by Cy.
In spite of the fact that there is substantial work on classifying Borel isomorphisms in general and
the above characterization, when confronted with concrete classes of maps the existence of Borel
wandering sets is not always easy to establish.

One particular subclass, Cqi, of Cy which will be considered in our paper consists of those iso-
morphisms are piecewise increasing and have only one point of discontinuity. Every map he Cq
can be viewed as a homeomorphism of the unit circle S'. Indeed, by conjugating with (t) :=

1

exp(2mit), t € [0,1), we remove the discontinuity, obtaining a homeomorphism h = ¢ o ho @+ of

the unit circle S*. Conversely, if h is an orientation preserving homeomorphism of S then we can

associate an isomorphism h = ¢!

o h o of I which is continuous except possibly at one point
denoted here for convenience by ¢, (¢, =0 if h(1) = 1). It is convenient to carry over terminology
between these representations, e.g., to call h piecewise continuous if h is.

The following facts from the dynamical system theory of homeomorphisms of the unit circle will
be needed later. These results can be found in [11], [19], and [20]. Let us consider an orientation
preserving homeomorphism h of S', and let h and ¢ := ¢;, be as above. One can define the rotation

number, rp,, for such an h as being the unique real number 7, in (0, 1] such that

n—oo 1

(1) = lim ~ 3 oy (¥ (@), (mod 1)
k=1

for some x € I. It turns out that ry is well defined (the right hand side of (1) is independent of
the choice of z € I), it is invariant under conjugation and continuous (mod 1) under perturbations

[19]. The following result is a remarkable fact in this theory.

THEOREM 2.4 (Poincaré). Let h be an orientation preserving homeomorphism of the unit
circle and h be the map associated to h as above. Then h has a periodic point if and only if ry, is
a rational number and in this case every orbit is asymptotically periodic (i.e. the cluster points of
every orbit form a periodic orbit). If the rotation number ry, is irrational, then there exits a unique

continuous surjective monotone increasing map v : I — I such that
2) oh=Ro,

where R(z) = x +ry (mod 1), = € I. In the later case, the orbit of every point is either dense in
I (when 1 is a homeomorphism) or the set of its cluster points is a Cantor type set in I which is

independent of the orbit chosen.
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Combining Theorem 2.3 and Theorem 2.4 one obtains the following simple criterion.

ProrPOSITION 2.5. The following are equivalent for an orientation preserving homeomorphism

h of the circle:

(i) h has a Borel wandering set.
(ii) h has a periodic point.

(iii) The rotation number of h is rational.

A well-known theorem of A. Denjoy provides sufficient conditions for the map v in (2) to be a
homeomorphism. We will make use of a special case of the version of that result presented on
Page 76 of [11].

THEOREM 2.6 (Denjoy). Suppose h : S' — S is either a piecewise linear homeomorphism
or a C' diffeomorphism whose derivative has bounded variation. If the rotation number of h is

irrational, then h is conjugate to a rotation (i.e. the map 1 in (2) is a homeomorphism).

3. EXAMPLES

The existence of Borel wandering sets for homeomorphisms of intervals provides a simple illus-

tration of the preceding theory. It is instructive to examine the structure of these sets directly.

PROPOSITION 3.1. Let h be a homeomorphism of [0,1) and write F for its set of fized points.

(i) h has a wandering set of class §,-
(ii) If h has a wandering interval, then h is the identity map.
(iii) In order for h to admit a wandering set which is a finite union of intervals, it is necessary
and sufficient that F' be a finite union of intervals.

(iv) If h is piecewise linear, then it has a wandering set which is a finite union of intervals.

Proor. For (i), note that if h(c) > ¢ {h(c) < ¢}, then the images of I. := [¢, h(c)) {respectively
I. :=[h(c),c)} under the iterates of h form a partition of the component of [0,1) — F' containing c.
Thus we get a wandering set W for h by choosing one point ¢ from each component of [0,1) — F’
and taking the union of F' with the corresponding intervals I.. As we consider singleton sets to be
intervals, this construction establishes sufficiency of (iii) and (iv) follows as a special case.

There is of course a large degree of arbitrariness in the above construction, but F' must be
included in W and the boundary of F' must be part of the boundary of W. This observation

justifies (ii) and necessity of (iii). [ |
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We continue with three examples of isomorphisms in Cy for which there are no measurable
wandering sets. These examples will lead us to reasonable conditions to impose on maps in Cy in
order to ensure existence of Borel wandering sets. The first two are classical examples.

For each real number ¢, define R; be the map on [0,1) which sends = € [0,1) to the fractional
part of x +t. It follows from the definition that the rotation number of the associated circle map is
in fact . Thus Proposition 2.5 tells us that R; has a Borel wandering set if and only if ¢ is rational.
This is also easy to see directly. Indeed, if ¢ is rational with reduced form p/q then the interval
[0,1/q) provides the desired wandering set. Suppose conversly that ¢ is irrational, and R; had a
Lebesgue measurable wandering set W. Then the sets {Rik)(W)}kez would be pairwise disjoint
and ) .z u(Rik)(W)) =1, where p is Lebesgue measure on [0, 1). But, since y is invariant under
translations, u(Rik)(W)) = u(W) for all k which contradicts the above equality.

The second example is the so called the odometer map (cf. [18]) defined by h(z) = z—1+ 27%7,
ifr e [%, %), n € INU{0}. As in the preceding example, there are no finite orbits and
Lebesgue measure is invariant (and ergodic) under h.

These examples suggest that one needs to impose some conditions on the isomorphism in order
to admit even a measurable wandering set. We will focus our study then on isomorphisms h which
are piecewise linear maps with finitely many pieces and for which the slopes and breakpoints are
rational numbers. The next somewhat surprising result shows that even these conditions are not
sufficient to guarantee existence of measurable wandering sets. The following proof is due to M.
Boshernitzan [1]; an alternate treatment (closer to the present authors’ original argument) can be
found in [3].

PROPOSITION 3.2. Let h be a piecewise linear bijection of [0,1) having two pieces with distinct
positive slopes p,% respectively, and one point of discontinuity. Then h is conjugate to the rotation
Ry where t = hir(lp’;). Moreover, the measure dv(z) = m
particular, h admits a wandering set if and only if the logarithms of p and q are rationally dependent.

du(x) is invariant under h. In

ProoOF. By conjugating with (the p-measure preserving isomorphism) 6(x) = 1—x we can assume
that the first piece of h has slope p > 1 and so we can explicitly write h as:

;,HLll’ v {oq_11>
3) h(z) = " e

In(1+ (pg —1)x)

In(pq)
R; are indeed conjugate. It follows that the measure v := 1~ % u = 1’y is invariant for h. The

Now set ¢(x) = . A direct computation shows that ©¥h = R, whence h and
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final assertion of the proposition is a consequence of the fact that conjugate maps have the same
rotation number. [}
In particular, the simple piecewise linear map h : [0,1) — [0, 1) defined by

3s+2/5, sel0,1/5),
h(s) = { s/2 — {/10, s[e [145,1)-

does not have a measurable wandering set, even though all parameters involved are rational.

It would be interesting to know the full generalization of Proposition 3.2 to the multi-slope case.
In the meantime, we restrict attention to piecewise continuous isomorphisms of [0, 1) for which all
discontinuities and changes of slope occur at rational points and all slopes involved are integral
powers of some fixed positive base which will be taken to be 2 for definiteness. We will denote
this class of maps by Co. The conjugacy trick of the last proof will not work at this level. Indeed,
while any map conjugate to a rational rotation must have finite order, most of the maps covered

by Theorem 1.2 have non-periodic points.

4. SINGLE DISCONTINUITY CASE

Working in C; N Ce puts Denjoy’s Theorem at our disposal. The following key lemma, however,
is valid for all h € Ca. To set the notation, we assume that h € Cs is defined by L(L € IN) linear
equations h(z) = 2%z + 3%, if z € I := [aj,aj11), j € {1,2,...,L}, M € N, 8;,7; € Z and a; are
fractions with denominator M such that the family of intervals {I;};—1 1 is a partition of [0, 1).

We denote by A the set of the break points a;, as,..., ar. Recall that A, := U R (A) is the

neZ
union of the orbits of the members of A.

LEMMA 4.1. Let h € Co and xg € I be a rational number which is not a periodic point for h.
Then there is a closest point ¢ € Ax U {1} to the right of xy. Moreover, each iterate of h is linear

on the interval [xg,c).

ProoF. For k € Z, we set x, = h*)(x), and write (k) for the unique number in {1,2,..., L}
satisfying zy, € L. Since zpy1 = h(wg) = 2°¢0) 24y, /M for k € INU{0}, it follows inductively
that x, is a rational number which can be written uniquely as 27%\7 where Ly, € 7Z, n, € NU{0},
gcd(Lg,2) = 1 and M’ is the least common multiple of M and the denominator of zy. We claim
that {ny}renw must converge to infinity. Indeed, let us suppose there is a subsequence {ny, }ew
which is bounded by some fixed number C(C € IN). Since there are only finitely many numbers in
[0,1) which can be written as W, je{1,2,..,C}, L € Z, there must be some [,I' € IN (I #1)

such that zj, = ), and hence we contradict the fact that {z;} is not periodic.
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Since n; — 00, there exists a kg € IN such that n, > g for all kK > ky. For k > kg, since
Thal = 28eok) 1. + Ve (k) /M we obtain that

_ Lgy 2% Lp ey Lkt 'ygo(k)M”2"k‘5w<k>
Tk+1 = meri M 9ne MY M 9k —Bok) N )

where M’ = M M?". This implies that 1,1 = ng — By for & > ko and therefore

k-1
(4) ne=nm, — Y Beiyy k> ko.
Jj=ko

Let us observe that for n € IN the iterates h*) (k =1,...,n) are all continuous off the finite set

A, = |J hU9(A). Thus if we write ¢ (k € IN) for the member of Ay U {1} closest to the right
0<j<n—1

of xg, then

(5) W) (z) = 255=0060) (1 — mg) + x4, @ € [20,cx), k € IN.

We want to show that the set K of non—negative integers k satisfying cipy1 < ¢ is finite. Suppose

k € K. Then ¢, = h{=%)(a) for some the member a of A. Clearly, a = Ap(k)+1- Substituting

x = ck41 in (5) and solving for cgi1, we obtain cxy1 = (a — xk)/225:05¢(j> + x9. Denoting
ko—1 k

80 = Mg, + Z By(j) and using (4), we get that Zﬂw(j) = $0 — ng+1, (k > ko) and so, if k € K
=0 =0

and k > kg we obtain that

Ck+1 = a2nk+1_80 — Lk2nk+1_nk_so/M/ + SCO —

(6)

(k) 412170 — L2770 /M .
Because the a; are rational numbers and n, — oo there are only finitely many numbers in [0, 1)

which can be represented as in the last line of (6). We conclude that the set K is indeed finite, and

hence there is a member of U h) (A)U{1} closest to the right of zp. Applying the same argument
J<0
to b=, we find a member of A, U {1} closest to the right of . [

THEOREM 4.2. Every h € C1NCy has a rational rotation number and hence there exists a Borel

wandering set for h.

Proor. If zyp = 0 is a periodic point, the result follows from Proposition 2.5. Otherwise,
Lemma 4.1 tells us that A U {1} has a smallest positive member. In particular, the orbit of
0 cannot be dense and thus h cannot be conjugate to an irrational rotation. In view of Denjoy’s
Theorem 2.6, we conclude that the rotation number of A is rational and an appeal to Proposition 2.5

completes the proof. [ |
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5. MULTI-DISCONTINUITY CASE

We prove Theorem 1.2 in this section. The rationale for limiting attention to orbits of break

points is valid in a more general setting.

PROPOSITION 5.1. Every homeomorphism of an open subset of IR admits a Borel wandering

set.

PRrROOF. Suppose U is an open subset of IR and h : U — U is a homeomorphism. Note first that
the components of U are intervals and these are permuted by h. Suppose x € U and write C' for
its component. If all members of [z] belong to different components of U, then [z] has no cluster
points. Otherwise, there is the smallest positive integer n for which k(™ (z) belongs to C. Since
h(™) maps C onto itself, the sequence {h*") ()} ez must be monotone, and hence [z] has at most
2n cluster points and none of these can lie in [z]. Thus no orbit under h has recurrent points and
the existence of a Borel wandering set follows from the Glimm-Effros Theorem. |

We do not know if the cluster point condition of the following Corollary is necessary as well as
sufficient for the existence of a Borel wandering set. Theorem 2.4 implies that orbit cluster point

sets must in fact be finite when h has at most one discontinuity (not counting 0).

COROLLARY 5.2. Suppose h is a piecewise continuous bijection of [0,1). If the orbit of each
discontinuity (including 0) of h has only countably many cluster points, then h admits a Borel

wandering set.

Proor. Write D for the set of discontinuities (including 0) of h, and C for the set of cluster
points of its saturation D,,. The hypothesis assures us that A := CUD is countable. By continuity,
C—D is an invariant set for A, so that A, = CUD, is a closed countable set. Eliminate redundant
members of A to get a countable wandering set Fy for h|4. and apply Proposition 5.1 to get a
Borel wandering set Wy for hljg1)_4. . Then Fo U Wy provides a wandering set for h. |

To apply this idea to Theorem 1.2, we use Lemma 4.1 to show that orbits of the breakpoints
involved have countable closures; in fact, the cluster point set turns out to be finite. In showing
that the wandering set we get is actually a finite union of intervals, we make a fresh start, working
with right—continuous functions and half-open intervals.

So suppose h is a right—continuous bijection of [0, 1) which is piecewise increasing and piecewise
linear. We write h for the left—continuous version of &, i.e., h: (0,1] — (0,1] by h(x) = h(z — 0).
In the following discussion, A will denote a finite subset of @ containing the break points of h, and
we take B := Ay, U {1}.
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DEFINITION 5.3. Suppose a < b are members of B for which the open interval (a, b) is disjoint

from B. Then we call b the B-successor of a and refer to the half-open interval [a, b) as a B—interval.

LEMMA 5.4. If two B—intervals have a single point in common, then they coincide. If J is a

B—interval, then so are all of its images under iterates of h, and all iterates of h are linear on J.

Proor. The first assertion is clear since the only way for two intervals [a,b) and [c, d) to intersect
non—trivially is for one to contain an endpoint of the other in its interior, and this is excluded by
the definition of B—-interval.

For the second assertion, suppose J := [a,b) is a B-interval. By right continuity, h(J) is the
interval [h(a), h(b)). Since B — {1} is an invariant set, the interior of this interval must be disjoint
from B. Of course, if h is continuous at b, then h(b) = h(b) € B. Even in the contrary case however,

h(b) € h(A) U {1} C B. The final claim follows since composites of linear maps are linear. [ |

LEMMA 5.5. Suppose J = [a,b) is a B-interval. Then J is a wandering set for the restriction
of h to Js. If a is not periodic, then all orbits of points in Js share a common set of accumulation

points. If a has period n, then h(”)|Joo 1s the identity map.

Proor. Let J := [a,b) be a B-interval. If a is not periodic, then Lemma 5.4 tells us that
the intervals h(¥)(J), k € Z, are mutually disjoint, whence J provides a wandering set for J,.
Disjointness of h(¥)(.J), k € Z also tells us that their lengths go zero as |k| — oo, so for any z € J,
the cluster points of [x] are the same as the cluster points of [a].

Suppose, on the other hand, that a has period n. Then Lemma 5.4 tells us that the sets
Jh(J), ... h»=D(J) are mutually disjoint, but that A maps J linearly onto itself. This means
that A" is the identity on J and hence on J. In particular J is a wandering set for h(")| J and
hence for hl;__. [

We now set up the machinery to apply Lemma 4.1.

DEFINITION 5.6. A cluster point z of B is regular if there is an a € A and integers ¢, r for which
the sequence {h(jq+’")(a)};?';1 strictly increases to z. A sequence {b,} is said to be a B-sequence if

bn+1 is the B—successor of b, for each n € IN.
LEMMA 5.7. The set of reqular cluster points for h is finite and invariant under h.

PROOF. Suppose z = lim;_,o, h7%77)(a). Since h is left continuous and agrees with h off A, we
see that h(z) = lim;_ o, K07t (a) so invariance under h is established. Repeating this |g| times,
we see that h(?(z) = z, whence the orbit @ of z under A is finite. Further iteration shows that the

sequence {h(jq)(a)}‘;';l converges to a member of @. Suppose 2’ := lim;j_o KU+ (a’) is another
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cluster point for h. If @ = a/ and ¢,¢’ > 0, then the sequence {hU99)(q) 32, converges to a point

of O N O, so these orbits coincide. Applying the same argument to h~' shows that © = (0’ when
q,q" < 0. This shows that each regular cluster point for A falls in one of at most 2| A| finite orbits
under h. |

LEMMA 5.8. Each B-sequence converges to a reqular cluster point for h.

PRrOOF. Let us note that the finiteness of A provides a natural number ¢ such that h(¥)(a) ¢ A
for all non-periodic a € A and all integers |k| > ¢. Another observation we need to point out here,

which we have used in the proof of Lemma 4.1, is that 2" (n € IN) is continuous at all points
n—1

except possibly the points in U h(=9)(A) and similarly (=™ (n € IN) is continuous at all points
j=0
n .

except possibly the points in U h\) (A). Combining these observations, we conclude that A== is

j=1
continuous at k(™ (a)(n € IN, n > £ and a € A is non-periodic) and similarly h

at h(=")(a)(n € IN, n. > £ and a € A is non-periodic).

(n—t+1) is continuous

Suppose a,b are non-periodic members of A, and [k (a),h9) (D)) is a B-interval (i,j € 7,
|7] > ¢). Depending on the sign of j, either h(=+0 or h(=7=0 is continuous at the right hand
endpoint of this interval. Thus either h(*=7+9 (a) or h*=7=9(a) is a predecessor of a member of the
finite set h(9)(A) UA(—9(A). This means there are only finitely many possibilities for |i — j| (under
the above assumptions) and we can choose an upper bound M for its values.

Express the k’th term of our B-sequence as by := h("k)(ak), with oy a member of A. We make
several normalizations by postponing the start of the sequence. First, we may assume that none of
its terms is periodic. Since |nj| — oo, we can also arrange that |ng| > max{M, ¢} for all k. The
preceding paragraph then implies that the powers ng all have the same sign. For definiteness, we
suppose they are all positive; the proof in the opposite case is similar. Finally, we assume that
infinitely many terms in the sequence belong to the orbit of a;.

Choose a positive integer s so that as11 = a1 and ngi1 > ny. Write ¢ = ngy1 — nq. Since
the powers ny are strictly positive and greater than £, h(9 is continuous at all points in our
sequence. Thus h® maps the B-interval [by,bs) onto the B-interval [bsy1, h(@(by)). Tt follows
that byyo = h(@(by), whence an inductive argument yields by, = h(@(b;) for every k € IN. In

particular, for each j € IN, we have bj,11 = h79+7) (g1) and Lemma 5.8 is established. [ |

LEMMA 5.9. FEvery left—cluster point of B is reqular.
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Proor. By Lemma 4.1, we know that each non—periodic member of B\{1} has a B-successor.

Suppose z were a non-regular left—accumulation point of B. Set
F:={z€]0,z): xis a periodic member of B or a regular cluster point}.

Since F' is finite, we can choose b; € B so that b is larger than all members of F', but the interval
(b1, 2) contains infinitely many members of B. Define {b,} inductively by requiring b,+1 to be the
B-successor of b, for each n. The preceding lemma tells us that lim b, is a regular cluster point in
(b1, z] which contradicts the choice of b;. [ |

We’re now ready to prove Theorem 1.2.

THEOREM 5.10. Suppose h is a bijection of [0,1) whose graph consists of finitely many line
segments, with all discontinuities and changes of slope occurring at rationals. If all slopes involved
are powers of 2, then h has a wandering set which is a finite union of intervals W; (some of which

may be singleton sets).

Proor. To begin with, assume h is right—continuous and write A for the set of points (including
0) at which h is either discontinuous or changes slope. Lemma 5.9 tell us that every left—cluster
point of A, is regular. Thus from Lemma 5.7, we see that A, has at most finitely many left—
cluster points. Applying the same argument to 71, we conclude that A has at most finitely many
right—cluster points as well, so that the entire cluster point set C' of A, is finite. Take A" := AUC.
By continuity, C — A is invariant under h; moreover, every member of C' — A, is a non-interior
periodic point for h, and hence must be rational. Thus A’ := A, UC is a closed countable set
which is invariant under h. Write B := AL U {1}.

To construct our wandering set, enumerate the finite set A’ as a; < -+ < a,. If a; has an
immediate successor b; in B, take J; := [a;,b;); otherwise take J; to be the singleton set {a;}.
Lemma 5.5 tells us that J; provides a wandering set for the restriction of A to the saturation .S; of
J;i. Also, Lemma 5.4 implies that if S; and S; share a single point, they will coincide. Since every
point of [0,1) which does not belong to C' will lie in a unique B-interval, the {S;} in fact form a
partition (with repetition) of [0,1). Set W; := J; unless S; = S; for some j < 4 in which case we
take W; := (). Then W := [J¥_, W; provides a wandering set for h.

If h were not right—continuous to start with, we could obtain a right—continuous function A’ by
permuting the values of h on A. This will only affect orbits of points in A’ and the union of those
orbits will remain the same. Thus to get from a wandering set W’ of h’' to a wandering set W for
h, it is only necessary to adjust our choice of representatives of finitely many affected orbits. This

will not jeopardize the status of W’ as a finite union of intervals. |
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A second glance at the application of Lemma 5.5 in the preceding proof yields the dynamical

information mentioned in the Introduction.

COROLLARY 5.11. For h as is Theorem 5.10, it can be arranged that within a given interval

Wi, either all points have the same period, or their orbits share a common cluster point set.

6. APPLICATION TO WAVELETS

In [4], the notion of a wavelet set was introduced, and the question was raised whether the set of
all one-dimensional orthonormal wavelets is connected (in the norm topology of L?(IR)). One simple
way to construct a wavelet is to consider the characteristic function of a (reqularized) wavelet set
(i.e. cf. [14], a (Lebesgue) measurable set F' satisfying IR = Upcz (F + 2km), R\ {0} = Upez2FF
and in both these unions all the sets are mutually disjoint). Given two wavelet sets F' and G
one can construct two measurable bijection maps t,d : F' — G such that ¢(z) — x € 277, and
logy(d(x)/x) € Z for all x € F. Let us denote by E the wavelet set E := [—2m, —7) U [, 27).
Given a wavelet set F we denote by hr the measurable bijection on E defined by ¢t~! o d where
t and d are associated to E and F as above. Let us denote by { : E — [0,1) the map given by
() =x/2n)+ 1, if x € [-2m,—7) and &(x) = x/(27), if € [r,27). Conjugation of hr by the
map &, hp = £ohp o &L, will be called a wavelet induced map. In [14], it was proved that E and
F' can be connected by a continuous path of wavelets sets if the function Ep admits a measurable
wandering set (in the sense of Definition 2.1). Combining Theorem 5.10 with Theorem 2 of [14],

we obtain the following proposition.

PROPOSITION 6.1. Suppose F' is a wavelet set which is a finite union of intervals whose end-
points are rational multiples of m. Then F' can be connected with E by a continuous path of wavelet

sets which are countable unions of intervals contained in the union of E and F'.

Proor. The only thing we need to check is that Ep has the form described in Theorem 5.10.
Since F' is a finite union of intervals whose endpoints are rational multiples of 7 there are finitely
many pieces (intervals) in the definition of d : E — F and the endpoints for these intervals are
rational multiples of 7. Since F is a wavelet, we may assume that (—e,e) N F = () for some
€ > 0. This implies that there are finitely many intervals in the definition of ¢t : £ — F' too and the
endpoints of these intervals are also rational multiples of 7. Then hr =t 'od : E — FE is piecewise
linear and clearly it has the form hp(z) = 2¥z + r7 (for some k € Z and r € Q) on finitely many
intervals. This gives the desired form for the map hp : [0,1) — [0,1). [

In [9], four-interval wavelet sets were classified and it is clear that all discrete families of wavelet

sets in [9] are as in the hypothesis of Proposition 6.1. So, one can apply Proposition 6.1 to all these
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discrete families of four interval wavelet sets and conclude that they can be connected with E by
special paths of wavelet sets. One can check that for some other one-parameter families of wavelets
in [4], [9], or [17], the corresponding wavelet induced maps admit wandering sets too. In fact, these
wavelet set families indexed over some interval (or some of them even over a Cartesian product of
two intervals as described in [9]) depend continuously upon these parameters. Since one can always
choose some rational multiples of 7 for these parameters, it follows that we can apply our result to
at least one element in these families. Therefore, all wavelet sets which are finite unions of intervals
described in [4], [9], or [17] can be connected with E virtue of Proposition 6.1.

Finally, we consider a concrete example of a four interval wavelet set from [9] to illustrate our

techniques. Tet F— | 020 448 N 156 8 Nl 2, 10 N\U12. 2 o
echniques. Le = 51 , 1577 1577, 37T 377, 217‘(’ 1577,1577. ne can

easily check that F' is a wavelet set using Lemma 1.1 in [14] by computing the maps d and ¢ for

this case. Then the corresponding wavelet induced map is given by
s+3 1
4 , S € [O, ﬁ) 5
1 1
1 -
6s, SE[21’16>’

1 1
16s—1, s¢€ [E,E>,

~ 1 1
hp(s) =X 2s, s¢€ [1—5, §> ,

. = . 1 1 111 8
To apply Theorem 5.10 to the function f := hp, start with the set A := {O, TR REIEL 1—5}
of break points. Using Maple software, one finds the set of cluster points of the forward orbit of 0 to

2 1 11
be O := {5’ 26 5}’ these are approached from the right. The backward orbit of 0 converges to

11—5 from the left. A brief examination of the other points of A shows these are the only cluster points
of As. As predicted by Lemmas 5.7 and 5.9, f(1/15) = 1/15; dually, O is invariant under f. In
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this example, A, contains all of its cluster points, so we can just take A’ := A. Set B := A, U{1}

as usual.

L
16

and & for 1. Remaining members of A are redundant since they belong to orbits of

Next, we find the B—successors of the members of A. These are 2—11 for 0
1
3
points already considered. Since % has no successor, we include it in our wandering set, arriving at
W-—Ol U11 U1U18

716 15712 3 2°15)°

The linearity of iterates of f on B—intervals gives us global dynamical information. For example,

1 1 1
fOI‘ 517 12 fOI‘ 157

none for

since 1—15 has period 4, we conclude that £ must be the identity on the saturation of the B-interval

1 1 1 1 2 1 4 1 8 2
— — ). ie. == = = — = — 2 for simil ®3)
[15,12>,1e,0ntheset Ey [15,12> U [15’6) U [15,3> U [15,3>, or similar reasons f

1 2 1 4 1 8
is the identity on FE3 := [g, E) U [Z’ 1—5> U [5, 1—5> On the other hand, since the intervals
f(")([O, 1—6)),n € 7L, are disjoint, their lengths must go to zero as [n| — oo. It follows that every
point outside E3 U F4 U O will behave like 0: forward orbits must asymptotically approach O from

1
the right, while backward orbits will converge to = from the left.

7. A SPECIAL 3-SLOPE EXAMPLE

Let ¢ be a homeomorphism of [0,1). As mentioned in Section 2, translations modulo one of ¢ can
be regarded as homeomorphisms of the unit circle. In [16], Khanin and Vul show that if ¢ has a
single “weak discontinuity” (i.e. change of slope) on the unit circle, then almost all translates of ¢
have rational rotation numbers.

In this section, we study the translates g; :== Ry o @, t € [0, 1), of the function ¢ defined by

[ 2z, x€]0,1/3),
o(z) —{ (z+1)/2, zel1/3,1)

where Ry(z) = x4+t (mod 1), x € [0,1). Our function ¢ has two weak discontinuities and so it
is not covered by the work in [16], but as predicted by Theorem 1.2, all its rational translates, g;
(t €@Q), have rational rotation numbers. The next theorem also provides a numerical algorithm to
compute these rotation numbers.

It turns out that the family of isomorphisms {g;} is strongly related to the family {h;} defined

by
x+t, xel0,(1-1)),
hi(z) =< 2(x—1+¢t), xzel[l—t,1-2t/3), te][0,1).
x/2+t—1/2, ze[l—2t/3,1)

Let us observe that g , hy € Cy for every t € Q. For every ¢ € (0, 1) we denote by 74(t) [resp. 74(t)]
the rotation numbers for h; [resp. ¢] as defined in (1) and as a convention here and for unity let

us set 75,(0) = 0 [resp. 74(0) = 0]. We obtain the following theorem.
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THEOREM 7.1. The rotation number maps t — rp(t), t — r4(t) satisfy the functional equa-

tions:

(7) T <%> =1/(n—ry(t)), te0,1), neIN\{l}

(8) Tg <W> =1/2n—ry(t)), tel0,1), nelN,
9) g <m> =1/2n+1-mry(t)), tel0,1), nelN.

Proor. Fix n € IN\{1}. If ¢ = 0 then the forward orbit of 0 under h1 is just {0, %, %, ey "T_l}
By (1) we get r,(2) = 1 which shows, by the convention we made, thr;c (7) is true for this case.
Tracing the orbit of 0 under g S [respectively ¢ S | will show the validity of (8) and (9) for
the case t = 0.

In order to establish (7) for ¢ € (0, 1), we compute the first return map ([20]) of hs to the interval
[0,s) for s = ﬁ, and show that this is precisely, up to scaling, the map ¢ = ¢ o R;. An arbitrary
point in [0, s) can be written as an zs with z € [0,1). Hence we need to trace the forward orbit of
zs under the action of h,. Let us write xz; = hgk) (xs), k € NU{0} and denote I; :=[0,1 — s) and
I :=[1-s,1).

Case I. We assume first that x+t¢ < 1. Then a simple computation shows that xg, x1,..., xn—2 € I1
and x,—1 € Iy. Moreover, z1,...,2,—1 € [0,5). Now, the inequality z,—1 < 1 — 2s/3 is equivalent
to x4+t < 1/3 and if the former inequality is true then x,, = p(z+1t)/(n—t) = g(z)s € [0, s) C I5.
In case z 4+t > 1/3 another computation shows that still =, = g:(x)s € [0, s).

Case II. Let us consider that = +¢ > 1. In this case, the first element in I5 is z,,_o and a similar
calculation gives x,—1 = ¢(z +t —1)/(n —t) = g:(x)s which is the first term of {z;} to return to
[0,s).

This analysis implies that the first return map of hs to the interval [0, s) is g up to scaling. To
compute the rotation number for hs let us use (1). We clearly have the first n — 1 — X134 1)(2)
terms of {x3} in I; and then the next one in I5; then the following next n—1— x4 1)(g:(z)) terms
in I; and the next one in I and so on. Hence, since ¢: = R; Lo g: o Ry, we have

rp(s) = lim P = 1 — 1

P pn = S Xy (@ (x)  norgt) = rg(t)’

which establishes (7).
To prove (8) for t € (0,1) we proceed in a similar way by computing the first return map of g

to the interval [0, s), where s = So, let us fix an = € [0,1) and as before we denote by

1
(B—02"—3"
{zr} the orbit of zs under gs.
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Case I. We assume that x < 1 —¢t. Then, one can compute xy, z1,..., T,_1 and see that these
are all in the interval [0,1/3) and that =, = [2"(z + 1) —1]/[(3 — £)2" — 3] > 1/3. Also, =, =
[(3—t)2" + (x+t—2)2"7 —1]/[(3—-t)2" — 3], j =0, ..., n— 1, which implies that 3, 1 is the
first term of {x;} with the property ¢(z2,-1) + s > 1 and so x9, = (x + t)s = he(x)s is the first
term to return to [0, s).
Case II. Let us consider x € [1 —¢,1 — 2t/3). Again, it is easy to check that zg, z1,...,2p—1 €
[0,1/3), Zp, ..., x2n—2 € [1/3,1), and z2,,—2 is the first term of {z} with the property @(z2,—2)+s >
1 and so x9,—1 = 2(z +t — 1)s = hy(z)s is the first term to return to [0, s).
Case IIL If = € [1 — 2t/3,1), then the first term of {zx} in the interval [1/3,1) is x,_1 =
[2" Yz +1) — 1]/[(3 — t)2™ — 3]. Hence, a similar computation shows that x,_14; = [(3 —¢)2" +
(42t —5)2""179 —1]/[(3—t)2" — 3], j =0, ...,n — 1 which implies that x2,_o is the first term in
{zr} with the propety ¢(z2,—2)+ s > 1 and so x9,—1 = [(z+ 2t — 1)/2]/[(3 —t)2" — 3] = hy(z)s is
the return in this case.

This analysis says that the first return map of gs to the interval [0, s) is, up to scaling, exactly

ht. To compute the rotation number of g5 we again use (1) and a similar argument as above to get

. p
re(s) = lim — , =1/2n —rp(t)).
P 2pn = 3970 (b ()
The equality (9) can be proved in a similar way. [ |

COROLLARY 7.2. Ift e QN [0,1), then ry(t), ry(t) € Q and one can use (7)—(9) to compute
numerically these rotation numbers for any given rational number t. In particular, there exist Borel

wandering sets for hy and g whenever t € Q).

PrOOF. Let us consider the sets Q, = {t; 74(t) € Q} and Qy, := {t; rp(t) € Q}. Using
(7)—(9) we obtain that if ¢t € Q, then == € @) and hence (t,m,n) := [(3 — =5)2™ = 3]7! € Q,
and 7/ (t,m,n) := [(4 — =15)2™ — 3|7 € Q¢(n,m € N, n > 2).

Conversely, if for some n, m € IN(n > 2) and t € [0, 1) we have y(t,m,n) = s € Qg or /' (t,m,n) =
5 € Qg, then t € Q. Indeed, if s is of the form ﬁ [resp. ﬁ](m € IN) or s =0, then
by (8) and (9) we see that s € Q,. If s # 0 and s is not of the above form, there exist uniquely
determined integers m,n € IN, n > 2, and ¢ € [0,1) such that (¢, m,n) = s or v/(¢t,m,n) = s with

the condition ﬁ € [0,1). This fact is basically consequence of the fact that

on=U <[4-2nl@3’3-2:@3>U[3-2“113’2-2”113>>: U [%’”11)

melN nelN,n>2

We denote the unique ¢ € [0, 1) satisfying the above conditions by v~1(s) for all s as described

above. It is clear that if s is rational then y~1(s) is rational. We notice that for s > 3/4, one can
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check that hs has a fixed point and therefore r,(s) = 1 for every s > 3/4. Using (8), we obtain
that

(10) re(s) =1, s>2/3.

To finish the proof, it suffices to show that if t = p/q (reduced form) then v~1(¢) = p’/q’ (reduced
form) with ¢’ < ¢ unless p’/q’ > 2/3. Indeed, for t = p/q < 2/3 we construct the sequence of the
first rational numbers ¢,y 1(¢), 71 (y"1(¢)), ..., which are less then 2/3. This sequence of fractions
(written in reduced form) would be finite since the denominators of these fractions would form a
decreasing sequence of nonnegative integers. This implies that if one starts with a rational number
t, one can compute the rotation number r,4(t), using the above sequence, identities (7)—(9) and
(10).

For instance, if ¢ = 10/231, then v~1(t) = 38/59, v~ 2(t) = 34/55, v 3(t) = 26/47, v ~4(t) =
10/31, and y~°(t) = 18/19 > 2/3. Then going backwards one gets r,(18/19) = 1 and then from
(7), rn(19/20) = 1. Alternately, from (8), r4(10/31) = 1/2, and so on. Finally, we one gets
ry(10/231) = 9/55.

In order to prove our claim we show equivalently that if £ € [0,2/3) (reduced form), then for
every n,m € IN(n > 2), we get 'y(g,m,n) = % [resp. 7’(§,m,n) = p—:], where (p',¢') = 1 and
q¢ > q. Let us consider the case of v first. Clearly, we have

(1) p (ng —p)

¢ [Blng—p) —ql2m —3(ng—p)’
Suppose that the prime number [ divides both the numerator and denominator of the right-hand-

side fraction of (11). Then if [ # 2 it follows that [ divides ¢ and p which is not possible. This implies
that the right-hand-side fraction of (11) cannot be simplified except by an integer 2% (k € INU{0}).
Case I. We assume first that £ = 0. Then ¢ = [3(ng — p) — ¢|2™ — 3(ng —p) > [3(ng — p) — q|2 —
3(ng—p)=(Bn—-2)g—3p>gq.

Case II. Next, we may assume that £ > 1 and let us write ng — p = 2*1, I € IN, k < m. Hence
¢ =1[Bn—1)q—3p]2" % -3l > (3n—1)g—3p—3l =3(ng—p—20)/2+ (3n/2 — 1)q — 3p/2 >
(3n/2 — 1)q — 3p/2 > q since the last inequality is equivalent to (3n — 4)/3 > p/q which is true
under our hypothesis that p/q < 2/3.

With similar arguments one can show that still ¢’ > ¢ if v'(2,m,n) = %(reduced form). [

COROLLARY 7.3. For (m,n) € IN x (IN\{1})\{(1,2)}, each of the equations

1
1 o (ng) e gy =0 e et g =

has only one solution in the interval [0, 1) which we denote by t1 and ty respectively. Then ry(t1) =
ta. (For instance, if (m,n) = (2,2), we get r4((5 — /17)/6) =1 — 1/1/2.)
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Proor. It is easy to see that each of the quadratic equations in (12) has a unique solution in

[0,1). The equation satisfied by ¢; can be written as ¢t = y(t1, m,n) and so, using (7) and (8) it
follows that 74(t1) satisfies the equation
1
xr =
1
2m ——

which has the unique solution t; € [0,1). [ |
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