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1. INTRODUCTION

Cohomology is a powerful tool which allows us to study the maps between objects and to
determine how simple objects fit together to form more complicated structures. My current
research interests involve investigating support varieties which are defined using cohomological
operations. Support varieties were first defined for modules over finite groups by Carlson in
the early 1980’s and have been a key to learning more about the representation theory of finite
groups. The theory of the support varieties was later extended to the Frobenius kernel of an
algebraic group scheme G (denoted G1) by Friedlander and Parshall [FP1]. For Gi, support
varieties are intimately connected with the geometry of the restricted nullcone N7 which can
be identified with the spectrum of the cohomology of the restricted Lie algebra of G.

The tilting modules of G are rational G-modules for which both the module itself and its
dual have good filtrations. These modules have many nice properties and are an integral part
of understanding the representation theory of G. For example, knowing the characters of the
indecomposable tilting modules is equivalent to the determination of the characters of the
simple modules for G. The latter problem has a conjectural answer for large p through the
Lusztig Conjecture, which uses the structure of Kazhdan-Lusztig polynomials for the affine
Weyl group. There are also connections between the theory of tilting modules and the theory
of Young modules for symmetric groups [D1, D2] when the underlying root system for G is of
type An.

Humphreys’ Conjecture (see Section 2.1 below) relates the support varieties of tilting mod-
ules to the combinatorics of Kazhdan-Lusztig two-sided cells of the affine Weyl group. Such
connections between the Kazhdan-Lusztig combinatorics of the affine Weyl group and the rep-
resentation theory of G are a rich and active area of research. My current research interests
center on the calculation of support varieties for tilting modules, and its relation to the two-
sided cells. This problem can be extended in many directions and relates to areas such as
the representation theory and cohomology of algebraic groups, their Frobenius kernels, Lie
algebras, and quantum groups, as well as combinatorics and algebraic geometry.

2. SUPPORT VARIETIES OF TILTING MODULES

2.1. Algebraic Groups. Let

H?*(G1,k) if char k # 2
H*(G1,k) if char k = 2.

where H*(G1, k) is the cohomology ring of G1. According to [FS], R is a commutative, finitely

generated k-algebra. For a finite dimensional M € G1-mod, this allows us to define the support

variety Vg, (M) as follows. Yoneda composition defines an action of R on Extg, (M, M). Let
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J = Jg, (M) be the annihilator ideal in R for this action, and let Vi, (M) be the maximum
ideal spectrum of R/.J.

In [Hum2, Section 12|, J.E. Humphreys stated a conjecture for the support variety of an
indecomposable tilting module when the highest weight of the module is regular (which implies
that p > h), for arbitrary reductive G. The basic idea is that the support variety only depends
on the Kazhdan-Lusztig two-sided cell of the affine Weyl group W), to which the weight belongs.
Let O,, denote the nilpotent orbit corresponding to the two-sided cell of w € W), via the Lusztig
bijection, and let C be the set of integral weights in the bottom alcove.

Conjecture 2.1.1. Let A € X(T')+ be a regular dominant weight in w - C' for some w € W,
Then the support variety of the indecomposable tilting module of highest weight X is the closure
of Oy .

The aforementioned conjecture requires that the weight be regular because it is not evident
how to determine to which cell singular weights should belong.

My doctoral thesis work focused on computing support varieties of tilting modules over G
when G is the special or general linear group over an algebraically closed field k of characteristic
p > 0. In the process of my work, I formulated a new conjecture which predicts the support
varieties of indecomposable tilting modules of highest weight A, denoted T'()\), for all primes
p and all dominant weights A, for type A,. This new conjecture agrees with Humphreys’
Conjecture for type A, for regular weights when p > h. It also agrees with Donkin’s Conjecture!
for p =2 [D2].

Let A € X(T)+ be given; let ®* denote the set of positive roots, and A the set of simple
roots. In order to state my conjecture, define

Uy ={acd": (A+p,a’) <pl.
To each I C A, we can assign a partition 7(I) of n 4 1 as follows: We have
(I)] = A1'171 X Aigfl X ..o X Ait,1
for some {41,142, ..., },%; € Z,1; > ij41 > 1 for all j. Define n(1) = (41,42, ..., %, 1,..., 1) F n+1.
Now, we define ¢(\) as the minimal partition in the dominance order such that c¢(\) > m([)
for all I satisfying <I>}' C U,. It can be shown that such a minimal partition is unique.
We formulate a conjecture for the support variety of any indecomposable tilting module
for G = GL,4+1. Note that A may be either regular or singular, in contrast to Humphreys’

Conjecture 2.1.1, and thus this conjecture also covers p < h. This conjecture agrees with
Humphreys’ Conjecture where they overlap (i.e., A regular, p > h, and G = GL;1).

Conjecture 2.1.2. Let A € X(T)y. Then Vg, (T(N) = Ogn)-

2.2. Main Results. The reader is referred to [C], where portions of my Ph.D thesis have been
written up in article form and submitted to Advances in Mathematics, for proofs of the results
in this section.

My conjecture is especially amenable to the calculation of a lower bound for the support
variety of a tilting module.

Theorem 2.2.1. Let I C A and A\ € X(T)4 with CIDI+ C W,. Then for all I such that CP? C Uy,
OTA‘(I) C Ve, (T(A))

INote that the published version is not stated correctly.
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In particular, if there exists an I such that ®; C W, and ¢(\) = m(I), then this theorem
shows that O,(») € Vg, (T())). Thus one inclusion of the conjecture is proven in this common
case. In general, it can be shown that this theorem reduces the problem of finding a lower
bound of the support variety to showing that the variety is irreducible.

Given any partition m of n 4+ 1, there exists at least one set of simple roots I C A such that
7(I) = m; and given any such set of simple roots I with w(I) < (p?,r) where n +1 = pd +r,
there exists a weight A in X (7')4 such that ¥\ = ®7. In fact, if I # A, then there are infinitely
many such A. I can prove my conjecture for tilting modules whose highest weights fall in this
infinite class, which intersects every cell.

Theorem 2.2.2. If A € X(T)y and ¥y = ®], then Vg, (T(N)) = Ocy)-

A partition is called a hook partition if it has at most one part bigger than 1. If A is a weight
for which ¢(\) is a hook partition, the variety of T'(\) can be calculated using the formulation
above. The following theorem provides an upper and lower bound for the support variety of
any indecomposable tilting module. When ¢()) is a hook partition, the lower bound and upper
bound agree and we have equality.

Theorem 2.2.3. Let A € X(T) be such that ¢(\) = (c1,c2,...,¢) with ¢, > 0. Let 0 =
(n+1—(t—1),1¢D) ; let 7 = (¢1,1F1=¢)). Then o is the least hook partition dominating
¢(N\) and T is the greatest hook partition dominated by c(\).

(a) For any X € X(T), we have O, C Vg, (T(\)) C O,.

(b) If c(A) is a hook partition, then Vg, (T'(N\)) = Ogy-

We also prove that it suffices to look at weights in the restricted region X (7"); = {A € X(T) :
(A +p,a") < pfor all @ € A} in order to calculate the support varieties of all indecomposable
tilting modules. This reduces the problem to a finite number of weights for any given n.

Theorem 2.2.4. If Vi, (T'(1n)) = Oy for all p in the restricted region, then Vg, (T(N)) =
Oc(n) for all X € X(T)4.

2.3. p=2. Now we turn to small p. Note that if p < h then the interior of the alcoves contain
no integral weights. As a result of this, certain cells no longer contain integral weights. For
example, the bottom alcove is always a cell by itself and contains no integral weights whenever
p < h. For smaller p, there will be fewer and fewer cells containing integral weights. In fact, the
cells containing integral weights will be exactly the cells corresponding to partitions dominated
by (p?,7) where n + 1 = pd + r. Note that these partitions correspond exactly to the orbit
closures which can appear as the support varieties of G1-modules [CLNP].

This behavior limits the possible support varieties of tilting modules for small p, which
actually simplifies the problem. In fact, I can prove my conjecture when p = 2, which proves
Donkin’s Conjecture.

Theorem 2.3.1. When p = 2, we have Vg, (T'(\)) = Oy for all X € X(T) 4.

2.4. Future Directions. The methods in my Ph.D thesis will also be applicable to other
small primes, and partitions with all parts less than 3. I have several preliminary results for
these cases, and I will be looking to extend the theory in these directions.

In order to continue progressing on the problem of calculating support varieties of tilting
modules for type A,, I will need to use techniques involving translation functors (cf. [Jan2,
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IT 7]). Translation functors behave very nicely with respect to support varieties and tilting
modules, so they are an ideal tool for studying this problem. I have general results about the
effect of translation on tilting modules. In particular, I have a sufficient condition for weights
in the closure of an alcove such that the support varieties of tilting modules of these highest
weights are equal. Note that these functors are related to the theory of tensor ideals in the
work of Ostrik and Bezrukavnikov [Ost2], [B2]. We can also use translation functors to obtain
information about the character of a tilting module in certain specific cases.

A conjecture analogous to Conjecture 2.1.2 can be made for arbitrary root systems. I
will investigate whether such a conjecture would be equivalent to Humphreys’ Conjecture
for regular weights, and also will look at computing support varieties of tilting modules for
more arbitrary reductive groups. Preliminary investigation has shown that several of the new
techniques I use for type A, are also applicable in the general setting. It would be quite
interesting, for example, if the p = 2 result can be extended to arbitrary root systems.

The support variety gives us information about the cohomology of the tilting modules. With
the results above, it may be possible to calculate the cohomology of specific tilting modules
(cf. [Ost3] for one such example for quantum groups).

It is evident that there are connections between the structure of support varieties of tilting
modules, and the characters of the simple modules for p > h. I plan to investigate extending
this connection further, with an eye toward a Lusztig-style conjecture for algebraic groups
when p is small.

3. QuANTUM GROUPS

3.1. Let g be a complex simple Lie algebra, and let Us be the quantum enveloping algebra
associated to g for ¢ a complex primitive /th root of unity. The representation theory of Uy,
when [ = p, is an approximation of the representation theory of the corresponding algebraic
group G over characteristic p. We have u¢, an analogue of the restricted enveloping algebra.
The cohomology ring H®*(us,C) is a finitely generated algebra, which is shown for { > 3 in
[BNPP]. This allows us to define the support variety of a u¢ module by analogy with the
algebraic group case. Likewise, one can define tilting modules for U; which are analogous
to the tilting modules for G. Thus, one can examine Humphreys’ Conjecture, or my new
conjecture, in this setting.

One of the advantages of the quantum viewpoint is our ability to use tools from complex
geometry. For example, in [ABG]| there is a proof of the Lusztig Conjecture for the characters
of the simple modules for [ > h in this category. In fact, even for small [ the characters of
the simple modules have been calculated (cf. [Tan, Thm. 6.4, Thm. 7.1], [VV, p. 268]).
Humphreys’ Conjecture has been shown to be true for quantum groups by Ostrik [Ostl] (for
type A,) and Bezrukavikov [B1] (in general), by using the validity of the Lusztig Conjecture
for quantum groups for [ > h.

3.2. Future Directions. I will investigate the plausibility of my conjecture in this setting,
including looking at extending the results of my thesis to quantum groups. This will constitute
an extension of the previous results in this setting in two separate directions — we will be
investigating [ < h for the first time, and applying more elementary and algebraic techniques
to all the cases. Also, in the quantum group setting it is possible that we can do much
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more than in the algebraic group setting, using the calculation of the characters of irreducible
modules for quantum groups for [ < h [Tan, Thm. 6.4, Thm. 7.1], [VV, p. 268|.

4. COMBINATORICS OF CELLS AND KAZHDAN-LUSZTIG POLYNOMIALS FOR AFFINE WEYL
GROUPS

4.1. I have developed a new combinatorial algorithm for calculating the intersection of two-
sided cells of the affine Weyl group of type A, with the dominant chamber. It is a new
generalization of the Robinson-Schensted corresponence to the affine Weyl group, which in-
volves a variation of Young tableaux. Other attempts at this generalization can be found in
[Shi] and [P]. My new method is an applicable algorithm which associates a finite tableau to
each element w € W),; the shape of the tableau is the partition corresponding via the Lusztig
bijection to the cell containing w. Compare [P] which associates an infinite tableau to each
element w, and [Shi], whose generalization is not easily applicable to any elements in W, not
in the finite Weyl group.

4.2. Future Directions. It would be of interest to extend this algorithm to the entire affine
Weyl group of type A,, and investigate other properties of the algorithm. In particular, is it
possible to create a bijection between the affine Weyl group and some combinatorial structure
which yields information about the cells? I plan to look for the existence of similar algorithms
for arbitrary type, where the cells are not as well understood.

In a similar combinatorial vein, there is an algorithm for decomposition of tensor products
of Weyl modules in [BK]. The calculations which I have already completed for the support
varieties of tilting modules will yield information about the results of this algorithm, which
have not yet been thoroughly studied. It is possible that such considerations would lead to
information about an algorithm for the decomposition of tensor products of tilting modules.
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