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m Pathway analysis
— Number of possible pathways among compartments.

m Storage Analysis

— Mapping of input values to storage values at steady state.

m Flow Analysis

— Mapping of input values to sum of flows from/to each
compartment.

m  Utility Analysis

— Analysis of +/— relationships among compartments.
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m Partial turnover coefficient of x;, — x; is denoted as c¢;;
(~~community matrix).

m  Then the actual flow intensity of z; — z; Is c¢;;x;.
m  Output flow intensity of x; — © Is co;T; = Y.
m Input flow intensity of © — x; Isjust Zz; = c¢jo.

m Turnover rate is defined for each compartment x; as follows:

n

Tk — E Cik kZl,...,n

i=0, ik
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The rate of change of compartment x;, can be formulated as:

Clili’k
— E LjClj — Xk E Cik,

=0, j#k 1=0, 1£k
\ ~~ 4 N ~ 4
inflow outflow

where x5 = 1.

%) 4 (%)

1<k<n
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The rate of change of compartment x;, can be formulated as:

n n
= — Tk E Cik 1 E Tj Cry,

dili’k

dt

1=0, 1£k =0, 57k
N\ ~ 4 N ~~ 4
outflow inflow

where x5 = 1. Then

dil?k

Using vector notation, we get

dx k
dt

— [Ckl Ck2

dt :—kaTk+ Z SCjij,

§=0, j#k

.—Tk...ckn][$1$2..

1 <

1<k<n

k<n

. SIJn]T -+ Cro
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Let
_ T .
T =Ty Xy Tpl, 7=z 22
Then
r=Cx+z
where ~
—T1 C12 Cin
Ca21 —T2 C1 (n—1)
C =
i Cn1  Cn—-1)1 —Tn

.Zn
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Storage Analysis immediately follows from this ODE system:

r=Cx+z
Assuming the system is at steady state (™ = 0), we get

—Cz* = 2
rt = (=

T = Sz
The mapping represented by the matrix .S
S:z—a"

maps inputs into steady-sate storage values.
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To accommodate flow analysis we define the flow matrix F' as follows:

CZ'jSIZ>lf

_ ) i = ]
i fii —Tix; = —1;

where x* is the state of the system at steady-state, i.e.,

Cx*+2=0
The equality below follows from the definitions of F' and C.

F1=Cz"
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We define the matrix B as follows:

p._d by = c/mi=fylT;
—1

bii

Then by definition
F1=BT

Note that at steady state we have

Fl=0z"=—z
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Combining
F1=BT
with
Fl=0z"=—z
we get

=N

The mapping represented by the matrix
N :z—>T

maps inputs to throughflows.
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Is it possible to derive a map from inputs to throughflows

In the non-steady-state case?

N

z — T

Since throughflows (1') and storages () will be varying in time, such a
map would probably be a differential map.

T

Cx+z
BT .x+ z

where “.” denotes componentwise vector multiplication. Rearranging

terms, we get

d
Eﬁ_BTZ.x:Z
N
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Utility Analysis is based on the matrix
U=(I—-D)" where D=B—- DB
The matrix B’ is defined similarly to B as follows:

b, = cji/Ti = fia/T;
1

B =3y _ _

Or similarly:

S
|

0

Eo— @) = iy = 1)) T

(
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