
ENGR 6101: Computational EngineeringSolution Set 4 (due on Friday, 10/9, in my mailbox)Questions:1. Consider the following ODE:
x′ = x(1 − x)

y(0) = 0.1(a) (3 pts.) Find the analyti
 solution. Note that you 
an do this with separation of variables.Solution.
dx

dt
= x(1 − x)

∫

dx

x(1 − x)
=

∫

dt

∫

dx

x
+

∫

dx

1 − x
= t + C

ln(x) − ln(1 − x) = t + C
x

1 − x
= Cet

x(t) =
1

1 + Ce−tPlugging the initial 
ondition x(0) = 0.1, we get the exa
t analyti
 solution
= y(t) =

1

1 + 9e−t(b) (3 pts.) Write a Matlab 
ode that solves this equation on the interval [0, 8] using Eulermethod. Your 
ode should plot both the numeri
al and the analyti
 solution on the same�gure. Run your 
ode with h = 1 and h = 2 . How does the a

ura
y 
hange? Nameyour 
ode ode_euler.m and submit soft 
opy to 
aner�uga.edu. In
lude a hard 
opyof your 
ode and the two graphs (for h = 1 and h = 2 ) along with your HW solutions.Solution.fun
tion eulert(1) = 0;x(1) = .1;h = 2;it = 8/h;for i=1:itx(i+1) = x(i) + h*x(i)*(1-x(i));t(i+1) = t(i) + h;endplot(t,x,'-r')hold on; 1



fplot('1/(1+9*exp(-x))',[0,8℄);legend('numeri
al','exa
t')hold off
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(
) (3 pts.) Repeat part (b) using se
ond order Taylor-series method. In this 
ase, nameyour 
ode ode_taylor2.m. Again, in
lude both hard and soft 
opies of your 
ode, and ahard 
opy of the two graphs.Solution.fun
tion taylor2t(1) = 0;x(1) = .1;h = 2;it = 8/h;for i=1:itx(i+1) = x(i) + h*x(i)*(1-x(i)) + h^2/2*(1-2*x(i))*x(i)*(1-x(i));t(i+1) = t(i) + h;endplot(t,x,'-r')hold on;fplot('1/(1+9*exp(-x))',[0,8℄);legend('numeri
al','exa
t')hold off
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(d) (3 pts.) Repeat part (b) using se
ond order Runge-Kutta method. In this 
ase, nameyour 
ode ode_rk2.m. Again, in
lude both hard and soft 
opies of your 
ode, and a hard
opy of the two graphs. 2



Solution.fun
tion rk2t(1) = 0;x(1) = .1;h = 2;it = 8/h;for i=1:itk1 = h*x(i)*(1-x(i));k2 = h*(x(i)+k1)*(1-(x(i)+k1));x(i+1) = x(i) + (k1+k2)/2;t(i+1) = t(i) + h;endplot(t,x,'-r')hold on;fplot('1/(1+9*exp(-x))',[0,8℄);legend('numeri
al','exa
t')hold off
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(e) (3 pts.) Repeat part (b) using fourth order Runge-Kutta method. In this 
ase, nameyour 
ode ode_rk4.m. Again, in
lude both hard and soft 
opies of your 
ode, and a hard
opy of the two graphs.Solution.fun
tion rk4t(1) = 0;x(1) = .1;h = 2;it = 8/h;for i=1:itk1 = h*x(i)*(1-x(i));k2 = h*(x(i)+k1/2)*(1-(x(i)+k1/2));k3 = h*(x(i)+k2/2)*(1-(x(i)+k2/2));k4 = h*(x(i)+k3)*(1-(x(i)+k3));x(i+1) = x(i) + (k1+2*k2+2*k3+k4)/6;t(i+1) = t(i) + h;end 3



plot(t,x,'-r')hold on;fplot('1/(1+9*exp(-x))',[0,8℄);legend('numeri
al','exa
t')hold off
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(f) (3 pts.) Sort the a

ura
y of all four numeri
al methods that you've tried. Se
ond orderTaylor and se
ond order Runge-Kutta are both se
ond order methods. What 
ould bethe mathemati
al reason for the additional a

ura
y of the better method?Solution. A

ura
y in
reases as follows:Euler → RK2 → 2nd order Taylor → RK4Se
ond order Taylor method is more a

urate than se
ond order Runge-Kutta method be-
ause the derivation of the latter method in
ludes one more Taylor's expansion 
omparedto the former.2. (3 pts.) Prove that when the fourth-order Runge-Kutta method is applied to the problem
x′ = λx, the formula for advan
ing this solution will be

x(t + h) =

[

1 + hλ +
1

2
h2λ2 +

1

6
h3λ3 +

1

24
h4λ4

]

x(t)Solution.
K1 = hλx

K2 = hλ(x +
K1

2
) = hλx(1 +

hλ

2
)

K3 = hλ(x +
K2

2
) = hλ[x +

hλx

2
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2
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hλ

2
+
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4
)

K4 = hλ(x +
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2
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hλ

2
+
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4
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2
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4
)

x(t + h) = x(t) +
K1 + 2k1 + 2K3 + K4

6
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6
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+
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= x +
x

6

[

6hλ + 3h2λ2 + h3λ3 +
1

4
h4λ4

]

= x(t)
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