@ Chapter 1
L3 Introduction

1.1 The Modeling Process

Mathematical biology dwells at the interface of two fields: applied/computational mathe-
matics and biology. Individually, these fields are growing quickly due to rapidly changing
technology and newly emerging subdisciplines. Coupled together, the fields provide the
basis for the emerging scientific discipline of mathematical biology, whose focus is inter-
disciplinary scientific problems in quantitative life sciences.

What can biology offer mathematics and computation? Biological models offer a

‘seemingly endless supply of challenging and interesting nonlinear problems to solve. These
nonlinear problems can provide a testing ground for applied mathematical and computational
methods, and generate the impetus to develop new mathematical and computational methods
and approaches.

What can mathematics and computation offer biology? Mathematics and computation
can help solve a growing problem in biological research. Data collection, varying from
gene sequencing to remote sensing via satellites, is now inu ndating biologists with complex
patterns of observations. The ability to collect new data outstrips our ability to heuristically
reason mechanisms of cause and effect incomplex systems. It is the analysis of mathematical
models that allows us to formalize the cause and effect process and tie it to the biological
observations.

The mathematical model describes interactions between biological components. Anal-
ysis of the model, via computational and applied mathematical methods, allows us to deduce
the consequences of the interactions. For example, voltage-dependent data on movement of
electrically charged ions across a nerve membrane are inputs for models of electrophysiol-
ogy. The output is a prediction of the dynamics of electrical activity in nerves. The behavior
and survival of newly infected individuals are inputs to disease models. The output is a
prediction of when and where the disease will outbreak, and how it can be controlled.

To become a successful modeler, modeling tools are required. The first part of this
book gives an introduction to some of the more powerful modeling tools, such as discrete
models, ordinary differential equations, partial differential equations, stochastic models,
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Figure 1.1. (a) Arrow diagram for a simple epidemic model, showing the relation-
ships between the classes of susceptible, infected, and recovered individuals. (b) Subgraph
of the arrow diagram in (a) representing the recovery of infected individuals, with probability
p or rate «.

cellular automata, and parameter estimation techniques. The second and third parts of the
book apply the modeling tools to biological problems.

1.2 Probabilities and Rates

We start with the derivation of a simple epidemic model for the spread of an infectious
disease, such as influenza, through a population of healthy individuals. Assume that one
infected individual is introduced into the population. In addition, assume that the infection
is spread from individual to individual through contact, and that the infected recover after
a certain period of time (two weeks for influenza). Recovered individuals are not available
to catch the disease again.

Thus, after some time, the population consists of three types of individuals, namely,
susceptible (healthy), infected, and recovered individuals. The relationships between these
three classes are shown in Figure 1.1 (a). Note that in the diagram, recovered individuals
can become susceptible again. In this case, we can think of recovered individuals being
temporarily immune to the disease. Individuals return to the susceptible class when the
immunity wears off.

In order to create a model for this situation, we need to quantify this diagram. To do
that, we follow these three steps:

1. First, we identify the important quantities (the dependent variables) to keep track
of. In our example, there are three classes of individuals. Let S be the number of
susceptibles in the population, I the number infected, and R the number recovered.

2. Second, we identify the independent variables, such as time ¢, space x, or age a, and
so on. For our example, we write S(x, t), I(x, t), and R(x, t) if we wish to include
time and space dependence, but not age dependence.

3. Finally, we quantify the transitions and/or interactions between these classes, as indi-
cated by the arrows in Figure 1.1 (a). To do this, we use either probabilities or rates,
as explained below.
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To explain the use of probabilities versus rates, we consider a subgraph of Figure 1.1 (a),
concerning only the recovery of infected individuals, shown in Figure 1.1 (b). In the
discussion below, note that we ignore the generation of infected individuals through contact
between infected and susceptible individuals (the full epidemic model will be treated in
Section 3.3.3). In order to create a model representing this particular process, we apply the
three steps outlined above:

1. The dependent variable is the number of infected individuals, /.

2. As time progresses, infected individuals recover. Thus, the independent variable is

time, 1.

3. If we assume that 2 out of every 100 infected individuals recover per day, then the
probability of recovery in a single day is p; = Téﬁ The corresponding rate, &, 1s
defined as the probability per unit of time, that is,
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Similarly, the probability of recovery in two days is p» = Tgﬁ (we use p, to denote
the probability of recovering in n days). The corresponding rate, o2, is then
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We find that the rate « is independent of the time unit chosen, whereas the probability
depends on the chosen time unit. Since the rate is independent of the chosen time
unit, we can generalize. Let At denote a general unit of time, and let pa, be the
probability of recovering in At. Then the number of infectives after one unit of time
is given as

I(t + At =1(t) — pacd (D).

With some rearrangements, we get

1@+ A — 1) = —pad (1),
I¢+AN—1() __ pu
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where now the rate « = 22 appears.

Since « is constant for all values of At, we can take the limit as At — 0. On the left,
we obtain the differential quotient, and we obtain the following equation governing
the dynamics of 7 (1):

iI!)——— I(t
dr( = —al(n).
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To summarize, for the simple subgraph shown in Figure 1.1 (b), we found two models,
namely, a discrete-time model with probabilities,

I+ AD = 1) — pald @), ' (1.1)

and a continuous-time model with rates (a differential equation),
@)= —al@®. (12)
i ' '

Both models can be solved, analyzed, and simulated. For the discrete-time model,
(1.1), we have to specify a time unit, say At = % day. Then pa, = Py = &~ % day. If we
define I, :== I1(n - At), then we obtain the simple difference equation

i = (1= Py)

which has the solution n
I,,=(1—P%) I, n=l

where I denoted the initial number of infected individuals. The differential equation, (1 2),
is solved by an exponential, 1@)=1(0) ¢~ . The latter solution indicates that the number
of infected individuals decreases with time, as expected intuitively (recall that the generation

. of new infected individuals has been ignored).
In Figure 1.2, we compare the solutions of the discrete-time and continuous-time
models over a time period of 15 days, starting with 100 infected individuals (1(0) = Ip =

number of
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Figure 1.2. Comparison of the solutions to the discrete-time model, (1.1), and the
continuous-time model, (1.2), starting with 100 infected individuals (1(0) = Ip = 100),
and using a recovery rate ofa =0.3.






