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State —Change —New State

e Difference Equations (discrete time)
e Ordinary Differential Equations (continuous time)
e Partial Differential Equations (high dimensional state - space)
e Stochastic Processes
1 Discrete time (Markov chain)
1 Continuous time (SDE - Gillespie, Langevin)
1 SPDE

e Cellular Automata
1 Rule based simulations, probabilistic, spatial
1 Agent (Individual) Based Models (ABM, IBM)
1 Discrete in time and space
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Death - Birth Processes

N; = Number of Bacteria at time ¢ (State)

N;y1 = N; — Deaths+ Births
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Death - Birth Processes

N; = Number of Bacteria at time ¢ (State)

University of Georgia

Nit1

N, — Deaths + Births
Ny —d Ny + b N,

(1 —d+b) Ny

r IV,
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Death - Birth Processes

N; = Number of Bacteria at time ¢ (State)

N;y1 = N; — Deaths+ Births

— Nt—dNt+bNt
= (1—-d+0b) N,
— TNt

r=1—d+ b : Netgrowthrate
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Growth

Unlimited resources (food, space), no death (d = 0)
eg. Let the birth rate be equalto 1 (b = 1)
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eg. Let the birth rate be equalto 1 (b = 1)

r=1-d+b=1-0+1=2

MOdel : Nt—I—l — 2Nt

Timeunits : 0 —-1—2—3—4—15
#Bacteria : 1 -2 —4 —-8 — 16 — 32

Question: When will the bacteria be equal to 10°?
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Growth

Unlimited resources (food, space), no death (d = 0)
eg. Let the birth rate be equalto 1 (b = 1)

r=1-d+b=1-0+1=2

MOdel : Nt—I—l — 2Nt

Timeunits : 0 —-1—2—3—4—15
#Bacteria : 1 -2 —4 —-8 — 16 — 32

Question: When will the bacteria be equal to 10°?

2" =10 = (10°)% ~ (2'%)°
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Growth

Unlimited resources (food, space), no death (d = 0)
eg. Let the birth rate be equalto 1 (b = 1)

r=1-d+b=1-0+1=2

MOdel : Nt—l—l — 2Nt

Timeunits : 0 —-1—2—3—4—15
#Bacteria : 1 -2 —4 —-8 — 16 — 32

Question: When will the bacteria be equal to 10°?
2n _ 109 _ (103)3 ~ (210)3 - 230

Answer: n = 30 time units
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Death

Birth rate (b)) =0
Model (recursive definition):

Nt_|_1:(].—d—|_b)Nt
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Model (recursive definition):
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Death

Birth rate (b)) =0
Model (recursive definition):

Nt—i—l — (].—d—|_b)Nt — (1—d)Nt
Model (explicit definition):
Nt — (1 - d)t NO

Since 1 -d<1, N, — 0. Sooner or later all bacteria die.
General Solution:

N, = (1 — d+ b)'Ny = r* N,

Outcomes: Exponential growth, exponential decay, constant
solution.
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Cobwebs

Net Growth rate (r > 1)

Exponential Growth

r>1

N(0)
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Cobwebs

Net Growth rate (r < 1)

Exponential Decay

r<i

N(0)
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VVariable growth rate

Constant growth rate is not realistic.
Next Step: Growth rate depends on population

r = r(N)
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VVariable growth rate

Constant growth rate is not realistic.
Next Step: Growth rate depends on population

r = r(N)
N
r(N) = ¢ (1 _ E)
K : Carrying capacity
Let
_ Ve
Ny — 76
Then
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Cobweb

c<1

Y

N(0) K

n1=c(l—ny)n, c<1
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Cobweb

Fixed Point

|

c1

N(0) K

ng1=c(l—mny)n, c>1
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Cobweb

Fixed Point

\

c1

Y

N©O) K

ng1=c(l—mny)n, c>1
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Discrete time population models

Nij1 = T(Nt) Ny

r(N) = New growth rate
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Discrete time population models

Nij1 = T(Nt) Ny

r(N) = New growth rate

Example:
r(N)=cN (K — N)
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Discrete time population models

Nij1 = T(Nt) Ny

r(N) = New growth rate

Example:
r(N)=cN (K — N)

Rescale by K:

==

Nepr =c(l—ng)ni, n=
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Cobweb

A
Fixed Point
Fixed Point /—
\ -
N©)  N(0) K

nep1 = ¢ (1 — ng) ne
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From Discrete to Continuous

Nyt = (1= d + b) Ny(t)
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From Discrete to Continuous

Nyt = (1= d + b) Ny(t)

Niyr — Ny
At

= (b—d)N,
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From Discrete to Continuous

Nyt = (1= d + b) Ny(t)

Ny — N
A - T aN
C”z_t(t) ~ (b—d)N(t)= f(N(t))

General case?
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From Discrete to Continuous

Nyt = (1= d + b) Ny(t)

Ny — N
A - T aN
d]z_t(t) ~ (b—d)N(t)= f(N(t))

General case? Fixed points?

Discrete time fixed points:  N,,; = N, = N*
Continuous time fixed points: f(N*) =0
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Long term behavior

Fixed growth rate model:

Nt—l—l =T Nt
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Long term behavior

Fixed growth rate model:

Nt—l—l =T Nt
With carrying capacity:

N
Nt—l—l — CNt (1 — ?t)
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Long term behavior

Fixed growth rate model:
Nt—l—l =T Nt

With carrying capacity:

N
Nt—l—l — CNt (1 — ?t)

Is the fixed point N* = K stable?
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Stability

eg. T(N):C(l—%)
Ar
C
Fixed Point
. — / r=1
-
N K

University of Georgia Lecture 1 —slide 16



Stability

eg. r(n)=cn(l—n)

Fixed Point Fixed Point

Y
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Stability analysis fo fixed points

Lt41 = f(a:'t)
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Stability analysis fo fixed points

Lt41 — f(a:'t)
Let «* be a fixed point, and let

Ty =2 + Y
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Stability analysis fo fixed points

Tre1 = f(21)
Let «* be a fixed point, and let

Ty =2 + Yy
Then

Terr = flxy)
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Stability analysis fo fixed points

Tre1 = f(21)
Let «* be a fixed point, and let

Ty =2 + Yy
Then

o1 = f(2y)
x + Y = f(CC* ot yt)
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Stability analysis fo fixed points

Tre1 = f(21)
Let «* be a fixed point, and let
Ty =2 + Yy
Then
Teirr = f(w)

"+ Yy f@™ 4+ y)
T+ Yo f(@*) +y f'(@*) + O(ly|*)
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Stability analysis fo fixed points

Tre1 = f(21)
Let «* be a fixed point, and let

Ty =2 + Yy
Then

Ti41 — f(fl?t)
T+ Yy f@™ + )
Tty = f@) +y @)+ O(lyl?)
Y1 = Y f(2) =y B
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Stability analysis fo fixed points

Lt41 = f(a:'t)

Let «* be a fixed point, and let

Ty =2 + Yy
Then
LTi+1 — f(l’t)
ety = fla"+wy)

Tty = (@) +u @)+ O(yl?)
Yir1 = Yy f (@) =y B

x* 1S a stable fixed point if 3 < 1
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