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xt+1 = f(xt)

Let x∗ be a fixed point, and let

xt = x∗ + yt

Then

xt+1 = f(xt)

x∗ + yt+1 = f(x∗ + yt)

x∗ + yt+1 = f(x∗) + yt f
′(x∗) + O(|yt|

2)

yt+1 ≈ yt f
′(x∗) = yt β

x∗ is a stable fixed point if |β| < 1
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xn+1 = f(xn, yn)

yn+1 = g(xn, yn)

Consider a small pertrbation from the fixed point (x∗, y∗):

xn = x∗ + un

yn = y∗ + vn

Combining above equations, we get:

x∗ + un+1 = f(x∗ + un, y∗ + vn)

y∗ + vn+1 = g(x∗ + un, y
∗ + vn)



Taylor’s explansion

University of Georgia Lecture 4 – slide 4

For a scalar function f of a single variable x:

f(x + h) = f(x) + h f ′(x) + · · ·



Taylor’s explansion

University of Georgia Lecture 4 – slide 4

For a scalar function f of a single variable x:

f(x + h) = f(x) + h f ′(x) + · · ·

For a scalar function g of two variables α =

[

x

y

]

:

g(α + ǫ) = g(α) + ǫT∇g + · · ·

where ǫ =

[

h

k

]

and ∇g =

[

∂g

∂x
∂g

∂y

]

=

[

gx

gy

]

.



Taylor’s explansion

University of Georgia Lecture 4 – slide 4

For a scalar function f of a single variable x:

f(x + h) = f(x) + h f ′(x) + · · ·

For a scalar function g of two variables α =

[

x

y

]

:

g(α + ǫ) = g(α) + ǫT∇g + · · ·

where ǫ =

[

h

k

]

and ∇g =

[

∂g

∂x
∂g

∂y

]

=

[

gx

gy

]

.In other words:

g(x + h, y + k) = g(x, y) + h gx(x, y) + k gy(x, y) + · · ·
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x∗ + un+1 = f(x∗ + un, y∗ + vn)

y∗ + vn+1 = g(x∗ + un, y
∗ + vn)

x∗ + un+1 = f(x∗, y∗) + unfx(x
∗, y∗) + vnfy(x

∗, y∗)

y∗ + vn+1 = g(x∗, y∗) + ungx(x
∗, y∗) + vngy(x

∗, y∗)

[

un+1

vn+1

]

=

[

fx(x
∗, y∗) fy(x

∗, y∗)
gx(x

∗, y∗) gy(x
∗, y∗)

] [

un

vn

]
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Theorem 2.2: The fixed points (x∗, y∗) are stable only if the absolute
value of (both) eigen-values of

J =

[

fx(x
∗, y∗) fy(x

∗, y∗)
gx(x

∗, y∗) gy(x
∗, y∗)

]

are less than 1. Given J , s there an easier way to check stability?
Yes:
Jury (96) conditions:

|trJ | < 1 + det J < 2

Why?
λ2 − trJ λ + det J = 0
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