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dt
= f (t; x (t))

Autonomous ODE:
x0 = f (x)

x � is a �xed point iff f (x � ) = 0 .
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General ODE:
dx(t)

dt
= f (t; x (t))

Autonomous ODE:
x0 = f (x)

x � is a �xed point iff f (x � ) = 0 .
Example:

x0 = x(1 � x)(2 � x)
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General ODE:
dx(t)

dt
= f (t; x (t))

Autonomous ODE:
x0 = f (x)

x � is a �xed point iff f (x � ) = 0 .
Example:

x0 = x(1 � x)(2 � x)

Example:

N 0 = rN
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N
K
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1d ODE:
x0 = f (x)
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x0 = f (x)

where
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(spatially homogeneous)

A + B 
 C
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(spatially homogeneous)

A + B 
 C

Let's denote the concentrations of these molecules with

xa(t); xb(t); xc(t)
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Molecules A; B; C exist in a constantly stirred container
(spatially homogeneous)

A + B 
 C

Let's denote the concentrations of these molecules with

xa(t); xb(t); xc(t)

Let x(t) denote the state of the system at a given time:

x(t) =

0
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xa(t)
xb(t)
xc(t)

1
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Molecules A; B; C exist in a constantly stirred container
(spatially homogeneous)

A + B 
 C

Let's denote the concentrations of these molecules with

xa(t); xb(t); xc(t)

Let x(t) denote the state of the system at a given time:

x(t) =

0

@
xa(t)
xb(t)
xc(t)

1

A

How can we �nd a differential equation that describes the
evolution of the concentrations of these molecules in time?
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A + B 
 C

Assuming the speed of these reactions depend on the
current state of the system, each reaction will be
assigned a rate function:

KA+ B ! C (x); KC! A+ B (x)
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A + B 
 C

Assuming the speed of these reactions depend on the
current state of the system, each reaction will be
assigned a rate function:

KA+ B ! C (x); KC! A+ B (x)

Then the differential equation system is:

dxa

dt
=

dxb

dt
= �K A+ B ! C (x) + KC! A+ B (x)

dxc

dt
= KA+ B ! C (x) � K C! A+ B (x)
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The rate at which the reaction

C ! A + B

occurs will be proportional to the concentration of C at
that moment, thus

KC! A+ B (x) = �x c
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The rate at which the reaction

C ! A + B

occurs will be proportional to the concentration of C at
that moment, thus

KC! A+ B (x) = �x c

Similarly, the speed of reaction A + B ! C is going to
be proportional to the concentrations of both A and B,
yielding

KA+ B ! C = � x axb
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The rate at which the reaction

C ! A + B

occurs will be proportional to the concentration of C at
that moment, thus

KC! A+ B (x) = �x c

Similarly, the speed of reaction A + B ! C is going to
be proportional to the concentrations of both A and B,
yielding

KA+ B ! C = � x axb

Constants � and � are called the rate constants, and
they depend solely on the nature of the reaction.
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Assuming mass action kinetics, we can now rewrite the
differential equation as follows:

_xa = _xb = � � x axb + � x c

_xc = � x axb � � x c
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Assuming mass action kinetics, we can now rewrite the
differential equation as follows:

_xa = _xb = � � x axb + � x c

_xc = � x axb � � x c

Another way to represent this equation is:
2

4
_xa

_xb

_xc

3

5 =

2

4
� 1 1
� 1 1
1 � 1

3

5
�

� x axb

� x c

�
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l The propensity vector a(x(t)) de�ned based on
mass-action kinetics is

a(x) =

2

6
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a1(x)
...

ar (x)

3

7
5 where aj (x) = rate of reactionj
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l The propensity vector a(x(t)) de�ned based on
mass-action kinetics is

a(x) =

2

6
4

a1(x)
...

ar (x)

3

7
5 where aj (x) = rate of reactionj

l The state shift vector for the j th reaction is

vj =

2

6
4

v1
j
...

vm
j

3

7
5

where vi
j represents how does concentration of i is

affected from reaction j .
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Molecule and reaction sets:

M = f A; B; C; D; E g
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Molecule and reaction sets:

M = f A; B; C; D; E g

R = f A ! 2B; 2B ! A; A + C ! D; D ! A + C;

D ! B + E; B + E ! A + Cg
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State, rate constant, and propensity vectors:

x(t) =

2

6
6
6
6
4

xA (t)
xB (t)
xC (t)
xD (t)
xE (t)
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A 2B
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State shift matrix:

V =

2

6
6
6
6
4

� 1 1 � 1 1 0 1
2 � 2 0 0 1 � 1
0 0 � 1 1 0 1
0 0 1 � 1 � 1 0
0 0 0 0 1 0
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The ODE that represents the reaction system:

_x(t) = V a(x) =

2

6
6
6
6
6
6
4

� k1xA + 2k2x2
B

k1xA � 2k2x2
B

� k1xA � k3xA xC + k4xD

k1xA + k3xA xC � k4xD

k2x2
B � k4xD + k6xB xE

k1xA � k2x2
B + k3xA xC

3

7
7
7
7
7
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_U = �U � 
UV
_V = e
UV � �V

l U: density of prey

l V: density of predators

l � : intrinsic growth rate of prey population

l 
 : predation rate coef�cient

l e: reproduction rate of predators per eaten prey

l � : predator mortality rate
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_v = v (1 � b u� v)

l Numerical Solution
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_u = u (1 � u � a v)

_v = v (1 � b u� v)

l Numerical Solution

l Phase plane analysis

F Fixed Points

F Stability

F Nullclines

F Invariant Sets
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