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Parameter Estimation

This Is ultimately optimization problem.
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Parameter Estimation

This Is ultimately optimization problem. Things to consider:
Parameter space (discrete, real, positive, complex)
Constraints (linear, non-linear, partial)

Goal function (linear, non-linear, partial)

Unigueness

—_— e ed d

Problem type:

Deterministic Model without noise
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Example: Biased Coin

We have an asymmetric coin:

P (head
P (tail )

I
©

1 p
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Example: Biased Coin

We have an asymmetric coin:

P (head
P (tail )

P
1 p

We toss the coin n times, and get k heads. How can we estimate p?

Is this the best we can do?
To answer this question, we need a quality measure.
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Quality measure

Let's de ne a quality measure for an estimation p:
f (pjdata)

Quality of estimation p based on given data.
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Quality measure

Let's de ne a quality measure for an estimation p:
f (pjdata)

Quality of estimation p based on given data.

The larger the f , the better the estimation p. The best estimation P
maximixes f :

t(p f(p  foranyp

How do we construct such a function f ?
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Dual problem

P(H)=p  P(T)=1 p

What is the probabillity that the following data will occur?

|—IHTH{Z TTI-} with kK manyH
n
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Dual problem

P(H)=p  P(T)=1 p

What is the probabillity that the following data will occur?

|—IHTH{Z TTI-} with kK manyH
n

. n .
P(datajp) = ‘@ p" "

If the data aretypical, the true parameter should maximize the
probabllity for these typical data. Hence, we de ne:

f (pjdata) = P (datajp)
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Typical data

We toss a coin three times and get HHT . What is p(H)?
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Typical data

We toss a coin three times and get HHT . What is p(H)?

Probability mass function for p(H)=0.5

0.4

0.2

Probabilities

HHH HHT TTH TTT
Events (without order)
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Typical data

We toss a coin three times and get HHT . What is p(H)?

Probability mass function for p(H)=0.55

Probabilities

HHH HHT TTH TTT
Events (without order)
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Typical data

We toss a coin three times and get HHT . What is p(H)?

Probability mass function for p(H)=0.45

Probabilities

HHH HHT TTH TTT
Events (without order)
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Typical data

We toss a coin three times and get HHT . What is p(H)?
Could we nd the exact value of p based on the following probability

mass function?

Probability mass function for p(H)=0.6

Probabilities

HHH HHT TTH TTT
Events (without order)
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Typical data

We toss a coin three times and get HHT . What is p(H)?

What can we do based on the following only?
1 ! ‘

0.8

o
o

Probabilities

o
~

0.2r

HHH HHT TTH TTT
Events (without order)
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Typical data

We toss a coin three times and get HHT . What is p(H)?

Which value of p maximizes p?(1 p)?
1 w ‘ ‘

0.8

o
o

Probabilities

o
~

0.2r

HHH HHT TTH TTT
Events (without order)
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Typical data

We toss a coin three times and get HHT . What is p(H)?

Probability mass function for p(H)=0.65

Probabilities

HHH HHT TTH TTT
Events (without order)
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Typical data

We toss a coin three times and get HHT . What is p(H)?

Probability mass function for p(H)=0.667

Probabilities

HHH HHT TTH TTT
Events (without order)
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Typical data

We toss a coin three times and get HHT . What is p(H)?

Probability mass function for p(H)=0.69

Probabilities

HHH HHT TTH TTT
Events (without order)
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Likelihood Function

Let p 2 R" be the parameter vector of a given model. The function
L:R"! R,

that maps a parameter set a 2 R" to the probability to nd given
data is called the likelihood function.
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Likelihood Function

Let p 2 R" be the parameter vector of a given model. The function
L:R"! R,

that maps a parameter set a 2 R" to the probability to nd given
data is called the likelihood function.

eg.
L(a) = a’(1 a)

The log-likelihood is the logarithm of this function:
LL :R" ! R, LL (a) = In( L(a))

To estimate parameters, we have to assume that the data are
typical. Hence, p maximizes L, or equivalently LL .L(p) L (a).
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Example: Cell mortality

Experimental data: n independent cells with observed life spans

a : cell age (life span)
cell mortality ( = 1=a)
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Example: Cell mortality

Experimental data: n independent cells with observed life spans

a : cell age (life span)
cell mortality ( = 1=a)

The length of time a for a cell to die is exponentially distributed with
the following probability density function.

f(a)= e ° > 0
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Example: Cell mortality
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Example: Cell mortality
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Example: Cell mortality

Experimental data: n independent cells with observed life spans

a : cell age (life span)
cell mortality ( = 1=a)

The length of time a for a cell to die is exponentially distributed with
the following probability density function.

f(a)= e ° > 0
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1 X 1 1 X
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De ne a likelihood function

How to de ne a likelihood function L based on given data (n
Instances of events)?
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De ne a likelihood function

How to de ne a likelihood function L based on given data (n
Instances of events)?
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Plag)= e °° > 0

Likelihood function:
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De ne a likelihood function

How to de ne a likelihood function L based on given data (n
Instances of events)?
What is the probability that the life span of a cell is a;?

P(a;)= e 2t > 0
Likelihood function:

L=1(a)f(az) T(an)
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De ne a likelihood function

How to de ne a likelihood function L based on given data (n
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De ne a likelihood function

How to de ne a likelihood function L based on given data (n
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Plag)= e °° > 0

Likelihood function:
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De ne a likelihood function

How to de ne a likelihood function L based on given data (n
Instances of events)?
What is the probability that the life span of a cell is a;?

Plag)= e °° > 0

Likelihood function:

P

n

L=f(a)f(a) f(a,)= "e =™
How to maximize this function? Log-likelihood function:

Xn
LL = nln a;
=1
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Toxic dose for beetles

Concentration (¢) | Number of beetles (n;) | Killed beetles (ki)
1.6907 59 6
1.7242 60 13
1.7552 62 18
1.7842 56 28
1.8113 63 52
1.8369 59 52
1.8610 62 61
1.8839 60 60

LD50 dose: Amount of substance where on average 50% of
beetles die.
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Toxic dose for beetles

Concentration (¢) | Number of beetles (n;) | Killed beetles (ki)

1.6907 59 6

1.7242 60 13
1.7552 62 18
1.7842 56 28
1.8113 63 52
1.8369 59 52
1.8610 62 61
1.8839 60 60

LD50 dose: Amount of substance where on average 50% of

beetles die.

How to nd LD50 based on this data? Find the probability of this
happenning, based on the LD50 value, which is unkown at this
point. And maximize it with respect to this value.

University of Georgia
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L D50 experiment

dead/total
o o
(@)) (0]

O
~

o
N

10.65 1.7 1.75 1.8 1.85 1.9
Concentration of disulphite

First, we need to understand how beetles die...
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Death curve

o
o)

o
o))

Probability of dying

0 0.5 1 1.5 2 2.5 3
Concentration of disulphite
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Death curve

1 k
P(c)= —ifc= —= LD50
(¢ > -
=
% o5 1 15 2 25 3

Concentration of disulphite
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Death curve

1 1 K
P(c) = P(c)= —ifc= —= LD
(0 (0 2| C - 50

o o o
HAN o oo

Probability of dying

o
)

0 0.5 1 1.5 2 2.5 3
Concentration of disulphite
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Likelihood Function

What is the probability thatk, = 6 out ofn; = 53 beetles will die with
concentration ¢; = 1:6907?
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Likelihood Function

What is the probability thatk, = 6 out ofn; = 53 beetles will die with
concentration ¢; = 1:6907?

29

- p(1:6907F(1 p(1:6907)y°
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Likelihood Function

What is the probability thatk, = 6 out ofn; = 53 beetles will die with
concentration ¢; = 1:6907?

29

- p(1:6907F(1 p(1:6907)y°

What is the probability that we will end up with the given data?
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Likelihood Function

What is the probability thatk, = 6 out ofn; = 53 beetles will die with
concentration ¢; = 1:6907?

29

- p(1:6907F(1 p(1:6907)y°

What is the probability that we will end up with the given data?

Y o

. Peka“@ plcika)™

=1
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Likelihood Function

What is the probability thatk, = 6 out ofn; = 53 beetles will die with
concentration ¢; = 1:6907?

29

- p(1:6907F(1 p(1:6907)y°

What is the probability that we will end up with the given data?

Y o

. Peka“@ plcika)™

=1

Maximize over k: a:

a=33:78 k=599
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Likelihood Function

What is the probability thatk, = 6 out ofn; = 53 beetles will die with
concentration ¢; = 1:6907?

29

- p(1:6907F(1 p(1:6907)y°

What is the probability that we will end up with the given data?

Y o

. Peka“@ plcika)™

=1

Maximize over k: a:

a=33.78 k=59:9=) LD50=k=a=1:77
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