Notes 7200 Geometry
Monday, November 3, 2008

McC: People had difficulties with problems 3 and 5. For #3 Jenny has a good solution. She used
Law of Cosines to find m"2 and b*2. Then substitute and simplify to eliminate the angle.

McC: Which two triangles did she apply the law of cosines to? ! ABC and ! BCD. Many
people got stuck. You need strategy. Good example of strategy — so many formulas you could
use — 3 triangles, law of sines and law of cosines so 6 formulas floating around. How to think
about strategy. Jenny chose to use two formulas with same angle so she could eliminate that
angle. Once you realize to do that it works like a charm. Alternately use the two little triangles.
The relationship between " BDC and " CDA — supplementary so the sines are the negative of
each other. Trickier/harder to see, but works. There are 3 strategies you could use—" B, " A or
two little triangles and supplementary.

#5. Becky — she missed a step we need to discuss. Prove that the product of the two diagonals
equals the sum of the products of the opposite sides of the quadrilateral.

McC: We need to understand formula: BC/sin(A) = 2R. There is a relationship between law of
sines and circumradius. This was hinted at in previous homework problem.

Becky: Finishes proof. Doesn’t know how to do it without formula.
McC: That’s the nice way to do it. Using the diagonal that is a diameter. From week one, the

inscribed angle theorem, we know ABC and ADC are right angles. Most people saw the right
angles. With the two right triangles can get formulas for the sines of x and y.




Hint said use the addition law. Some people got close to seeing the ratio of BD to angle A is 2R.
Need to prove something about triangle ABD. Remember in law of sines we have that we have 3
equal ratios. HW 14 had suggestion to find the relationship between law of sines ratios and
circumradius. We need to draw a new picture to explain. Start with circle and put triangle in it.

=2R

We want to prove that — =
sin(A)

We know that " AOB =2*" CAB

Drop a perpendicular to CD through O. This makes a right triangle with" A =" COD, since
" COD =" COB since ! COB is isosceles.

a
Then sin(A) = 2 = >
R 2R
So 2R=— a .
sin(A)

Charmaine: Why is the angle 2A?



McC: Inscribed angle theorem. Inscribed angle and central angle of the same arc. I like that
theorem. This is also a good problem for strategy. You could work backwards and try to see
what you need to prove it. It is a good strategy to work backwards.

One remark — From the statement of the formula the hypothesis that the diagonal is a diameter of
a circle is not necessary. This is true for any cyclic quadrilateral. In the general form this is
called Ptolemy’s theorem. Not going to prove in class.

Kim - It’s on wikipedia.

McC: Everything is on wikipedia.

A cyclic quadrilateral is a quadrilateral with all four points on a circle, in other words, it is a
quadrilateral that has a circumcircle. Then look at 2 diagonals, not assuming either is a diameter.
Then (AC)(BD) = (AB)(CD) + (AD)(BC). We’ve done a special case. Adam is doing his project
on the general case. Ptolemy is one of the people who first started adding trig to traditional
geometry. He was later than Euclid, a couple hundred years, and was an astronomer. That is
how people got interested in trig — astronomy. Interesting to look at in GSP. Closely related to
addition law of sines. Proof will have some subtle constructions — you would legitimately say
who would ever think of that.

Eric: Is the trig proof one that constructs right triangles?
McC: I don’t remember

Eric: I found one but it assumes unit circle.



McC: We can assume unit circle without loss of generality — just scale up. Trig proof should not
need many construction lines.

Other questions from the homework.

Kim: How to construct #1
Jenny: #2 Didn’t know how to do on GSP.

Problem with number #2 (came up with Allyson) — The accuracy of the length measurements is
in practice somewhat greater than the accuracy of the angles. We should have angles to the
nearest hundredth of a degree to have the same accuracy as with the length. When you try to
model the problem, if you carefully draw this, it doesn’t quite close up. This is a common
problem in surveying — no matter how accurate your measurements, it is not going to exactly
match up. The standard practice is to “balance” the survey — adjust the measurements all the
way around to make it work. The art is to fudge a little on every angle and length, traditionally
just fudge the length. There is an art to that, a survey book will show you how to do that. If
some measurements are hard to make, then fudge those more because not sure about accuracy.
This solved problem for me — surveys are done to degrees minutes seconds. Surveying
instruments will not measure to the nearest second, the best ones measure to 10 seconds. So, if
you buy a survey, the accuracy displayed is greater than the accuracy of what they measure.
This makes sense because of the adjustment. It is more than accurate enough for real life. 1
second of an arc is about 1 millimeter.

Michelle: When we add up all the degrees of the pentagon we do not get 540.

McC: The degrees should add up to 540 — these add to 539.9. We shouldn’t add tenth to one,
instead, adjust all the way around. I made the problem by drawing a pentagon on GSP and
measured and decided to set degree measurement on GSP to tenths. GSP actually computes to
12 decimal places.

There is a difference between round-off error and measurement error. In making the problem the
inaccuracy was caused by round off error. 1 was trying to simulate real life problem where there
1s measurement error. This is the best guess I can make with measurement I have. If someone
brought in data — add up degrees to see about error — here good because error is 0.1 same as
accuracy of the measurement, so we have acceptable error.

Pedagogy: Have kids go out and make measurements, then have them bring those into class. You
could have an area set out with stakes. The kids could measure lengths with tape measure and for
angles run strings and use large protractor. If you want to teach about measurement you should
do measurement instead of making a speech. Could have teams — compare results. Everyone will
have different measurements, but areas should be similar.



Eric G: I know people who have done this. Some have contacted surveyors and had them come in
with equipment or show class how to build equipment.

McC: Will have HW 14 and 15 before next class with comments. New homework posted today
due Friday.

Notes 7200 Geometry
Wednesday, November 5, 2008

McC: Comment about homework due Friday: #3 Heron’s formula has lots of algebra. Don’t
have to type up algebra — you can turn in on paper. You may type if you want. It’s okay to
work backwards to figure out the factorization. You should be able to see when you simplify
that there are a lot of things that are the same way — it should involve the sides in the same way.
#4 Can be done with trig, but not required to do with trig. #1 Easy — pretty formula for area. #2
Generalization of median problem from last homework.

Go back and discuss the forest fire problem. Two things: 1.) compass bearings, 2.) how to use
GSP to make an accurate sketch.

First make a sketch on paper. The way to think about compass bearings is to make a little
compass at each point so that we can understand the bearings. The first thing — SE is halfway
between south and east so angle is 45j. North 50; east means the angle from north is 50j. North
25 West — start at north and move 25j west. Some people thought 50; and 25; were the angles
of the triangle.




To figure out " A, itis 90; from North to East, so 40j + 45j =85j =" A. To figure out angle B,
it is 90j from West to North, so " B =90j —45j —25j = 20j. Now the third angle is 180j — 20j
— 85 =175j.

Now use the law of sines.

s 10 , solve for x and y

sin20 - sin75 sin85 sin75

, solve for y.

Mistake — Forget this is not a right triangle. This is a common mistake students make especially
in high school, so watch out for it.

How to model with GSP? We figured out from our sketch that " FA(East) =40j " (East)AB =
45j and " (East)BF = 115j. GSP measures the angles from the positive x-axis, so all of these
angles include East. Sometimes in engineering, angles are measured from North in a clockwise
direction. In math we measure from the east in a counterclockwise direction — serious mistakes
from forgetting about differences. When they sent the Hubble telescope up the parabolic mirror,
machined to incredible accuracy, had design flaw — someone confused metric and English
measurement. So the Hubble needed glasses and is not nearly as accurate as it could have been.
They can make corrections with computers because the error is systematic.

Go to preferences and make sure things are set as you want. Make your accuracy in hundredths,
use cm for units. Start with point A and use the transform menu, translate and polar coordinates.
To get to B use 10cm and angle of -45j. This gives exact 45j line 10cm long. I don’t know
distance to fire, so plot rays in the direction of the fire. The direction from A is 40j so translate
Icm and 40j, then construct a ray — this is the line of sight to the fire. Then B is 1cm and 115j,
construct rays. The intersection of the rays is the fire. Then measure AF = 3.54 and BF = 10.31



So GSP can be used to compute problems in trig like this. There are other ways — introduce a
coordinate system, use the rotate command, etc.

You could also check problem 2 this way, but every angle will have to be compute from the
positive x-axis, so more computations. Problem — doesn’t quite close up, but difference less than
a pixel. Could construct and calculate the error.

Simpler type of trig problem than the wetlands, mentioned by middle school teacher, go outside
and measure the height of the flagpole. This is a great introduction to trig, it is not trig, rather
similar triangles and proportions. Need discussion first about how to do it. Kids would need
tape measure. Let kids figure it out. Shadow — need reference, could be another student, this
includes some very important math. Eric how did it work?

Eric: Kids measuring things other than flagpoles — trees and buildings.

McC: You were doing it at a high school level, more complicated. In middle school, similar
triangles, but the basics of trig, the tangent function

More advanced, the same principle of using shadows used by Eratosthenes (276-194BC), prime
numbers, sieve.

Eric: one thing we did, create something with a shadow to make it easier — straw or something
McC: Makes it easier, very practical.

Eratosthenes: Measured circumference of the Earth, Greeks knew the earth was round and how
big it was. Columbus was not the first to discover the earth is not flat. A lot of things the
Greeks knew are lost — recently found mechanical computer, lots of gears, found in the sea —
navigational instrument — still trying to figure out exactly what it did. He did it using shadows.
He as in Alexandra, Egypt, the center of Greek civilization for several hundred years. There was
a very large library there that burned, so lost a lot of knowledge. They had an outpost in Syene
(now Aswan) on the Nile. It was south of Alexandria, across the desert. He noticed that at noon
on a certain day of the year, the sun was directly overhead at Syene — there was a very deep well,
and the suns rays went straight down and hit the water at the bottom. He measured the angle of
the sun at that same time at Alexandria.



From that he was able to figure out the circumference of the earth. This is very similar to
measuring the flagpole — interesting story and could be done with your students. So he knows
angle and needs to know the distance from Alexandria to Syene. How to measure <a? They
didn’t have degrees, radians, etc, instead measured the ratio of the shadow of a stick (vertical), to
the height of the stick. He figured out that a = 1/50 of a circle. For us, a=7.2j. If you think
about the numbers, not very big could he have done this? If the stick was 100 feet tall, then the
shadow would be 12.6ft, so it is plausible. Would have needed to use something very tall. He
found that the distance between the cities was approximately 500miles, so the circumference of
the earth is 50*500 = 25,000miles. The only problem with this as a story, is that he reported the
distance between the two cities, but we don’t know what that unit was. So the numbers we use
are fake. He was off by less than 25%

Adam: Would this account for curvature of the earth?
McC: Yes, he measured land distance, so the arc of the circle.

This measurement is sophisticated — depends on the hypothesis that the rays of the sun are
parallel, they are to within 0.5j. Remember that in an eclipse, the sun and moon are almost
exactly the same size (coincidence!) so look at the moon to see what 0.5j looks like. Also, this
figure only works if the two points A and S have the same longitude - one is directly north of the
other, so vertical slice of earth. That is true, and he knew that. He didn’t discover the earth was
round, he knew that and other things that follow from that. Also, needs to happen at the same



time, so needs to be on same longitude. There is a lot of mathematics in this story, so suitable for
many levels of math.

Friday — Guest Lecture by Mo Hendon on non-Euclidean Goemetry.

Notes 7200 Geometry
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McC: Questions about the homework?
Kim: What is the magic of #3

McC: Magic of #3 — use the factoring of difference of squares four or five times. That is where
you are headed. If you look at the formula that is almost near the end, you can see that it is
products of the form (x + y)(x —y), so you could work backwards if you wanted to.

(@+b)+c)((@a+b)—c) and (c+ (a—Db))(c—(a—b)) are difference of squares. It is better to
work forwards to this point and then factor. There are other ways to group these, so working
backwards would not make it clear which grouping to use, but you can write them down and then
work forward.

Mo Hendon is going to give us an introduction to non-Euclidean Geometry

Hendon: I’'m here because I’'m hoping some or you will be taking 5210/ 7210. We have not been
talking about trig, b/c don’t understand it. If I am an angle and I want to know my sine — I chose
a point on one side and drop a perpendicular, divide to get sine. What if I chose a different
point? The two lengths look like the same lengths to me, so why do they have the same sine?

e

A

Point of view matters, if | am sitting at A, they look the same, if I am sitting outside the
geometry it looks different. Perspective matters. Euclidean Geometry takes care of this with the
distance — labeling the points to represent distance, but this is not the world we live in. If 1 take
two segments and I hold one and Lindy holds the other, and she stands at a distance, to me mine
looks longer, but to her, hers looks longer. We have learned to adjust for these distances, but



sometimes we make mistakes. New geometry that takes account of things looking different from
different distances.

Suppose the observer is on the x-axis and is looking at the points (-1, 1) and (1, 1) and knows
that the distance between them is 2. How long do you suppose the observer thinks (-2,2) and (2,
2)is?
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Answer: 2. The observer is at the origin and the points lie on a Euclidean straight line. How long
should segment (-y, y) and (y, y)?
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Answer: 2 instead of 2y. Instead of Euclidean distance formula, use ———. What about a

non-straight line from (-2, 2) (2, 2)?
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In ordinary Euclidean Geometry, how to measure the length? Integral — limit of sum of short

e @y
n(dx)” + (dy) . Makes things further
y

C

lengths. Define a new length function by L(curve) =

away look smaller and things closer look larger

Distinction: Length not distance, what is the distance?

Adam: Distance between two points

Eric: Path involved

Hendon: Between 2 points

Eric: straight line

Hendon: length of shortest path. Did we just say the same thing twice?
Eric: Depends on point of view

Hendon: Everything does, but now what does shortest path mean?

Which path is shorter? What about y values? Different numbers of y’s We care because we are
dividing by y in the length. Our intuition tells us that if we divide by smaller numbers get longer
path. What if go above? Then the y’s are bigger.

-~ .
e g
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Claim: the “shortest” path from (-1, 1) to (1, 1) lies on the circle of radius /2 centered at (0, 0).
Is anyone bothered by 722 We found that using Euclidean radius, so we’re measuring things in
different ways. What is the big deal about circles? We can describe them like this

" n

(\/E sinz,2 COSt) where t is the angle, so goes from 2 to R So the piece of the curve is

defined by (V2 sint,v2 cost), i #37.



1] 0

. 2 dxc 2 dy ? .
Now what does integral mean? (dx)” means %& and (dy)” means at and make the integral

Y, \/( 2 sin t)z +(\/§cos t)2
N2 sint

dt

with respect to dt. What is the integral of cos(t)? —sin(t) , so
7

Observations? What is the numerator? /2 (After some algebra)
7 o1

= f ——dt. Does anyone find this strange?

fw/_smt _’VS't

Adam: A lot disappeared

Hendon: Where did the /2 come from — radius, so radius doesn’t matter. So the same angles
with different radius, the length is the same.

same distance

3% 3%
f La’t f csct dt =7 (McC doesn’t know it either) — this 1 not an obvious integral. The

sint
T4 Vi

important thing is the only relevant thing is angle.

4
f csct dt=-Incsct + Cott” Int(csct)dt = -Injcsct + cott| - the distance formula will end up

¥
something like this.

That length is less than 2.

Upper half plane distance formula in hyperbolic geometry comes from this.



It is easy to parameterize a circle, but not the other. Circle (r sint,r cos t) , the other line would be
(r(t)sint,r(t)cost).

" & #ir & :
\/%% cost" r(r)sini( +%§§S'”f +r(r)cosif Lo

dt = di dt, so the distance of the

) Yy r(t)sint

black line is larger, unless % = (0, which would mean r is constant, which is a circle. That is our

claim that the shortest distance between the two points is a circle centered at the origin, so we
didn’t even compute the lengths.

Quick observation. If I take two points the shortest path is a circle, but what circle? Previously
we centered the circle at our observer. We need the arc of some circle with center somewhere on
the x-axis. Construct the perpendicular bisector of the segment connecting the two points. The
center of the circle is the intersection of the x-axis and the bisector.

Funny twist: What if the two points are on a line perpendicular to the x-axis? The shortest path
is the vertical line.



Definition: Upper half plane model of hyperbolic geometry: Points: (X, y), y > 0 Lines: There are
two types of lines: 1. half circles with centers on the x-axis 2.) vertical rays from the x-axis

Annoying that there are two different kinds of lines? But we are used to that in Euclidean- there
are y=mx +band x = a.

What is a triangle? Causes problems.



