MATH 4250/6250 Exam 2 Solutions, 4/18/09

1. Define the following invariants of surfaces:

(a) shape operator: Let M be a surface and let p' € M. The shape operator Sy of M at
p is the linear transformation Sy : TzM — Tz M defined by S;(v) = —V3U, where U is the
unit normal vector of M.

(b) principal curvatures: The principal curvatures of M at p are the eigenvalues of the
shape operator Sj.

(c) Gaussian curvature: The Gaussian curvature K of M at p'is the determinant of the
shape operator Sj.

(d) mean curvature: The mean curvature H of M at p is one-half the trace of the shape
operator Sp.

2. Prove that if a surface M contains a line L through the point 7 on M, then K(p) < 0,
where K(p) is the Gaussian curvature of M at p. Fill in the details of the following proof
outline:

(a) Let @ be a unit tangent vector to M at p'in the direction of the line L. Then, if Sy is
the shape operator of M at p, we have Sz() - 4 = 0.

Let a@(t) = p'+ td. Then @(0) = p'and &'(0) = u. By definition of the shape operator,
Sp(@) = L(U(a(t))|e=o = U'(0). Now U@ = 0 implies U’- @+ U - @ = 0. Since @ is constant,
we have @ = 0, so we conclude that U’ - @ = 0, or Sz(@) - @ = 0.

(b) It follows that the normal curvature k() = 0.
We have k(@) = Sz(w0) - @ = 0.

(c) Euler’s formula implies that the principal curvatures k; or ky of M at p have opposite
signs or one of them is zero.

Euler’s formula is k(@) = k; cos? § + ko sin? §, where k; and k, are the principal curvatures
of M at p’ (k; = ko if p'is an umbilic point), and 6 is the angle from ; to u, where ; is
the eigenvector belonging to the eigenvalue k. (If p'is an umbilic point then u; and wus is an
arbitrary orthonormal basis for T;M.) Since k(@) = 0, we have k cos® = —kysin® . Now
cos?f > 0 and sin?6 > 0, and for all §, cosf and sin@ are not both zero. Therefore either
ki =0 or ky = 0 or ky and ks have opposite signs. (In particular, k; = ks if and only if they
are both zero, and so p'is an umbilic point.)

(d) Therefore K(p) < 0.

We have K = kiky. If k; = 0 then K = 0, if k = 0 then K = 0, and if k; and &y have
opposite signs then K < 0.



3. (a) Compute the Gaussian curvature of the surface
Z(u,v) = (u,v,u?/2 +v*/3).

0,u), T, =(1,0,0?)

Tuo=14u? F=2, Zy=w? G==7, T, =1+

7, = (1,
E=2,-
Ty X Ty = (—u, =02, 1), |Ty x T = V2 + 02+ 1, U= (—u,—0v2,1)/Vu®+ o+ 1
Tuu = (0,0,1), Zyy = (0,0,0), &y = (0,0,20)

l:(j-fuuzl/\/u2+v4+l, m=U Ty =0, n:lj-fw:2v/\/u2+v4+1
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(b) For which (u,v) is K =0, K >0, K <07

K=0<+= 1v=0, >0 <= v>0, K<0 < v<O.

4. Compute the principal curvatures for every point of the torus
Z(u,v) = ((2 + cosu) cosv, (2 + cosu) sinv, sin u).

Shortcut: Assume the fact that the meridians (u-parameter curves) and parallels (v-parameter
curves) are lines of curvature.

%, = (—sinucosv, —sinusinv, cosu), @, = (—(2+ cosu)sinv, (2 + cosu) cosv,0)

Ty X Ty = (—(2 4 cosu) cosu cosv, —(2 + cos u) cos usin v,
—sinwu cos? v(2 + cosu) — sinusin® v(2 + cosu))
= (2 + cosu)(— cosucos v, — cos usin v, — sin u)

|7 X Ty|? = (2 + cosu)?(cos? u cos® v + cos? usin® v + sin u) = (2 + cosu)?
| %y X Zy| = (24 cosu)

U =27, x &y/|Ty X Ty| = (— cosucos v, — cos usinv, —sin v)

LU _— ,
S(Z,) = 5y = —(sinucosv,sinusinv, —cosu) = k1@, = k; =1
. ou ) . COS U
S(Z,) = ——— = —(cosusinv, — cosucosv,0) = ko¥), = kg = ———
2+ cosu



