MATH 4400
HOMEWORK 3
COMMENTS AND SOLUTIONS

Problem 1: Let A(n) = (—1)®*"*%_ where n = p{*---pi*. What is
> Ad)?
dn
If we define f(n) =3, A(d), show that f(n) is not completely multiplicative (but that it
is multiplicative).

Solution: We can figure it out first when n is a prime power, since Zd‘n A(d) must be a
multiplicative function. Well,

DA =14+ (—1) + 1+ (<) +- + (-1 =

dlp*

0 if kis odd
1 if k£ is even

and so the sum is a product of these over all the different prime powers in the factorization
of n. Clearly, then, this sum is 0 if any prime dividing n appears an odd number of times,
and 1 if all the exponents are even, which happens if and only if n is a perfect square.

So f(n) = 1if n is a square, and 0 otherwise. This is clearly multiplicative (which we
already knew), but not completely multiplicative (e.g. f(2)f(2) =0+# 1= f(4)). O

Problem 2: (a) Recall that 1(n) =1 for all n. What is 1 %17

(b) Show that
o1(n) = Z o(d)oyg (%) :
dln

(Hint: use part (a), and convolution.)
Solution: (a) We see that (1x1)(n) =3_,,1-1=00(n). So 1x1=o0.
(b) Remembering that i(n) = n, we have
prog=p*(1x1)=(px1)*x1L=ix1=o0y,
where the last equality is clear if you write it out. [

Problem 3: (a) For which n is og(n) odd?

(b) A prison with 1000 inmates is overcrowded. The warden decides to let certain prisoners
go free, via the following scheme:

The cells, one for each prisoner, are arranged in a circular fashion, with a small gap
between cell 1 and 1000. In Step n, a guard goes to every nth cell (starting with cell n and
ending with the cell numbered with the largest multiple of n less than or equal to 1000) and
changes its state—if it’s locked, he unlocks it; if it’s unlocked, he locks it.

The guards start by locking every cell. No prisoner is allowed to leave until the process
is completely finished. The guards first execute Step 1, then Step 2, then Step 3, and so

on all the way through Step 1000 (which changes the state of cell 1000 but leaves the other
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ones unchanged; in fact, Steps 501 through 1000 only change the state of one cell each).
Whichever prisoner’s cell is unlocked at the end of the process is free to go.
So which prisoners go free? (Hint: use part (a).)

Solution: (a) From the formula oy(n) = Hle(ai + 1), where n = p{* - - - pi*, we see that
oo(n) is odd if and only if all the a; are even, which happens if and only if n is a perfect
square. (There are, of course, other ways to see this without using the formula.)

(b) Cell n gets changed by step d if and only if d|n. So the total number of changes is
clearly og(n), and a prisoner goes free if and only if og(n) is odd. So exactly 31 prisoners go
free, the ones with cell numbers that are perfect squares. [

Problem 4: (a) Show that if f is an arithmetic function such that f(1) # 0, there exists
a function g such that f g = . (Recall that §(n) =1 if n = 1 and 0 otherwise.)

(b) Show that if f and f % ¢g are multiplicative, then ¢ is multiplicative. Deduce that if f
is multiplicative, then the function g defined in part (a) is as well.

Solution: (a) We define ¢ inductively. First, g(1) = 1/f(1). Next, suppose we have
defined g(k) for £k < n (note the typo in the hint on the problem set), so that (f x g)(m) =
d(m) for all m < n. Then define

1 n
gn) =——-= gd)f (=) .
(n) f(1) %n: (d) (d)
d#n
From the definition it is clear that (f x g)(n) = d(n) as well. So we can define g in such a
way that (f x g)(n) = d(n) for all n, by induction.

(b) Suppose f and h = f * g are multiplicative but ¢ is not. Let a and b be positive
integers with ab as small as possible such that g(a)g(b) # g(ab). Note ab > 1. Now consider

M@h®) = 3 Fda (2) Y (o) (b)
dla elb
= 3 s (5)e(?)

dla,elb

—gab)+ 3 f(de)g (d—b

dla,elb
de#1

= 9(a)g(b) + h(ab) — g(ab).

So h(a)h(b) — h(ab) = g(a)g(b) — g(ab). But the left side is 0 by assumption, and the right
side is nonzero by assumption. This is a contradiction.
Of course it follows that the convolution inverse of a multiplicative function is multiplica-

tive, because ¢ is multiplicative. [J
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Problem 5: Let D,, be the set of positive divisors of n. Show that if a and b are relatively
prime, the natural map
,lvb: Da X Db - Dab
defined by 1(d, e) = de is a bijection.

Solution: To see that it is injective, suppose die; = dyes. Then d;|dyes. But dy and eq
are relatively prime, because any common divisor they have would be a common divisor of
a and b. So dy|dy. But of course we can make the same argument to prove that ds|d;. So
d1 = dg, and hence €1 = €9.

To see that it is surjective, let r be a divisor of ab. Then let d = ged(a,r). Clearly dla.
Now, since (r/d)|(a/d)b and r/d and a/d are relatively prime (why?), we know that (r/d)|b.
So r can be written as d(r/d), the product of a divisor of a with a divisor of b. [J

Problem 6: Let S,, be the set of solutions in Z/nZ to the congruence 2> = 1 mod n. For
the rest of the problem, let p be an odd prime. Of course S = {1} and S, = {£1}.

(a) Show that S, = {%1}.

(b) Show that Sy, = {%1}.

(c) Show that if ged(a, b) = 1, then the bijection (Z/abZ)* — (Z/aZ)* x (Z/VZ)* restricts
to a bijection Sy, — S, X .

(d) Show that Sy = {£1} and Sy = {£1,+1 + 271} for k > 3.

(e) Now for the punchline: Show that the product

II ==1I=
1<z<m TESm
ged(z,m)=1
and deduce a formula for this product in terms of the prime factorization of m.

Solution: (a) We do this by induction. Suppose that we have shown that S, = {%1}.
(The base case was obvious.) Now what is Sye+17 Well, anything in S,r+1 has to reduce mod
p" to something in Sy, so it has to be of the form +1 + ap”. Squaring this and considering
the result mod p**!, we get 1+ 2ap*. For this to be 1, we must have p|a, so our original
element must be +1.

(b) Something in Sy,r has to be congruent to =1 mod p¥, and congruent to 1 mod 2. The

Chinese Remainder Theorem shows that these congruences have only the solutions +1 mod

2p".

(c) Of course, if 22 = 1 mod ab, then 2 = 1 mod a and mod b, so the image of S, lands
in S, x Sp. And the restriction of an injective map remains injective. It only remains to show
that the restriction is surjective; that is, if 22 = 1 mod a and 2? = 1 mod b, then 2?> = 1
mod ab (anything in S, x S, must come from something in (Z/abZ)*, because the original
map is surjective-we must only show that that something is actually in S,;). But this fact
follows from the Chinese Remainder Theorem.

(d) Of course Sy = {£1}. And Ss = {£1,+1 + 4}. Now we prove the general result by
induction. Suppose Syr = {#£1,41 + 2¥71}. Consider x € Syri1. By considering 2 mod 2%,
we get that = £1 4 a2, where a = 0, 1, 2, or 3. Squaring this, we get 1 + a2¥ 4 a22%2,
Note that 2k —2 > k + 1 since k > 3, so this last term disappears mod 2*¥*!'. So we see that

x € Syrs1 if and only if a is even, so a = 0 or 2. This gives the four elements +1, +1 + 2*.
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(e) Suppose b is a prime power that doesn’t divide a. The product [] .4 2, when con-

sidered mod a, equals
[Se|
< H y) '
YyESy

This follows from the bijection in part (c). (When we look at the bijective image of S, in
Sa X Sp, we get ordered pairs (y, z); when we fix y there are |S,| different 2’s that go with
it.)

Suppose that n = pi* --- p*, and suppose k is at least 2 (as otherwise we know exactly
what S, is, and we can compute the product of the elements in S,, directly; see below). Since
|Sp| is & multiplicative function of b (this again follows from the bijection in (c)),

C

Hz=1 11 v| -

TESR yGS aj
Py

where ¢ =[], |Gyl

Now, the product in the above parentheses is clearly either 1 or —1 (it’s —1 unless p; = 2
and a; > 3). What about the exponent? Well, the only way that |Sy.| is odd is if p* = 2
(otherwise, as we have seen, it’s 2 if p is odd or p* = 4, and it’s 4 if p = 2 and a > 3). So the
product we're trying to compute is almost always 1; the only way it can be —1 if k > 2 is if
p1 is odd, p3* = 2, and k = 2. In short, the only way it can be —1 when n is not a prime
power is if n = 2p7*, which we already knew.

So to sum up, we have shown that the product is —1 if n is a power of an odd prime,
twice a power of an odd prime, or 4; otherwise it’s 1. (Note that the product is —1 if and
only if (Z/nZ)* is cyclic. This is not a coincidence; perhaps you might think about whether
you could prove this directly.) O

Problem 7: This exercise is devoted to the proof of the Erdds-Ginsburg-Ziv Theorem:
Let aq, ..., as, 1 be integers. Then there is some subset I of {1,...,2n—1} such that |I| =n
and ), ; a; is divisible by n.

(a) First, note that the 2n — 1 is sharp: find a sequence of 2n — 2 integers such that no
subsequence of n of them has a sum divisible by n. (Hint: use 0’s and 1’s.)

(b) Now let p be a prime. We will prove the theorem for n = p next, as follows: Define,
in Fylzy,...,2p1],

p—1
p—1

floy, .y ) =ah -Izj, g(x1,. . xpy ) = arat

+ - ap—1T
Show that f and g have a nontrivial common zero.

(c) Explain why the nontrivial common zero you found in part (b) proves the theorem for
n=np.

Now we proceed to prove the theorem for general n by induction: Let n = mp for some
prime p, and suppose we have proved the theorem for m.

(d) Show that we can find 2m — 1 disjoint subsets Iy,..., lo,—1 of {1,...,2n — 1} such
that each I; has p elements, and b; = > . I, @i is divisible by p.

(e) Now apply the inductive hypothesis to the set {b1/p,...,bam_1/p}. Finish the proof.
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Solution: (a) If ay,...,as, o consists of n — 1 0’s and n — 1 1’s, then no sum of n of the
terms in this sequence can be divisible by n.

(b) This is a straightforward application of Chevalley-Warning, since the sum of the degrees
of f and g is 2p — 2 and the number of variables is 2p — 1. Since the total number of solutions
is 0 mod p, and there is one trivial solution (where all the z; are 0), there must be a nontrivial
solution as well.

(c) Suppose (¢, ..., cop—1) is a nontrivial solution of f and g. Note that 0 = f(cy,...,cop-1)
is congruent mod p to the number of ¢; that are nonzero. This follows by Fermat’s little
theorem. So the number of nonzero ¢; is either 0 or p. It can’t be 0 because then we’d be
talking about the trivial solution. So exactly p of the ¢’s are nonzero. Let I be the set of
indices i € {1,...,2p — 1} such that ¢; # 0.

Again, it follows from Fermat’s little theorem that g(cy,...,cop—1) = D,
sum is 0, it looks like we’ve constructed the subset we wanted.

ser @i- Since this

(d) This is just a counting argument. Since 2n — 1 > 2p — 1, we can certainly find a set of
p indices such that the sum of the corresponding elements is divisible by p. (This is because
of what we just proved in part (c), the base case for our induction argument.) Now throw
out those p elements of our sequence to get a sequence of 2n — 1 — p elements. Do the same
thing and get a second subsequence of p integers whose sum is divisible by p. Throw those
out. Keep going; at the end you’ll have thrown out 2m — 2 subsequences and be left with
a remaining sequence of 2n — 1 — (2m — 2)p elements. But 2n — 1 — (2m — 2)p = 2p — 1,
so we have just enough elements left to apply part (¢) one more time. This gives us 2m — 1
subsequences (with disjoint sets of indices) in all.

(e) The inductive hypothesis says that there is some set I of size m such that >, , b;/p
is divisible by m. So .., b; is divisible by mp = n. But ) ,_, b; is just the sum of the
elements in m of the subsequences we found in part (d), each of size p. So putting them all
together gives a subsequence of length mp = n whose sum is divisible by n. Hence the result
follows by induction. [J

Remark: Tt is common to reduce the proof of a statement that is supposed to hold for
all n to that of the same statement for primes p (we saw this already when we discussed
Fermat’s Last Theorem, although the reduction to the case of prime exponent was much
easier in that situation). So the really heavy lifting in this proof is going on in parts (b) and
(c), and the reduction to Chevalley-Warning (i.e. the judicious choice of f and g) is what
makes this proof so clever and elegant.



