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GERSHGORIN’S THEOREM

Let A= (aij )is an nby n matrix. Consider the union of discs K = U K in the complex plane where

n
z a; |} is a closed disc. Then K contains all the eigenvalues of A .
k=Lk=i

K, ={yECI|y—aﬁ|s



This theorem is clearly true for diagonal matrix. One can think of it as a way to locate the eigenvalues when
the matrix becomes not so diagonal.

Example
1 0.1 -0.1
Consider the matrix A=| 0 2 04 |,then we have
-02 0 3

K ={ueci|u-1<02}. Kk, ={ueciju-2 <04} k, ={ueciju-3 <02}

1 0 -02
We can do better than this: we can consider now A’ =| 0.1 2 0 |, then we have
-0.1 04 3

L ={ueci|u-1=02}. 1, = {ueci|u-2<01}, L, - {ueci|u-3 <05}

If we know each disc contain exactly one eigenvalue of A , then, it is an improve as we now know each

disc K|,L,,K, contain exactly one eigenvalue of A . This is true due to the following Corollary:

COROLLARY

k
Suppose M| = U K be the union of k discs and the remain 7 — k discs are disjoint, then M, contains
J
j=1
exactly k eigenvalues of A, and the remaining 7 — k discs have the property that each one contains
exactly one eigenvalue of A .

Proof: Write A = A, + R where A, is the diagonal of A . Consider the family of matrices
A = A, +1R where 0 <t <1.Then we have A, = A, and A, = A.The proof is finished by noting

that eigenvalues are continuous functions of 7.

The theorem can be quite useful if you want to quickly argue that the matrix is non-singular, or that all of
its eigevalues are less than one, as so on...

Proof of the Theorem

Let Abe an eigenvalue of A.If A = a,; for some i there is nothing to show.
Let B be an nby n matrix .Let A be an eigenvalue of A but not an eigenvalue of B . We first show that
1< lub(A - B)"(A- B) < lub((A1 - B)" ) lub(A - B)

v
Let the vector V be an eigenvector of A corresponding to the eigenvalues A . Then we have
- v VvV
(A - B)\\/, = (/U - B)‘\f .So ()J - B) 1(A— B)v =V , by definition we have
1=Iub(Al - B)"'(A- B)
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a, 0
Now choose B = A, = 0

0 a

nn

r
and select the max norm ”)C”Oc = max|xl.| . In this case, the
i

operator norm becomes lub(A) = max(z |al.k U . The expression lub(ﬂl -B )_I (A -B ) becomes
RN

max
I=si=n

=1,k=i

1 n 1 n
IPam— Z aik| .Hence we have 1 < I;IlaX Ia— Z aik| and this finishes the proof.
A'_aii|k=l,k¢i =t=n )L_aii|k
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