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2. Homogeneity: xx rr
αα =  for all nCxC ∈∈

r,α  

3. Triangle Inequality: yxyx rrrr
+≤+ for all nCyx ∈

rr,  

For vectors, a popular norm is 22
2

2
12 nxxxx +++= L
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where n is the dimension of the space. The 

maximum norm is ii
xx max=

∞

r
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For matrices, we have the corresponding 
=

=
n

ji
ijaA

1,

2

2  and ijji
aA

,
max=

∞
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We will need the following norm when viewing A  as a linear operator: 

( )
x
xA

A
x

r
r

rr 0
maxlub

≠
=  . note that we have ( ) ( ) ( )BAAB lublublub ≤  

Let A  be an n by n  matrix. If for some real number λ  and a non-zero vector vv  we have vvA vv λ= , 
then λ  is an eigenvalues of A  and the vector vv  is an eigenvector of A  corresponding to the eigenvalues 
λ . 

SOME USEFUL RESULTS 
Here are some well known theorems. Students should be able to find them in most linear algebra or Matrix 
theory textbooks. 

• The eigenvalues of A  are zeros of its characteristic polynomial ( )IxA −det . Note therefore the 
eigenvalues of A  are continuous functions in the entries of A . 

• The eigenvalues of A  and TA are the same 

• If A  is an n by n   real symmetric matrix, then all of its eigenvalues are real and it has a set of n  
linearly independent eigenvectors. In fact, one can find a matrix M such that DAMM T =  
where D is a diagonal matrix consisting of eigenvalues of A  and IMM T =  

• If A  is an n by n   real symmetric matrix, let A
1µ ,…, A

nµ  be eigenvalues of A . Denote 

( ) A
knk

A µρ
,,1

max
K=

=  the spectral radius of A . Then 0
rr

→zAγ for all zr as ∞→γ  if and only 

if ( ) 1<Aρ  

o Proof of the above is to observe that if we write TMDMA =  where 
( )A

n
AdiagD µµ ,,1 K=  then TMMDA γγ =  

GERSHGORIN’S THEOREM 
GERSHGORIN’S THEOREM 

Let ( )ijaA = is an n by n  matrix. Consider the union of discs U iKK =  in the complex plane where 









≤−∈= 
≠=

n

ikk
ikiii aaCK

,1
| µµ  is a closed disc. Then K contains all the eigenvalues of A . 
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This theorem is clearly true for diagonal matrix. One can think of it as a way to locate the eigenvalues when 
the matrix becomes not so diagonal. 

Example 

Consider the matrix 
















−

−

=

302.0
4.020
1.01.01

A , then we have 

{ }2.01|1 ≤−∈= µµ CK , { }4.02|2 ≤−∈= µµ CK , { }2.03|3 ≤−∈= µµ CK  

We can do better than this: we can consider now 
















−

−

=

34.01.0
021.0

2.001
TA , then we have 

{ }2.01|1 ≤−∈= µµ CL , { }1.02|2 ≤−∈= µµ CL , { }5.03|3 ≤−∈= µµ CL  

If we know each disc contain exactly one eigenvalue of A , then, it is an improve as we now know each 
disc 321 ,, KLK  contain exactly one eigenvalue of A . This is true due to the following Corollary: 

COROLLARY 

Suppose U
k

j
i j

KM
1

1
=

= be the union of k discs and the remain kn − discs are disjoint, then 1M contains 

exactly k  eigenvalues of A , and the remaining kn − discs have the property that each one contains 
exactly one eigenvalue of A . 

Proof: Write RAA D +=  where DA  is the diagonal of A . Consider the family of matrices 

tRAA Dt +=  where 10 ≤≤ t . Then we have DAA =0  and AA =1 . The proof is finished by noting 
that eigenvalues are continuous functions of t . 

 

The theorem can be quite useful if you want to quickly argue that the matrix is non-singular, or that all of 
its eigevalues are less than one, as so on… 

Proof of the Theorem 

Let λ be an eigenvalue of A . If iia=λ  for some i there is nothing to show. 

Let B  be an n by n  matrix .Let λ be an eigenvalue of A but not an eigenvalue of B . We first show that  

( ) ( ) ( )( ) ( )BABIBABI −⋅−≤−−≤ −− lublublub1 11 λλ  

Let the vector vv  be an eigenvector of A  corresponding to the eigenvalues λ . Then we have 

( ) ( )vBIvBA vv
−=− λ . So ( ) ( ) vvBABI vv

=−− −1λ , by definition we have 

( ) ( )BABI −−≤ −1lub1 λ  
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Now choose 
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operator norm becomes ( ) 







= 

k
iki

aA maxlub . The expression ( ) ( )BABI −− −1lub λ  becomes 












− 
≠=

≤≤

n

ikk
ik

ii
ni

a
a ,11

1max
λ

. Hence we have 










−
≤ 

≠=
≤≤

n

ikk
ik

ii
ni

a
a ,11

1max1
λ

 and this finishes the proof. 

ITERATIVE ASPECTS 
Let A  be an n by n matrix with eigenvalues nλλ ,,1 K  with corresponding eigenvectors nxx r

K
r ,,1 . We 

start with a vector vr , and consider the sequence vr , vA r
, vA r2 , vA r3 ,… it corresponds to the iteration 

( ) ( )1−= kk vAv rr
. If we want ( )k

k
vr

∞→
lim  to exist, we must require all eigenvalues to have 1≤iλ . 

Consider the special case when 11 =λ  and all other eigenvalues have 1<iλ . Then for any vector 

nn xxv r
L

rr
ρρ ++= 11 , n

k
nn

kk xxvA r
L

rr
λρλρ ++= 111  so 11lim xvAk

k

rr
ρ=

∞→
. Hence for any initial 

choice vector vr , the iteration ( ) ( )1−= kk vAv rr
 converges to (a scalar multiple) of the eigenvector 1xr . It is 

also the projection of the initial vector vr  on the eigenvector direction. 

SOLVING A SYSTEM OF LINEAR EQUATION WITH ITERATION 
We would actually need this later when pricing an American option by solving a PDE. 

Suppose we want to solve the system of linear equations bxA
rr

= where A  is an n by n matrix. Fix a 
non-singular matrix B  that is also n by n , and we see that the system can be rewritten as 

( ) bxBAxB
rrr

=−+ , or ( )xABIbBx rrr 11 −− −+= . 

We will write FEDA −−= where D  is a diagonal matrix, E is a strictly lower triangular matrix, and 
F  is a strictly lower triangular matrix. That is, if 
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