Math 2200 (Lieman), Fall 2002, Solution to first exam

1. (15 points) Find the value of ¢ that makes the following function continuous

T + 5, r <2
ra={ -

2 +c x> 2

In order for the function to be continuous everywhere, we must have

lim+ f(z) = lim f(x)
for all a. The only place where this might not work is at 2. So we have to make
sure that

lim f(z)= lim f(z).

r—2t T—2~

But
. o . 2 o
g ) = Ji (0 4) =4+
and
lim f(z)= lim (z+5) =7,

r—2~ r—2~

so for these two limits to be equal we must have 4 +c¢ =7, or ¢ = 3.

2. (15 points) This problem has two parts. The first part is worth ten points.
The second part is worth five points. For both parts, the function p(t) is a function
that gives the location of a particle at time ¢, where

p(t) =2t + 7t + 1.

d
(a) Compute the derivative of p(t) (usually denoted d_}t? or p'(t)).

(b) What is the particle’s velocity when ¢t = 37

The derivative of 2¢3 + 7t + 1 is the sum of the derivatives of each of the terms.
Le.

pt)= 283 +7t+1) = 263 + (1) + (1) =2(3t*) + 7= 6t> + 7.
For part (b), note that the velocity is p’(t), so the problem is asking for p/(3). This

is just 6(3)% +7 =61.
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3. (20 points) This problem has two parts, each worth ten points. For each part,
you must evaluate a limit, or show it does not exist.

(a)

2242

lim

x—4 r — 2
(b)

. T — 2

lim

z—4 x —4

The first limit is easy - if we plug in x = 4, we see that everything makes sense,

4242 _ 18 _
and we get 5 = 5 =9.

The second limit is harder - if we try to plug in z = 4, we get %, so we need to
be clever. Since it is not a trig limit, we’ll try to multiply by congugates to figure
out what is really going on. We have

i VE=2 (Ve —2) (V£ 2)
x—4 x —4 r—4 (ac—4) (\/54—2)
x—4 1 1 1

ol (z—4) (VT +2) emivz+t2 2+2 4

4. (20 points) This problem has two parts, each worth ten points. For each part,
you must evaluate a limit, or show it does not exist.

(a)

lim sin(x)
z—0 T
(b)
72

lim ———
P01 — cos?(2x)

Part (a) is the key trig limit fact. Nothing more, nothing less. There’s no other
way to explain it. You simply must know that this limit is equal to 1.

For part (b), you can start by trying to plug in = 0, and you get %. So we
know (since it is a trig limit), we have to try to turn it into something like part (a).
First we'll try to get rid of the cos?(2x), using sin®(2z) + cos?(2z) = 1, then we’ll
try to get the same variable in the numerator and the denominator. Doing this, we
see that

. x? _ x? _ 42
250 1 — cos? (2z) 720 sin?(2z) 20 4 sin?(2)



and now we can write t = 2z, (so t? = 42?), to see that our limit is equal to

t2 1t t
lim ——— = lim -

1
t=0 4sin’(¢)  t—04sin(t)sin(t) 4

5. (20 points) This problem has two parts, each worth ten points. For each part,
you must evaluate a limit, or show it does not exist.

(a)

For both parts, if you try to plug in x = 3, you get %. So we have to look at the

left- and right-handed limits as x — 3, to see if they agree (either +oco or —o0)
For part (a), as we look at

1
lim — and lim ;,
z—3t (x — 3)2 z—3— (x — 3)?

we see it doesn’t matter if x is bigger or smaller than 3, (and thus whether x — 3
is positive or negative) because we are squaring the denominator. So as x — 3,

(x — 3)? goes to 0, but is always positive. So the term in the limit gets bigger and
bigger, and is always positive, so each one sided limit goes to 400, and thus

P PR

For part (b), we note that if x > 3, then z —3 > 0, and so miB is always positive.

As x — 3, the denominator will go to 0, and so the whole thing (it’s positive) goes
off to +o00. In other words,

1

li = .

On the other hand, if x < 3 then x — 3 < 0, so ﬁ will be negative. As before,
as r — 3 goes to zero, this becomes a huge number, but it’s negative, so

. 1
lim
r—3- L — 3

= —0OQ.

Since the two one-sided limits don’t agree, the limit in part (b) does not exist.



6. (10 points) This problem has two parts, each worth five points. Both parts
concern the function
f(z) =32* +62+17.

(a) What is the slope of the tangent line to f(z)? (You may use either the
slope-predictor method or derivatives to answer this question.)

(b) Where is the tangent line to f(x) horizontal?

The slope of the tangent line is the derivative. Period. So for part (a), we just
have to compute f'(x). Well,

fl(x) = (B22 + 6z +7) = (32%) + (62) + (7)) =3(22) +6 =62 +6
and that’s the answer, 6x + 6.

For part (b), we want to know where the tangent line is horizontal, i.e. has slope
0. That’s true if 6z + 6 = 0, or, in other words, where xz = —1.



