MATH 8100 FINAL PROBLEM SET

Due Wednesday, December 16.
Rules: No discussions with other students or faculty besides me.
No sources besides your notes and the text.

Problem 1. (a) Prove that LP(R,m) is separable for 1 < p < oo.
(Hint: consider the set of all rational linear combinations of charac-
teristic functions of intervals with rational endpoints.)

(b) Show that there exists an uncountable set S C I°° such that if x,y €
S, x #vy, then |z —y |loo> 1.

(c) Prove that I*° is not separable. (Hint: if D is a dense subset and S
is as in part (a), consider the sets D, := B(3,z) N D,z € S.)

(d) Let E C R be a measurable set with m(E) > 0. Construct an in-
jective map T : 1°° — L*°(E,m) such that || Tx ||co=| 2 ||co for all
x e l™.

(e) Conclude that L>(E,m) is not separable for E as in (d).

Solution. a) It is enough to do this for R-valued functions. We show
that the countable set

N

S = {Z qil[ri,si} 2 QTS € Q=1 .. N}
i=1

is dense. By Prop. 6.7 of Folland, the simple functions are dense in LP. Thus

it is enough to show that any simple function € LP can be approximated

arbitrarily closely by elements of S.

Let ¢ = Zivz 1 a;1g, be such a function. By the dominated convergence
theorem, the functions ¢ - 1_,, ;) — ¢ in LP as n — oo. Thus we may
assume that all F; C [—ng,ng] for some ng € N. By Prop. 1.20 of Folland,
for each m € N there is a set J; ,,, that is a finite union of intervals such that
m(E;ANTim) < % Clearly the intervals comprising the J; ,, may be taken
to have rational endpoints and C [—ng, ng].

Now let Q 3 ¢jm — a; as m — oo. In particular |a;|, |gim| < C for all
i,m and some C < oo. Then ¢, = Zf\il Gimlysm — ¢ ae. asi — 00,
and clearly |¢y, — ¢|P < (N + 1)PCP - 1_y; ny)- Therefore the dominated
convergence theorem applies to show that || ¢, — ¢ [|[,— 0 as m — oo.

b) Take S :={lg: E C N}. If E # F and then

11 = 1F o=l 1EAF [loo= 1.

Since S is in one-to-one correspondence with the power set of N, which is
uncountable, S' is itself uncountable.

c¢) Suppose D C [ is dense. Then D, := DN B(%,x) # () and for
each x € S, and by the triangle inequality the D, are pairwise disjoint. So
D 5 |J,eg Dz is uncountable.

d) Let E’ C E be a subset of finite positive measure. Put f(z) := m(E'N
(—o00,z]). By the intermediate value theorem there is ty such that E’ D
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Ey == E'N(—00, z]) has m(E;) = $m(E’). Applying this process to E'\E\,
we obtain E\E; D Ey with m(E3) > 0,m(E\(E; U E3)) > 0. Proceeding
inductively, this gives a sequence of disjoint subsets E1, Es,--- C E, all with
positive measure (in fact m(E;) = 27 'm(E")).

For x € [* we put Tx := > x;1g,. Clearly T is linear, with || Tz ||cc=||
T |oo-

e) Since | Tz — Ty |loo=|| T(z — y) ||oo=|  — ¥ ||oo= 1 for z,y € S, we
may apply the argument of c).

Problem 2. Construct an example of a function f € L?*(R,m) such that
ess supy f = oo for every open set U C R.

1
—3, 1
Solution. Define f(z) := T >x >0 . Then f € L? and is
0 otherwise
essentially unbounded on every neighborhood of 0. Let ¢1,q2,... be an

enumeration of Q. Then f;(z) := 27'f(x — ¢;) € L? and is essentially
unbounded on every neighborhood of ¢;, with || fi |la=27%|| f ||2. Therefore
the absolutely convergent sum g := > >, f; € L?. Since g > f; for every i,
it is essentially unbounded on every neighborhood of ¢;,7 = 1,2,.... Since
any open set U 3 some g;, this is what we want.

Problem 3. Suppose g : [0,1] — R is absolutely continuous.

(a) Prove that if E C [0,1] with m(E) = 0 then m(g(E)) = 0.

(b) Put F:={x €]0,1] : ¢'(x) = 0}. Prove that m(g(F)) =0. (Use (a)
and the Vitali covering theorem.)

(¢) Conclude from (a) and (b) that for a.e. y € R, the function g is
differentiable at every point x € g~ (y), with ¢'(x) # 0.

(d) Prove that for y as in (c) the preimage g~ *(y) is finite.

(e) Put N(y) for the number of points € g~'(y). Prove that

/M 9= [ Nw)dm()

Solution. a) Let € > 0 be given, and following the definition of absolute
continuity let 6 > 0 be such that

0<ar<bi<as<...by <1, Zb—al<5:>Z]g g(a;)| <e.

Let U™ (a4, 8;) D E, with Y.(8; — a;) < . Then each g([y,3]) is an
interval [c; := min,, g9, d; := max(,, g, 9], and J>[c;, di] D g(E). Thus it
is enough to show that >>*°(d; — ¢;) < ¢, and to show this it is enough in
turn to show that SV (d; — ¢;) < ¢ for every N € N.

Let a; < a; < b; < f3; such that {g(a;),g(b;)} = {ci,d;} (possible since g
is continuous). Then SV (b; — a;) < V(8 — aw) < 6, s0 SN (di — ¢;) =
SV g(bs) — g(ai)| < € as claimed.
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b) Let ¢ > 0. By the definition of F, for each x € F there is §, > 0
such that g([z — h,z + h]) C [g(z) — €h, g(x) + €h] whenever 0 < h < 0. In
particular,

m(g([x — h,x + h])) < em([z — h,z + h])
The set F' and the family of such intervals [z — h, z + h| satisfy the hypothe-
ses of the Vitali covering theorem, yielding the existence of a countable
family of disjoint intervals I; = [a;,b;] C [0,1], 7 = 1,2..., such that
m(F\UjZ, I;) = 0 and

m(g(1;)) <em(l;), j=1,2,....
Since all I; C [0,1],

> m(I;) =m(J1I;) < m([0,1]) = 1.

Then using part a)

m(g(F)) < m(g(F\[J ;) + Zm(g(fj)) < em(;) <e

Since this holds for every € > 0, we conclude that m(g(F")) = 0.
c) Put E C [0,1] to be the set of points at which ¢ is not differentiable.
Then m(E) = 0, so by parts a) and b)

m(g(EUF)) =m(g(E)Ug(F)) <m(g(E))+m(g(F)) = 0.

By definition any y ¢ g(F U F') has the properties required.

d) If g~!(y) is infinite then by compactness there is a convergent sequence
g Yy) > 1,22, — 0 € [0,1]. Then g(x9) = y by continuity of g, so
g (xp) exists, and

=0.

This is a contradiction.
e) For continuous functions f : [a,b] — R, put #¢(y) to be the number
(possibly 0o) of points in f~!(y). If @ < ¢ < b then clearly

#1W) = # 1,0 W)+ H# 51 (Y) (1)
for y # f(c), and if f([a,b]) = [, B] then
#1 2 Liag) (2)

with equality iff f is monotone. We want to show that

/#g(y) dm(y) Z/\g’l

for absolutely continuous g.
For a given partition P = {0 =ty < t; < --- <ty = 1}, put || P [:=
max |t; —t;—1|. Put gp to be the piecewise linear function such that gp(t;)
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g(t;) for all t; € P, and is linear between each t;_1,t;. By the intermediate
value theorem,

ap < fg- (3)
Since gp = (go)p when Q D P it follows that
ap < H#go (4)

in this case.
Recall that

/ lg'| = T(g) = sup T(g,P)
P

where

N
P) =S lolts) - glti1)| = / 00 () dm(y)
=1

The second equality follows from (1) and the equality case of (4).

Let P;j,i = 1,2,... be partitions such that T(g,P;) — T(g). Since
T(g,P) > T(g, Q) whenever P D Q, we may assume that P; C Py C ...
and that || P; ||— 0.

Suppose y is as in ¢). Then there is 6 > 0 such that if =6 <h' <0< h < 4§
then g(x) lies between g(z+h) and g(x+h') for every = € g~1(y). Using the
intermediate value theorem, it follows that if || P ||< & then #4, (y) > #4(v).
With (3) this implies that #,(y) = #4(y) in this case.

Now (4) and the result of ¢) imply that #gp, 1 #9 a.e. Applying the
monotone convergence theorem to this sequence gives the result we want.

Problem 4. Suppose F,G are absolutely continuous on [0,1]. Prove that
FG is absolutely continuous.

Solution. Since F, G are continuous there is C' < oo such that |F|, |G| <
C. Given e > 0let § > 0 be small enough that if 0 < a1 < by < a9 <...by <

1,5V (bi—a;) < 6 then SV |F(by) — F(a)], SN |G(bs) — (al)y<gc Then

for such a;, b;

N N

D F(b)G(bi) — Fai)Glag)| =Y [F(bi)G(bi) — F(b:)Glai)| + Y [F(bi)G(as) — F(a;)G(as)]
[F(b:)[|G(bi) — G(a \+Z!F F(a;)[|G(ai)|

N
<C <Z 1G(bs) — G(ai)| + Z |F'(bi) — F(m)l)

Problem 5. Put



and fort #0

Let f € LY(R,m).
(a) Define hy+(y) == f(y)g:(x —y). Prove that hy; € L* for all z € R

and t # 0.
(b) Put
Fran(e) = [ hasly) dm(y).
Show that
IS g i<l f Il
(c) Suppose that |f| < C < oo and f(x) =0 for |x| > C. Prove that
li | £ % 0~ f =0 )

(d) Prove that (5) holds for all f € L'.

Solution. a) As the product of measurable functions, h, ; is measurable.

Since |g;| < 2, it follows that |k, | < 2|f|. Since f is integrable it follows

that hy ¢ is too.
b) Consider the function

Fi(x,y) = hat(y) = f(Y)gi(z —y) = Ge(r — y,y)
where
Gi(2,y) = f(y)gi(2).

As the product of measurable functions on the coordinates, the latter is

clearly measurable on R?, and hence so is F} since it is obtained from G; by

precomposition with a linear transformation 7' (Folland, Theorem 2.44 a.).

Therefore, by Fubini-Tonelli, f x g = [ Fi(-,y) dy is measurable for a.e. y.
Since detT' = 1, in fact

I %0 ||1=/R|f*gt<x>\dx:/R\/Rf(y)gt(x—y)dy dr
S/R/R!f(y)gt(:v—y)l dy dzx
= [ Rl drdy

= / |Gi(2z,y)|dz dy

= 171 [ 1l =1 711

in view of the direct calculation [ |g:| = [ g+ = 1.
c) Since |f| < C, it follows that

| Frou(a)] = ] [ state = nar| < [wate-niar ¢ [lat-pla=c
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Furthermore, if |z| > C + |t| then g;(z — y) = 0 for |z — y| > |¢t|. But if
|z —y| < |t| then |y| > |x| —t > C, so f(y) = 0. It follows that in this case
fW)ge(z —y) =0 for all y, and therefore

fra(x /f y)gi(z —y)dy = 0.

Thus [f*g| < C-1_c_1,04q) for [t| <1, and |fx g — f| <2C-1_c_1 o411,
and if we can show that f * g; — f a.e. then the dominated convergence
theorem applies to give the result.

Now suppose z is a Lebesgue point of f, and therefore a point of ap-
proximate continuity of f. Thus given € > 0 there is r9 > 0 so that for
O<r<mrg

m(Ere) < Te€.
where
Bro={ye(@—ra+r):|fy) - f2) > e}
Then for t < rg

1 gr(a) — ()| = \ [ 1wt = vy s

‘/ x))ge(x — )dy‘

/ @) — @)oo — ) dy
- / F@) — F@)lar(e —y)dy + / F@) — F@)lar(e — ) dy
Ey e

[x—t,x+t]\Et,e

< / (20) > dy + / ez —y) dy
Et,e [x7t7$+t]\Et,€

< 3Ct6—|—6—6(30+1>.
T2t 2

Therefore f * g(z) — f(x) as t — 0 for a.e. z, and the dominated
convergence theorem applies.

d) For C' < oo put fo := f-1yf<cin-c,c]- Then dominated convergence
implies that || fo — f |[1— 0 as C — oco. Let € > 0 be given and let C' be so
large that || fo — f |l1< e. By ¢), we may take ¢ small enough that if |t| < &
then || fo * gt — fo ||1< €. Then for such ¢ we have by parts b) and c)

| frg—fllislfrxge—foxglh+1 fexg—foli+ I fo—flh
= (f=fo)xgilh+ 1l foxge—felh + |l fo = f I

<I(f=fo) llh +e+e
< 3e.




