HALF TWISTS AND THE COHOMOLOGY OF HYPERSURFACES
B. VAN GEEMEN AND E. IZADI

ABSTRACT. A Hodge structure V of weight & on which a CM field acts defines, under certain
conditions, a Hodge structure of weight & — 1, its half twist. In this paper we consider hyper-
surfaces in projective space with a cyclic automorphism which defines an action of a cyclotomic
field on a Hodge substructure in the cohomology. We determine when the half twist exists and
relate it to the geometry and moduli of the hypersurfaces. We use our results to prove the
existence of a Kuga-Satake correspondence for certain cubic 4-folds.

Introduction

Given a rational Hodge structure V' of weight & with an action of a CM-field K such that
no element of K has complex conjugate eigenvalues on V¥ one can associate to it a polarized
Hodge structure Vj, (the half twist of V') of weight & — 1 with the same underlying vector
space. This half twist depends on the choice of a CM-type for K and was defined by one of us
in [vG]. It has the property that there is an inclusion of Hodge structures Vi, C V @ H'(Ak)
(up to Tate twist) where Ag is an abelian variety with CM by K. The Hodge conjectures
translate into interesting problems on the geometry of varieties having Hodge structures which
allow a half twist, some of which we consider in this paper.

The half twist is also related to Kuga-Satake varieties. In case V has weight 2 with V*° of
dimension 1, Kuga and Satake [KS] define an abelian variety K S(V') such that H'(KS(V))
is the even part of the Clifford algebra of the polarization of V. They show that V is a
direct summand of H'(KS(V))®?. If an imaginary quadratic field K acts on V' then Vi, and
H'(Ak) are direct summands of H'(KS(V)) and V C V;,,@ H'(Ak) (see [vG] where the other
summands are also determined). The half twist is thus a partial (it exists only when a CM field
acts on V') generalization (it works for any weight) of the Kuga-Satake construction.

The half twist is also implicit in the work of Kondo [K] on K3 surfaces which are degree 4
covers of P? totally branched along plane quartics. These come with an action of Z/4Z and
the transcendental part V of H?(S) is a vector space over the field Q(z). Kondo shows that
the moduli space for such V' is isomorphic to the moduli space of certain weight one Hodge
structures V' on which the field Q(z) acts. In fact V' is Vi, the half twist of V. The moduli
space for V' is a quotient of a 6-ball and Kondo proves that the moduli space of curves of genus
3 is birationally isomorphic to this ball quotient. In the same paper, Kondo makes a similar
construction for the moduli space of curves of genus 4. Kondo’s work was motivated by results
of Allcock-Carlson-Toledo [ACT1], [ACT2] who produce a complex hyperbolic structure on the
moduli space of cubic surfaces by using cubic threefolds which are triple covers of P? totally
branched along a cubic surface.
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and DMS-0071795 from the National Science Foundation. This work was completed during the second author’s
visit of the University of Pavia. She wishes to thank the University of Pavia for its hospitality.
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The half twist also appears in the study of variations of Hodge structures. The families
of weight two Hodge structures considered by Carlson and Simpson in [CS] are obtained as
(negative) half twists of families of weight one Hodge structures with a Q(y/—1)-action.

In this paper, we consider hypersurfaces Y; of degree d > 3 and dimension k& > 1 in P**!
which are d-fold covers of P* totally branched along hypersurfaces X;_; of degree d in P*. Such
hypersurfaces come with an action of Z/dZ. Letting o be a generator of Z/dZ, we define V as
the part of the cohomology of Y where the eigenvalues of o are primitive d-th roots of 1. Then
V' is a vector space over the cyclotomic field K of d-th roots of unity. We will fix a CM-type
Yo of K in 2.1 which is optimal for the examples under consideration. That is, if V' has a half
twist for some CM-type, then it has a half twist for this CM-type.

We determine which V allow a half twist. If V does not have maximal level (i.e. if V¥ = 0),
V has a half twist. It is then also interesting to see if V(¢), the Tate twist of V' whose level
is equal to its weight, has a half twist. In theorem 2.6 we determine the values of d and & for
which the half twist of V(¢) exists.

In case V}/, exists, we would like to have it as a Hodge substructure of the cohomology of a
‘nice’ algebraic variety. A basic result on half twists (cf. Proposition 1.6) implies that

Vij2(—1) C HY(Y:) @ H'(Ag) C H*F' (Vi x Ag)

where Ag is an abelian variety with CM by K. We find two nicer varieties:

Theorem (cf. 3.4).
1. There is an embedding H'(Ag) — H'(Y1). So if Vi exists, then

Vipp(=1) C H* (Vi) @ H' (Y1) € H"' (Ve x 7).
2. Let Zyyy be the d-fold cover of P*t! totally ramified along Yy. If Visg is exists, then
Vipa(=1) C Hy™' (Ziy)

where the subscript 0 denotes primitive cohomology.

The second part of the above theorem follows from the first part and work of Shioda.

Since Vi /o(—1) is not of maximal level in Hyt'(Z41) and H*+1(Y} x ¥7), the general Hodge
conjecture predicts that V;,, is a Hodge substructure in the cohomology of subvarieties of
codimension one of Z;y1 and Y3 x Y. We don’t know how to find such a subvariety except in
a few examples (cf. [vG] for the case of Calabi-Yau varieties).

A different and equally interesting type of question is a Torelli type problem: to what extent
does the half twist 1}/, determine X;_;7 In Section 5.10 we prove

Theorem (cf. 4.3). Suppose d = 3, k > 3 and V(q)1)2 is well-defined, i.c., by Theorem
2.6, k = 3q+ 1. Then the differential of the period map which to Xjy_y associates V(q)1/2 is
generically injective.

An important application of our results is on Kuga-Satake correspondences. For a Hodge
structure V' of weight 2 with V2 of dimension 1 there is the inclusion of Hodge structures
V Cc HY(KS(V))?% Supposing V is a Hodge substructure of the cohomology of a variety S,
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the Hodge conjecture asserts that this inclusion is induced by a correspondence on the product
of S and KS(V)% The following theorem generalizes a result of Voisin [V2].

Theorem (cf. 5.6.) There exists a Kuga-Satake correspondence for the weight two Hodge

structure V.= HJ(Yy)(1) where Yy is a triple cover of P* branched along a (general) smooth
cubic threefold.

1. POLARIZED RATIONAL HODGE STRUCTURES WITH AUTOMORPHISMS.

1.1.  We recall the basic results on half twists from [vG].

1.2. Definition. A (rational) Hodge structure of weight k (€ Z>¢) is a Q-vector space V with
a decomposition of its complexification Vo := V @q C (where complex conjugation is given by

v@z:=v@zforveVand z € C):
Vo = Oppg= V7, such that Ve = VP, (p, q € Z>o).

Note that we insist on p and ¢ being non-negative integers throughout this paper, so we only
consider ‘effective’ Hodge structures.

1.3. CM-type. Recall that a CM-field K has 2r = [K : Q] complex embeddings K — C which

are pairwise conjugate and that a CM-type is a subset {1, ... ,0,} of distinct embeddings with

the property that no two are complex conjugate. Hence if we define embeddings o,4,(x) := o;(x)
then any embedding of K in C is a o; for some j, 1 < j < 2r.

1.4. Half twists. Let V be a Hodge structure of weight k£ on which a CM-field K acts and let
Y ={o1,...,0.} be a CM-type. The eigenspaces of the K-action on V?7 are denoted by:

Viti={ve VP : zv=0;(x)v Vze K}, 1<y <2
We define two subspaces of Ve whose direct sum is V?4:
VP el VPt VP = e, Vi
We define the Hodge decomposition of the negative half twist of V' (w.r.t. ¥) by:

V_piq/2 = f_l’q @ VPl
It is not hard to see that this is a Hodge structure of weight & + 1 on V. By successively
performing the negative half twist one obtains V_,,/,, a Hodge structure on V' of weight k + n.
However, half twists do not give Tate twists: V_y,,/2 # V(—m). Half twists and Tate twists are
compatible in the sense that (V,)(b) = (V (b)), for all a € (1/2)Z and b € Z.

A classical example is obtained by taking V = K, with the trivial Hodge structure V% = V.
Then K_q1/, = H'(Ag, Q) for any abelian variety Ag of dimension r with CM by K and CM-
type .
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1.5. Positive half twists. To define the (positive) half twist one would put:
Vi = VT g vt

This works if V*° = 0. However, if V¥° = 0, then the subspaces V*0 and V_E’k of V& do not
appear in (V4/2)c and therefore this definition does not define a Hodge structure on V' (and in
general not on any Q-subspace of V). One can define the half twist of V" only if VO =0 (the
complex conjugate of this space is V_E’k which is then also 0). So one needs the eigenvalues of

any * € K on V¥? to be in the set {o(2)},ex. The following proposition shows that half twists
appear naturally in certain tensor products.

1.6. Proposition. (See [vG].) Let V be a Hodge structure with CM by K and fix a CM-type
Y of K. Then we have an inclusion of Hodge structures (both of weight k4 1):

Vi CV @q Koy,
given by:
Vi = {w EVRqK_ip: t@0lw=(10z)w VYre K}.
Similarly, if V' admits a positive half twist, the Hodge structure Vi o(—1) of weight k — 142 =
k+1 is a Hodge substructure of V@ K_y/y:

Vip(—) ={weVaqK_ ipp: (z@l)w=(105w Yrek}.

2. GENERALITIES ON HODGE STRUCTURES OF HYPERSURFACES

2.1. The Hodge substructure V. For a smooth (k — 1)-dimensional hypersurface Xj_; of
degree d

Xio1 1= Zeroes(Fy(xo, ..., xk)) (C Pk),
the cyclic d-fold cover of P* branched along X;_; is the smooth k-fold Y}, defined by
Y, = Zeroes(:z;i_l_l + Fa(xo, ..., xk)) (C Pk"'l).
We denote by «ay the automorphism of order d defined by

Qp Y. — Y.
(ot xp s appr) — (0:...iap: Capgr) (¢ =29,

The action of ay on HY(Y;, Q) makes this space a Q[T]/(T? — 1)-module. We will denote by
Vo Hy (Y, Q)

the largest subspace on which the eigenvalues of o] are primitive d-roots of unity. If d is a
prime number we have V = H%(Y},, Q). The restriction of a to V is denoted by a:

o= (aZ)|V:V—>V.

The subring K := Qla] of End(V') is isomorphic to the field of d-th roots of unity. The complex
embeddings of K are:

oK — G Yool = Ya? (e Q=
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with @ € (Z/dZ)*. We define the CM-type ¥, for K by:

Yo = {Ua}0<a<d/2-

All half twists throughout this paper are taken w.r.t. this CM-type. Thus V has a half twist
(w.r.t. Xo) if and only if all eigenvalues of & on V*° are in the set {0a(¢) Yocacdsa:

We will often identify K with Q(() via oq1. With this convention, Proposition 1.6 implies
that the half twist, when it exists, may also be defined via:

Vip(—=1) ={w e Vaq K iz (a®w=1w}

since 1 @ ¢ = (1 ® ()~'. We observe that if the half twist exists, then the eigenvalues of a @ (
on V#0 @ (K_12)"° are contained in the set {c,(¢) - 04(¢) }oca,p<ay2, s0 none of these is equal
to 1 and hence Vj/, is indeed an ‘effective’ Hodge structure of weight k& — 1.

We now review some basic results on Hodge structures of hypersurfaces and the action of
automorphisms on their cohomology and apply them to V.

2.2. Hodge numbers. The primitive cohomology of a degree d hypersurface X}, in P**! can
be calculated using Griffiths residues (see [G] page 44):

Hy™""(Xy) = H® (Oprna(d(q + 1) = k = 2)) [ugs1)-5-2

where J = &.J, is the graded jacobian ideal of Xy, i.e.., the ideal generated by the partial
derivatives of an equation for Xj.

2.3. Automorphisms. We compute the dimensions of the eigenspaces in the primitive coho-
mology

Hy™"(Yi)(i) = {w € Hy™"(Ya) : afe = ('}

where oy, is the automorphism of Yj defined in 2.1 above. The following lemma is an immediate
consequence of a result of Shioda (cf. [S] Theorem I).

2.4. Lemma. Let J' be the Jacobian ideal of Fy € Clxg, ... ,xg]. Then we have:

he ™ (Vi) (1) = dim H® (Ope(d(q + 1) — k = 1 = 1)) /Ty p1)—pe1—s-

Proof. According to [S], Theorem I, the dimension of the eigenspace is given by the number
of (k+1)-tuples ag, ... ,ar with 1 <a; < d—1 such that (ag+...+ar+7)/d = g+ 1. Moreover
hg_q’q(Yk)(i) =01if s =0 hence we take 1 <7 < d—1. Writing b; :=a; — 1,50 0 < b; < d —2,
we obtain by + ...+ b, = d(g+ 1) — k — 1 — . To each such (k4 1)-tuple we associate the
monomial z .. .J}Zk, which is homogeneous of degree d(q+ 1) — k — 1 — ¢ and has no variable
to power > d — 1. Since these dimensions are constant in families of smooth hypersurtfaces, we
may assume that F; = 3 2¢ and we obtain the desired equality. O
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2.5. The half twist for V. Since V is the subspace of Hf(Y}, Q) on which the eigenvalues of

o are primititive d-th roots of unity, we have:
_ k—q, .
Vk-aa — Dic(z/az)" H: q q(Yk)(l)‘

In case V59 = 0, the half twist of V always exists. It may happen that Vi has higher level
than V' (for example, a cubic surface Y5 has Vo = V! and thus level 0, but V;,, has weight
one and hence has level 1). In case V%Y = 0, we will therefore also consider the Tate twist V(q)
of V with ¢ choosen such that V*=9¢ £ 0 but V** = 0 if u > k — q. Then Vi /2 has lower level
than V exactly when V(¢) has a half twist. Recall that all our half twists are for the CM-type
Yo fixed in 2.1.

2.6. Theorem. Let Y} be a hypersurface of degree d in P**' as in Section 2.1.
Define ¢ € Zso and t by:

k=qd+t with t€ {-1,0,...d—2}.
Then H{j‘q’q(n) is the ‘extremal’ summand of HE(Yy, C), i.c.,
HE7 (V) #0, HY (V) =0 ifu>k—q.
The Tate twist V(q) of the Hodge substructure V of HE(Y), Q) has a half twist if and only if
1. either d # 2 mod 4 and:
d—4

t>—,
2

2. ord=2mod4 and
t>d_6
5

Proof. The integer ¢ is the smallest nonnegative integer for which Hy~?(Y) # 0. Therefore,
by the formula for the Hodge numbers of Y}, (Section 2.2), we have that ¢ is the nonnegative
integer such that d(¢g+ 1) —k—2>0and dg — k —2 < 0, i.e., ¢ is the integer satisfying

kE+2

Now it is clear that k = ¢d + t as in the statement of the proposition. We have

2.7. Lemma. For all:
ho " (Yi)(i) > ho "(Vi)(i + 1)
except if d = 3 and k = 2 in which case the two dimensions are equal.
Proof. Put a=d(¢+1)—k—2=d—1—2. Recall that (Lemma 2.4)
RS9 (Vi)() = dim HO (Ops(a + 1 — i) [0

We may assume that J' is generated by =4 ',... #{"", and then H°(Opx(a +1 —14))/J.,,_;
is spanned by monomials x¢°...z3* with > a; = a + 1 —¢ and a; < d — 2 for all j. Since
a=d—1—2and —1 <t < d— 2, multiplication by x; induces an injection

Hy ™" (Vo) (i + 1) = Hy ™" (Yi)(0)
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except if ¢ = d —1 and ¢+ = 1. In this last case we can define a different map which is also

injective: we send {72 to zi 22y and we send all other monomials to their product by ;. This
inclusion is not surjective except when d = 3 and k = 2. 0

To finish the proof of the theorem note that when d = 3 and k£ = 2, we have ¢ = 1 and
V(—1), of weight 0, does not have a half twist. Now V(¢) has a half twist, for our chosen CM
type Yo, if and only if Hé“‘q’q(n)(i) =0 for ¢ € (Z/dZ)* and d/2 < ¢ < d. Using Lemma 2.7,
we find that V(g¢) has a half-twist if and only if hg_q’q(Yk)(j) = 0 where j € (Z/dZ)* is the
smallest unit with j > d/2.

If d = 2e with e even or d = 2e + 1, the smallest unit in (Z/dZ)* larger than d/2 is
e+ 1 € (Z/dZ)*. Therefore V has a half twist if and only if hg_q’q(Yk)(e + 1) = 0. This is

equivalent to @ — e < 0, that is, if d = 2e with e even:

d—4
(d—t—2)—d/2<0 <= t> 5
and the same result holds if d = 2¢ + 1.
If d = 2e with e odd, the smallest unit in (Z/dZ)* larger than d/2 is e 4+ 2, hence V has a

half twist if and only if « — e — 1 < 0, that is:

(d—t—2)—(d/2) =1 <0 < t>%.

O

2.8. Example. For a cubic hypersurface Y the Hodge structure V(¢) has a half twist if and
only if £ =3¢+ 1. In that case we have hg_q’q(Yk) = 1.

2.9. Corollary. Let Y, have degree d. Then V C H*(Y), Q)o has a half twist if and only if

erther d<2k+4 and k=0 mod 2,
or d <2k +4 and k=1 mod 2.

Proof. If d < k + 2, then V*? = 0 and, as we saw in 2.5, V has a half twist. Else £ < d — 2
and we have ¢ = 0 and ¢ = k. Therefore V has a half twist if and only if either & > (d — 4)/2,
that is d < 2k 4+ 4, or d = 2 mod 4 in which case k > (d — 6)/2 hence d < 2k + 6. In the last
case we must actually have d < 2k + 4 with equality only if £ is odd. O

3. THE HALF TWIST OF V FOR A CYCLIC COVER

3.1. Cyclic covers. In Section 2.1 we defined a Hodge substructure V C HE¥(Y;, Q) which has
CM by the field K of d-th roots of unity. In case V' has a positive half twist V;/,, we saw in
Proposition 1.6 that we have an embedding

Vip(=1) CV @ K_ypp C Hy(Ye, Q) @ K_y5.
Recall that ay is the automorphism of Y, = Zeroes(:z;i_l_l + Fy(xo, ... ,xx)) defined by
ap: Y, — Y, (vo: .t Tpqr) — (To: o i @p i (Tpyr)

where ¢ = ¢?™/4_ In particular, the Fermat curve Y; has the automorphism o (taking Fy :=
d o .d
xy + xf).
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3.2. Lemma. The Hodge structure K_y 5 is a Hodge substructure of H'(Y1,Q). In particular,
we have the following geometric realization of the half twist:

Vijo(—1) € HE(Y:, Q) @ HY(V1,Q) € H*(Y), x V7).

Proof. On the Fermat curve Y; defined by xd + ¢ 4+ 23 consider the automorphism
v:YT — Y, (:1;0::1;1::1:2)»—>(:1;0:C_1:1;1:C:1;2).

The holomorphic one forms on Y] are the y(ll_(d_l)ygdyg (where we put y;, = ;—;), with 0 <

a+b<d-3and a, b > 0. For the ~-invariants we have —a + (d — 1) + b+ 1 = 0 mod d,

that is « = b mod d. Hence the possible values for (a, b) are (0,0), (1,1),... ,([d;—?’], [d;—S]) In

particular A'(Y1, Q) = [d;—l] and the eigenvalues of ot on H'O(Y})? are ¢, (%, ..., (ld=D/2,

Since af = 1 and a; commutes with v, the space H'(Y;,Q)” is a Q[T]/(T* — 1)-module (via
T +— «y). The eigenvalue ¢ has multiplicity one, hence H'(Y7, Q)" has a unique submodule
M isomorphic to K = Q(¢). As a Hodge structure, M = K_,/, since both have the same
CM-type. The geometric realization follows from

Vip(=1) CV @ Koy C Hy (Y3, Q) @ H'(Y1, Q).
This concludes the proof of the lemma. O
3.3, We can improve on the above by embedding V;/»(—1) in H*™(Z;11, Q) where
Tyt 1= Zeroes(aci_l_2 + l’i_l_l + Fa(xo, ..., xk)) (C Pk+2).

3.4. Theorem. With the notation of 2.1 and 3.1, assume that the half twist Vi 5 of the Hodge
structure V (C HY(Yy, Q)) exists. Let W be the Hodge substructure of HY (Y}, Q) @ H (Y1, Q)

on which the automorphism 3 := (of, a) acts trivially:
(8)
W= (H5(V. Q) @ H'(1,Q)) .
Then there is an inclusion of Hodge structures of weight k4 1:

Vip(=1) = W = (Hi(v. Q) @ H'(,Q).

Proof. By Lemma 3.2,
. (8
W:(V®[X_1/2) @
Since B(v) = (af @ af)v for v € HE (Y, Q) @ HY(Y1,Q) we also have:
Bv)=wv if and only if (a; @ v = (1@ a})v.
Hence, by Proposition 1.6, we have (V ® [&'_1/2)<ﬁ> = Vijo(—1) and thus Vi 5(—1) C W. O

We have the following immediate consequence of results of Shioda.
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3.5. Proposition. (Shioda.) The primitive cohomology of Zr11 has a direct sum decomposition

HE (Zin, Q) 2 HE ™ (Xiy, Q)(=1)%0) &

Proof. In the case of Fermat varieties the direct sum decomposition of H§+1(Zk+1,Q) is
proved in [S], Theorem II and it applies in this case as well since the result is topological in
nature. U

3.6. Corollary. We have an inclusion of Hodge structures of weight k — 1:
HEN Xm0, QP @ Vigy o HEYY(Z140, Q) (1).

Proof. Immediate consequence of 3.4 and 3.5. 0

We could then ask whether we can have
Vip(=1) = W.
The following dimension computation shows that this is the case if and only if d = 3.
3.7. Lemma. For all k > 2 we have the identity
RSt = (d — )AS™! + (d — 2)h}.

where hi is the dimension of the primitive cohomology of a smooth k-dimensional hypersurface
of degree d in P**'. Therefore, by Proposition 3.5

dim W = (d — 2)hf.

Proof. It suffices to prove that hE™ = (d — 1)hi™" + (d — 2)h% for special hypersurfaces X
which are cyclic degree d covers of P* totally ramified along a degree d hypersurface Xj;_;.
Then the Zeuthen-Hurwitz formula gives

Xtop(Xk) = dXtOP(Pk) — (d = 1) Xtop(Xp-1)
k414 (=1 hg = d(k+1) = (d = 1)(k+ (=1)*""hg™")
(=1)*hg = (d = 1)(1 — (=1)""hg™").

JFrom this we calculate

(D he™ + (DM =2k = (d—=1)(1 = (=1)*hg) + (=1)"(d — 2)hg
(1) (R
= (d—1) = (d=1)(1 = (=) hg™")
— (d 1)( 1)k 1hk 1
multiplying by (—1)¥*! gives the desired result. O
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4. TORELLI THEOREMS.

4.1. Let Xy_; C P* be a hypersurface such that V' C H}(Y},Z) allows a half twist. Then
we can associate to Xp_; two polarized Hodge structures of weight £ — 1, one is its primitive
cohomology H(’;‘l(Xk_l, Q) and the other V4. We have thus two period maps: one sending
X;_1 to Hé“_l(Xk_l, Q) and the other sending Xj_; to Vj/2. The first map has been extensively
studied and is known to be generically injective in many cases. The injectivity of the second
map means that we can recover X;_; from V;/,. We know this is the case for example if & = 2

and d = 4 by the work of Kondo [K] and if £ = 4 and d = 3 by recent work of Allcock, Carlson
and Toledo (see Section 6 below).

In case we do not only have the polarized Hodge structure V;/, but we also know the action
of ( = €?™/? on its underlying Z-module (this action comes from the action of a on V, which
has the same underlying Z-module), we show that V' can be recovered from V}/,. In case d is
prime we thus recover Hg(n, Z) which in many cases determines Y} and hence Xj_;. In case d
is not prime we do not know to what extent V determines HE¥(Y},Z) and thus, via the Torelli
theorems for hypersurfaces, the variety Y.

4.2. Lemma. Let V be a Hodge structure of weight k which allows a half twist Vy,5. Then we
recover V. from Vi, in the following way

V = (‘/1/2)—1/2 - {w € ‘/1/2 ® [(_1/2 . (O{ ® C_l)w = w }

Proof. This follows from 1.6 (cf. [vG]). O

Recall that Vj,(—1) is a Hodge substructure of W, defined in Theorem 3.4, with equality
if and only if d = 3. In case we do not know the action of ¢ on (Vi/3)z, we use the inclusion

W C HY*™ (Ziy1, Q) to prove the following.

4.3. Lemma. Suppose k > 2. The differential of the period map which to Xj_1 associates the
polarized Hodge structure W is generically injective. In particular, this period map ts generically
finite.

Proof. The tangent space to the space of periods for W is the space of compatible (k + 1)-
tuples of homomorphisms W#" — W?=b"t1 which preserve the polarization. The space of
infinitesimal deformations of X;_; is isomorphic to

H° (Opi(d)) | ]

Given a degree d polynomial Gy (modulo J'), the image of the corresponding deformation in
the tangent space to the space of periods for W is the (k + 1)-tuple of homomorphisms given
by multiplication by G4 in the description

H° (Oprt2(d(p+1) — k= 3)) /Jd(p+1)—k—3
(ZEI;O2 T Ty HO(Ops(dp — k — 1)))

(see 2.2 and 3.5). To show that the differential is injective, it suffices to show that one such
homomorphism is non-zero, i.e., there is a p and an element of the above space which is not

Wk-l-l—pm o
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sent to zero by multiplication by Gj. Again, as before, it is enough to check this for the
Fermat hypersurface of degree d. In this case, a basis of the above vector space is given by the
monomials of degree d(p +1) — k& — 3 in wo,... ,x) containing no variable to power > d — 1
and products xk+1xk+2M where 1, < d—2,0+ 7 # d—2 and M is a monomial of degree
dp+1)—k—3—1i—jin xg,... 1, containing no variable to power > d — 1. An infinitesimal
deformation of the Fermat hypersurface of degree d can be uniquely represented by a degree
d polynomial GGy in the variables xq,... ,z; containing no variable to power > d — 1. After
possibly dividing GGy by a non-zero constant, we have

Gy =T g2 + Hy

where H; does not contain the monomial H?ZOJ}? and Z?Zl t; = d. Then, the image of
xz_l_lxz_l_zﬂfzo:z;?, where m; +1; < d—2forall 5, r,s < d—-2,r+s # d—2 and
Sm; =d(p+1) -k —3—r— s, by multiplication by (¢ is non-zero in W*+!=r», O

4.4. Cubics. In case Y; has degree 3, we have V = HE(Y;, Q). Since for k& > 1 we have
VRO =0, its half twist exists and 3.4, 3.5 and 3.7 imply that Vjo(—1) = W and

HEYY (Zrgr, Q)(1) = Hy ™M (Xpm1, Q)% & Hy (Ye, Q)1j2-
So Lemma 4.3 is a Torelli Theorem for V;,, in this case.
4.5. Quartics. In case Y has degree 4, Theorem 2.6 with d = 4 shows that the Hodge sub-
structure V(q) C H*(Y}),, Q) has a half twist if and only if k = 4g+1 or 4¢+2. In case k = 4¢g+2

we have dim V+=97 = hg_q’q(Yk) = 1. From Corollary 2.9 it follows that V has a half twist for
any k (in fact V*0 = 0 for k£ > 2). We have:

4.6. Lemma. The Hodge structure W splits as follows:
W( ) V/2 S%; (V/ @ [(—1/2) 9
where V! C HY(Yy, Q) is the Hodge substructure on which ay acts as —1. Therefore by 3.5

HE (Zi, QY1) = B (Xmr, QP 0 Vigd 6 (VI 0 K_ypa) -

Proof. We have H}(V;, Q) = V& V' and H(Y},Q) = K%’

-1/2
H'°(Y}) has eigenvalue ¢ with multiplicity 2 and eigenvalue —1 with multiplicity 1 (the (—1)-
eigenspace is a copy of K_y/y, using permutations of the coordinates one finds the other two
copies). Hence:

because the action of of on

(8)

W) = (H§(v, Q) @ H'(.Q)) " = Vi3 & (V& K_yp2).
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4.7.  In general we do not know to what extent V;/, determines V'. Note that V' is the primitive
cohomology of the double cover of P* ramified along X;_;. In case k = 2, this double cover
is a Del Pezzo surface and thus V’(1) is a trival Hodge structure (of dimension 7). Therefore
Lemma 4.3 is a Torelli Theorem for V;/, if k = 2 and d = 4.

We study the case of the quartic surface Y; in some detail since it is related to recent work of
Kondo [K]. Start with a curve €' := X; (C P?) of degree 4. The surface Y is a K3 surface, in
particular A*°(Y;) = 1. The primitive cohomology of a general Y; decomposes into the direct
sum of its transcendental part V' and its algebraic part NSo(Y2)q:

H2(Y2,Q) =V @& NSy(Ya)q, dimgV =14,  dim NSy(Ya)q =T.

Kondo [K] proves, (using the Torelli theorem for K3 surfaces) that the map C' — Vz defines
an injective morphism from the moduli space of non-hyperelliptic curves of genus 3 to a 6-ball
quotient and studies its extension to hyperelliptic curves of genus 3 and to nodal plane quartics.
This ball quotient is a moduli space of abelian varieties of dimension 7 with (1,6)-action by
K =Q().

Kondo’s construction can also be done with half-twists: We can apply the half twist to the
transcendental part V. The Hodge structure V;; is of weight one, has dimension 14 and defines
an (isogeny class of) abelian variety A¢ of dimension 7 on which the action of the field K is of
type (1,6):

‘/I/QZHI(AO7Q)7 dlmAC:7

Since we can also carry out the half twist over Z, that is we can define (Vz),/, by the same
formula as for V45, we can in fact define an abelian variety A¢ (with H'(A¢,Z) = (Vz)1/2 and
polarization induced by the polarization ¢ on Vz via E(v,w) := ¢(v,iw)). We can of course
recover Vz from H'(Ac,Z). This abelian variety is in fact Kondo’s abelian variety.

Since Vi,o(—1) C H?(Z5,Q), Kondo’s abelian variety is isogeneous to a subvariety of the
intermediate jacobian of the quartic threefold Z5. It is well-known that

H*(Zo,C) = H* (Zo) & HY*(Zo),  and  h*'(Zo) = 30.

In particular, the intermediate Jacobian Js of Zy is a principally polarized abelian variety.
Lemma 4.6 implies that

Jo ~ J(C) x A% x A%
since now V' 2 Q(—1)" C NSy(Y2)q is a trivial Hodge structure. Here Ag is an elliptic curve
with CM by K.

5. CORRESPONDENCES

5.1. In case the Hodge substructure V' C HE(Y,Q) has a half twist we have an inclusion
Vije(—1) € H*Y:, Q) @ H'(Y1,Q) (cf. Lemma 3.2) and Proposition 1.6 gives an inclusion
V= Vi @ K_y3, hence V(—=1) C Vi /2(—1) ® K_y /5. Thus we have inclusions:

V(=1) = Vipp(=1) @ K_yjp = Hy (Y, Q) @ H'(Y1,Q) @ H'(Y1,Q) — H*™ (Y, x Y72, Q).

Since also V' C HE(Y;,Q), the Hodge conjecture predicts that there is a cycle, i.e., a cor-
respondence, on the product of Y3 and Y, x Y? which induces the inclusion of Hodge struc-
tures V(—1) — HT (Y, x Y2, Q). More precisely, there should be a cycle I on the product
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L X YL X suc a e restriction of the ma
V), x ¥ x Y2 such that the restrict f th p

pry: HA (Y, Q)(—1) — HM*(Y, x Y7, Q)

x — 7o (mj(2).[T])
induces the inclusion
V(=1) — Hy*(Yi x Y, Q).
Here 71 and 7y are the two projections

T Y x Y x Y — Y, Ty Ve X Y x Y2 — Y x Y

and [I'] is the cohomology class of I'. The map 2, is the Poincaré dual of push-forward on
homology.
We show that such a cycle exists.

5.2. Theorem. Let « be the automorphism of V defined in 2.1. Let S be the Hodge substructure
of VR K_1/3 @ K_y/y defined by:

S:{wev®[(_1/2®[(_1/2 (a@c@l)w:w7 (1®C®C)w:w}

Then S C Vijpa(—1) @ K_15 and S = V(—1). Moreover, there is a cycle T C Yj, x (Y x Y?)
such that

piy : HY (Vi Q)(—1) — HY2 (Ve x V7, Q)
induces the isomorphism

V(=1) — §=V(=1) CVip(=1) @ K_yjp C HM2 (Y < VP, Q).

Proof. By Proposition 1.6 and Theorem 3.4, the (a @ ()-invariant subspace in V @ K_y, is
Vija(=1), 80 S C Vija(—=1) @ K_y 5. Similarly, the (¢ ® ()-invariant subspace of K_;/, @ K_y,
is Ko(—1) 2 K(—1), a trivial Hodge structure of weight 2. For dimension reasons it follows
that S = V(-1).

Explicitly, let y = a®@(®@1 € End(V@K(—1)). Then 4% =1 hence (7—1)(7d_l—l—. .+1)=0
and the map v @ ¢ — Y20 7'(v @ ¢) is the projection onto the subspace of y-invariants. The
isomorphism V(—1) — S is thus given by

d-1
v —> Z a'(v)@(C@l)e) CV@K(-1)
=0
where ¢ € K(—1) C K_y/3 ® K_y5 is arbitrary but non-zero.
The existence of I' follows from the fact that the Hodge substructure K(—1) C K_y/; ®
K_1)5 — H'(Y) ® H'(Y7) is trivial, i.e., generated by (1,1) classes. O

5.3.  Using Shioda’s work, we obtain a similar correspondence with Z;,; instead of Y, x Yj.
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5.4. Theorem. There is a cycle U on Yy X Zpy1 X Yy such that the map
py : HE (Y, Q)(=1) — H™(Z310 x Y1,Q)
induces the embedding
V(1) = Vip(-1) @ K_1j; — H*"(Z1411,Q) @ H'(Y1,Q).

Proof. The cycle I' on the product of Y; and Y}, x Y}* induces the map
piry - H (Vi Q)(=1) — H*™ (Vi x Y1 x Y1, Q)
which induces the embedding
V(=1) = S2V(-1) C Vip(-1) @K 1)y C H (Y, Q)@ H'(Y;,Q) @ H'(Y:,Q).

The work of Shioda ([S] Theorem II) provides a correspondence (a blow up of Y3 x ¥7) which
induces a map (as in Proposition 3.5)

pe HEY) © H' (Vi) — B (Zigs, Q).

This map embeds the subspace (Hk(Yk) ® Hl(Yl))ﬁ into H*1(Z;,1,Q). The composition of
pr) with < 1 then induces the desired map. In other words, the cycle U is the image of I' by
Shioda’s correspondence. O

5.5. Kuga-Satake varieties. For a polarized Hodge structure V' of weight 2 with dim V29 =1
Kuga and Satake [KS] defined an abelian variety Jis(V') with the property that

Vi H'(Jes(V), Q)7

Voisin [V2] observed that if V is of CM-type for an imaginary quadratic field K, then Jxs(V)
has abelian subvarieties of dimension 1 and n, where dimg V' = 2n. More precisely (cf. [v(]),
there is an inclusion of Hodge structures:

K_ 1) Vi — HI(JKS(V)v Q).

For such a Hodge structure V' the inclusion of V into H'(Jxs(V), Q)®? is now simply a conse-
quence of Propositon 1.6 which gives an inclusion:

Ve Vijg @ K_y) (C H'(Jrs(V), Q) @ H' (Js(V),Q)).

In case V C H*(Y,Q) for a surface Y, as in 5.1 the Hodge conjecture predicts that there is a
cycle, a ‘strict’ Kuga-Satake correspondence, on the product of Y and Jxs(V)?* which induces

V — Vi @ K_1)9
!
Hz(ny) — HI(JKS(V)vQ) ®H1(‘]I\S(V)7Q)
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5.6. Kuga-Satake correspondences. To consider Kuga-Satake varieties we determine the
cases in which V(¢) has weight two and dim V' (¢)*® = 1. This is the case if and only if k—2¢ = 2
and hg_q’q(Yk)(l) =1, c¢f. Lemma 2.7. By Lemma 2.4, the dimension of Hg_q’q(ﬁ)(l) is 1 only
in two cases:

dlg+1)—k—-2=(d—-2)(k+1) or dlg+1)—k—-2=0.

Using k — 2q = 2, the first case gives d < 1 and hence is not possible. The second case gives
d=2+ %. Since k > 2, we only have two possibilities:

k=2 d=141 or k=4,d=3.

The case k = 2 was done in [vG] (in a different way), so we will consider only the case of the
cubic fourfold here. Note however that the argument below can easily be adapted to the case
k= 2.

Since k = 4, we have ¢ = 1. The intermediate jacobian J(Zs) of the cubic 5-fold Z5 is an
abelian variety. Any abelian subvariety J(V(1)1/2) of Jrs(V (1)) with H'(J(V(1)1/2),Q) =
V(1)1/2 is isogeneous to the abelian subvariety of J(Z5) defined by Vi/2(—1) C H*(Z5, Q). The
correspondence U in Theorem 5.6 is thus a Kuga-Satake correspondence in the sense that it
induces the inclusion (of Hodge structures of weight 6):

V(_l) — ‘/1/2(_1)®[(—1/2 — HS(Z&Q)@HI(}/I?Q)

To obtain a ‘strict” Kuga-Satake correspondence (of weight two Hodge structures) we first
need to find a surface S with an inclusion of weight two Hodge structures V(1) C H*(S, Q)
and a correspondence Uy on S x Y such that pyy, induces an isomorphism on the Hodge
substructure V:

pn = HA(S,Q)(=1) — HY(Y;,Q)
1 o
V — V.
By [I], we can take S to be the surface parametrizing the lines incident to a fixed general line
in Y, and for Uy we can take the universal line over S.
We also need a correspondence F, a family of surfaces over a curve B,

Fo2 g
m1l
B

such that the image of the associated Abel-Jacobi map
(ma).m] : H'(B,Q)(=2) — H’(Z5. Q)

contains the Hodge substructure Vi 5(—1) of H*(Zs, Q). Then the weight one Hodge structure
V(1)1/2 is a Hodge substructure of H'(B,Q). The correspondence F also defines the map

which induces
prr: HY(Z5,Q) — HY(B,Q)(-2)
T 1
V(=i — V(Dia(=2).
Collino [C] proved that if F is the family of planes in a general cubic fivefold, then the associated
Abel-Jacobi map is an isomorphism. Our cubic fivefolds Z5 are, however, very special.
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The composition of the correspondences Uy, U and F x A, where A is the diagonal on Y] x ¥}
(so F x A is a cycle on the product of Z5 x Y and B x Y]) then gives a strict Kuga-Satake
correspondence:

HQ(?Q) — HI(JI«'S(V(l))aQ)?HI(JI«'S(V(U)?Q)
V(l) > V(1)1/2 & [(_1/2.

Note however that we do not know a curve B and a correspondence F with the desired prop-
erties.

5.7. Voisin’s example. The cohomology of a cubic fourfold with equation z2 + af =
Gz, ... ,x3) was considered by Voisin [V2]. She shows that a (strict) Kuga-Satake corre-
spondence exists, taking S to be a K3 surface associated to a plane in Y, and using the variety
of lines on the cubic threefold Y; defined by a3 = G(xo, ... ,x3) to obtain F.

5.8. Moduli. In section 4.7 we related the half twist to Kondo’s proof of the birational iso-
morphism between the moduli space of plane quartics and a ball quotient which parametrizes
weight one Hodge structures with an action of the field Q(y/—1). Using the folowing lemma,
we obtain a similar result for the moduli space of cubic threefolds.

5.9. Lemma. The eigenvalues of x € K on the tangent space to J(Vi)3) at the origin are x
with multiplicity 1 and & with multiplicity 10.

Proof. By definition, we have V,'J(2) = Hg"' (Y4, C)y @ HE?(Yy, C)_ on which z € K acts via

1/2
diagonal matrices diag(o(x),o(x)). Since ‘/11/’3(2) is the dual of the tangent space to the origin
of J(Vi/2), the lemma follows if we choose the right embedding K C C. O

5.10. Ball quotients. The moduli space of Hodge structures of weight one and of type (1,10)
for the field K is the 10-ball. Also cubic threefolds depend on 10 moduli. By Lemma 4.3 above,
a general cubic threefold is sent to a general abelian variety in this 10-dimensional family
which is simple, and, in particular, it is not (directly) related to the 5-dimensional intermediate
jacobian of the cubic 3-fold.

In this context one needs to work with Z-Hodge structures. One can take H'(J(Vi2), Z) =
H(Y4,Z), and the polarization £ on H'(J(Vi2),Z) is determined by the polarization
on H(Yy,Z), which was determined by Hassett [H] following work of Beauville and Donagi
[BD], and the action of the order three automorphism of Y; on the polarized Hodge structure
H§(Yy,Z). Unfortunately, this action (i.e. its conjugacy class in O(Q)(Z)) is not known.

Independently, Allcock, Carlson and Toledo have extended their results (private communi-
cation): they can show that the moduli spaces of cubic threefolds and that of all Del-Pezzo
surfaces are ball quotients. For cubic threefolds, they show that the moduli space of the Hodge
structures H*(Y}) is an arithmetic quotient of a 10-ball (if, instead, one uses half-twists as
above, this is immediate since V;/, has weight 1) and (using Voisin’s Torelli theorem [V1]) that
the period map X3 — H*(Y}) is injective. The case of Del-Pezzo surfaces of degree 2 is in
the paper [CT] by Carlson and Toledo and is equivalent to Kondo’s construction. The aim of
Allcock, Carlson and Toledo is to use the ball quotients to determine the fundamental groups
of the corresponding moduli spaces and their monodromy representations.
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6. SURFACES.

6.1.  We consider surfaces Y C P? of degree d. The Hodge substructure V. C H?*(Y2, Q) has
a half twist if and only if 3 < d < 8 (see Corollary 2.9). We discussed the case d = 4 in 4.7.
Here we briefly discuss the cases 4 < d < 8.

6.2. Quintic surfaces. Since d is prime we have V = HE(Y}, Q). Theorem 2.6 implies that
V has a half twist if and only if & = 5¢ + 2 or k = 5¢ + 3. In the last case h-™7 = 1, but if
k =5q 4+ 2 then:

hlg—q,q(yk) — dim H° (OPk+1(5(q + 1) — (5q + 2) — 2)) /JS(q+1)—(5q-|—2)—2 =R (OWH(U) =k+2
and the eigenspaces have dimensions (cf. Lemma 2.4):
he™ (1) = R2(Ope(1)) =k + 1, hy "(2) = h°(Opx(0)) = 1.

For the quintic surface Y5, we have Vi /5(—1) C H*(Z3,Q), and since H>°(Z3) # 0 we cannot
expect to see V), easily. However, the following geometric construction seems to induce the
inclusion V = Hi(Y3,Q) C Vi @ H'(Ak).

Consider a general line [ in P2, Its inverse image under the cover Y3 — P? is isomorphic to a
plane curve C' = () defined by an equation of type y*> = fs5(x) from some quintic polynomial f5 €
C[z]. The moduli space of such curves is 2-dimensional. We can decompose the cohomology of
C with respect to the automorphism of order 5 (cf. 2.4) and obtain:

RYO(C)(1) = 3, RYO(CH(2) = 2, RYO(C)(3) =1, RYO(C)(4) = 0.

The moduli space of abelian 6-folds with this type of automorphism, let’s call it M, also
has dimension 2 (since the space of invariants for the automorphism in S*H'?((') is also 2-
dimensional, see also [dJN] for this example). In M we have curves parametrizing abelian
varieties isogeneous to products Ay x A4 where A, is the jacobian of Cy : y* = 2° — 1 (and
RMO(Cy)(1) = hYO(C4)(2) = 1, the other 2*°(:)’s being zero) and A, is an abelian 4-fold with
automorphism of order 5 with eigenvalues (, (, (?, (* on H'"(A4). In particular, we can take
A[{ — AQ.

We have a rational map
(P*)* — M, [ — Jac(Cy).
The inverse image Z of a curve in M as above carries a family of curves C which maps onto Y5:

C — Y, G=0C — Y,
! !

Z {1}

The Jacobians of the C}’s have a constant factor Ay and one expects that the pull-back of V
lies in H'(A,, Q) @ H'(Z,Q) and that Vi, C H'(Z,Q).

6.3. Sextic surfaces. Here the action of the automorphism ay splits the 105-dimensional
primitive cohomology in 3 subspaces:

Hy(Y2, Q)= Vs Vs Vy, V=1,
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where the eigenvalues of o} on the V; are primitive i-th roots of unity and, by definition, V' = V4.
From Proposition 2.6 we see that V' has a half twist. From the formulae from section 2 it follows
that
dimV =42, dimV?*° = r*°(Y})(1) = 6,
dim V' = RN (V) (1) + AV (YR)(5) = 15 + 15 = 30.
Moreover, in this case V5, which has CM by the field of cube roots of unity, also has a half
twist:
dimV, =42, dim V5% = h*0(V3,)(2) = 3,
dim V;" = RMN(Y)(2) + ANV (4) = 18 4 18 = 36.

We do not know a geometric interpretation for the half twists of V5 and V3.

6.4. Septic surfaces. Since 7 is a prime number, V = HZ(Y3,Q). The main problem here is
to find a correspondence which induces the inclusion V'« V; /5 @ K_;/5. In this case we can
take K_y/ = H'(C,Q) where C': y?> = 2" — 1 (( € K acts on the curve via (z,y) — (z,(y)).
Since Vi/» has weight one it may be identified with a Hodge substructure of the H' of some
curve C'. Of course, we also have V;5(—1) C H?(Z5,Q) but it seems difficult to describe this
Hodge substructure geometrically (via an Abel-Jacobi map).
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