A PRYM CONSTRUCTION FOR THE COHOMOLOGY OF A CUBIC
HYPERSURFACE

E. 1ZADI

INTRODUCTION

Fano studied the variety of lines on a cubic hypersurface with a finite number of singular points.
The variety parametrizing linear spaces of given dimension in a projective variety X is now called a
Fano variety. Subvarieties of a Fano variety can be defined using various incidence relations. Such
varieties are studied to help understand the geometric properties of X and for their own sake. For
instance, the proofs of the irrationality of a smooth cubic threefold X and of the Torelli theorem for
X by Clemens and Griffiths use varieties of lines in the cubic.

Suppose that X is a smooth cubic hypersurface in P* and let F' be the Fano variety of lines in X.
By [6] (Lemma 7.7 page 312) the variety F' is a smooth surface. Let us fix a general line [ in X,
corresponding to a general element of F', and let D; be the variety of lines in X incident to [. The
blow up X; of X along [ has the structure of a conic-bundle over P? and its discriminant curve is a
smooth plane quintic @);:

Xi
!
Q. C P2,

The curve Dy is an étale double cover of ;.

In a first proof of the irrationality of X, Clemens and Griffiths use the canonical isomorphism
between the Albanese variety of F' and the intermediate jacobian of X (see [6], Theorem 11.19 page
334). In a second proof they use the canonical isomorphism (due to Mumford, see [6], Appendix C)
between the intermediate jacobian of X and the Prym variety of the (étale) double cover D; — Q).
More generally, Mumford’s result says that this isomorphism holds for a conic bundle X over P2
with discriminant curve ); and double cover D; parametrizing the components of the singular conics
parametrized by ;. Beauville generalized this isomorphism to the case where X is an odd-dimensional
quadric bundle over P? with discriminant curve (; and double cover D; parametrizing the rulings of

the quadrics parametrized by @ (see [1]).
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In this paper we “generalize” the isomorphism between the intermediate jacobian of X and the
Prym variety of D; — (); to the cohomology of higher dimensional cubic hypersurtaces. On the way
we also obtain some results about the Fano variety P of planes in X.

A principally polarized abelian variety A is the Prym variety of a double cover of curves 7 : €' — C'

if there is an exact sequence

0 — 7°JC — JC — A —0

and, under the transpose of JC' —A, the principal polarization of JC pulls back to twice the principal
polarization of A. The generalization that we have in mind would say that a polarized Hodge structure
H is the Prym Hodge structure of two polarized Hodge structures Hy C Hs if there is an involution
t: Hy — Hy and a surjective morphism of Hodge structures «» : Hy —» H such that ¢ is a morphism
of Hodge structures of type (0,0), the kernel of 1 is the i-invariant part of Hy which is equal to Hy
and such that for any two i-anti-invariant elements a,b of Hy we have 1 (a).10(b) = —2a.b where “.”
denotes the polarizations (see [1] page 334). In our case H will be the primitive cohomology of a cubic
hypersurface and Hy; and Hy will be the “primitive” cohomologies of (partial) desingularizations of @,
and D;.

From now on let X be a smooth cubic hypersurface in P*. For a general line [ C X, we define

X, to be the blow up of X along [. Then X is a conic bundle over P"~2 and we define Q; to be its

discriminant variety:

Xi

|
Q C P2,

For n > 5 the variety @); is singular. It parametrizes the singular or higher-dimensional fibers of
X; — P72 and it can be thought of as the variety parametrizing planes in P” which contain [ and,
either are contained in X or, whose intersection with X is a union of three (possibly equal) lines.
We define D; to be the variety of lines in X incident to [. Then D; admits a rational map of degree
2 to (; and the varieties D; and ¢); have dimension n — 3. It is proved in [15], page 590, that D,
is smooth and its map to (); is a morphism for n = 5 and [ general. We show that, for n > 6,
the variety D; is always singular and the rational map D; — @); is never a morphism. We define a
natural desingularization S; of D; such that the rational map D; — @Q; lifts to a morphism 5; — Q).
However, for n > 8, the morphism is not finite. So we define natural blow-ups 5] and @)} of S; and Q)

such that the morphism S; — @; lifts to a double cover S} — @)]. The varieties S; and S} naturally
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parametrize lines in blow-ups of X; so that we have Abel-Jacobi maps ¢ : H"™*(S,,Z) — H"Y(X,Z)
and ¢’ : H*3(S5],Z) — H"'(X,Z). Our main results are as follows

Lemma 1. The Abel-Jacobi maps

v H"3(S,Z) — H" 1 (X,7Z)
and

W' H(S L) — H' Y (X, Z)

are onto.

The involution 7; : S| — S/ of the double cover 5] — @] induces an involution 7 : H*3(5],Z) —
H"=3(S],Z) whose invariant subgroup is H"3(Q},Z). However, the Prym construction only works for
“primitive” cohomologies (see Definition 5.7 below). Denote the primitive part of each cohomology

group H by H°. We need to show that for any two i-anti-invariant elements a,b of H"™*(S},Z)°, we
have ¢'(a).1)'(b) = —2a.b. This follows from (see 5.9)

Theorem 2. Let a and b be two elements of H"2(S],Z)°. Then
()b (b) = a.ijb—a.b.
We use this theorem to prove

Theorem 3. The Abel-Jacobi map
¢/0 . [{7%—3(51[/7 Z)O _ [{n—l()(7 Z)O
is onto with kernel equal to the image of H"*(Q},Z)° in H">(5],Z)°.

This finishes the Prym construction.
We now discuss two applications of the above Prym construction. The first has to do with the Hodge
conjectures. The general Hodge conjecture GHC (X, m,p) as stated in [14] page 166 is the following
GHC(X,m,p): For every Q-Hodge substructure V of H™(X,Q) with level < m — 2p, there exists
a subvariety Z of X of codimension p such that V is contained in the image of the Gysin map
Hm—Qp(Z, Q) — H™(X,Q) where 7 is a desingularization of Z.
It is proved in [14], Proposition 2.6, that GHC(Y,m, 1) holds for all uniruled smooth varieties ¥ of
dimension m. Our Lemma 1 gives a geometric proof of GHC(X,n-1,1) for a smooth cubic hypersurface
X in P™: the full cohomology H"™'(X,Z) is supported on the subvariety Z which is the union of all

the lines in X incident to /.
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The second application is (see Section 6)

Theorem 4. The Abel-Jacobi map H" (X, 7Z)° 2, H"3(F,Z)° is an isomorphism of Hodge struc-

tures.

This was proved for cubic threefolds by Clemens and Griffiths ([6] Theorem 11.19 page 334), for
cubic fourfolds by Beauville and Donagi ([4]), for higher-dimensional cubic hypersurfaces by Shimada
([13], Theorem page 703 and Proposition 4 page 716).

An immediate consequence of Theorem 4 and Lemma 1 is
Corollary 5. The push-forward H,_5(S;,Z) — H,_3(F,Z) is surjective.
This fact was not known for n > 3.

We now describe our results in slightly greater detail. In Section 1 we prove that, for n > 6 and [
general, the singular locus of D; is {I} C D;. Also, for n > 6, the natural map D; — @; sending a line
I to the plane spanned by [ and [’ is only a rational map. In Section 2, we prove that the variety )
parametrizing lines in the fibers of the conic bundle X; — P"~2 is a small desingularization of D; which
admits a morphism of generic degree 2 to ();. We show that S; can also be defined as a subvariety of
the product of Grassmannians of lines and planes in P". For the generalized Prym construction we
need a finite morphism of degree 2 to ¢J; and the morphism 5; — @); is not finite for n > 8. It fails to
be finite at the points of (); parametrizing planes contained in X (and containing /). Let 7; denote the
variety parametrizing planes in X which contain /. Since P"~? parametrizes the planes in P” which

contain [, the variety 7; is naturally a subvariety of P"~2 and in fact is contained in Q;:

Xi

!
T,Cc@Q c P2,

In Section 3 we prove that for [ general 7} is a smooth complete intersection of the expected dimension
n — 8 in P 2. For this we analyse the structure of the Fano variety P of planes in X. We prove
that P is always of the expected dimension 3n — 16 and determine its singular locus. It is proved
in [5] Theorem 4.1 page 33 or [7] Théoreme 2.1 that P is connected for n > 6. We prove that P is
irreducible for n > 8. In Section 4 we blow up X; — P""2 along 7} and its inverse image in X; to

obtain X] — P"=?. The discriminant hypersurface of this conic-bundle is the blow-up @} of Q; along
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Xi
!
Q? C ]P)n—Q’ .

The variety S is then defined as the variety of lines in the fibers of the conic bundle X — P*~%, We
prove that the rational involution acting in the fibers of S; — @ lifts to a regular involution ¢; : S| — 5]
and the quotient of S} by ¢; is ;. We also prove that 5] is the blow up of S; along the inverse image
of T} and the ramification locus R of S} — ()] is smooth of codimension 2 and is an ordinary double
locus for @)]. In Section 5 we prove Lemma 1, Theorem 2 and Theorem 3. We also prove some results
about the rational cohomology ring of S;: we prove that, except in the middle degree, this rational
cohomology ring is generated by H?*(S;, Q) which, for n > 6, is generated by the inverse images h
and oy of the hyperplane classes of (); and D; (the hyperplane class of D; is the restriction of the
hyperplane class of the Grassmannian of lines in P*). For n = 5, the space H*(S;, Q) is the direct sum
of its primitive part and Qh & Qoy. In Section 6 we prove Theorem 4.
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NOTATION AND CONVENTIONS

The symbol n will always denote an integer > 5.

For all positive integers k& and [, we denote by G/(k,[) the Grassmannian of k-dimensional vector
spaces in C'. For any vector space or vector bundle W, we denote by P(W) the projective space of
lines in (the fibers of) W with its usual scheme structure.

For all cohomology vector spaces H'(Y,.) of a variety Y, we will denote by A*(Y,.) the dimension of
HY(Y,.). For a point y € Y, we denote by T},Y the Zariski tangent space to Y at y. If we are given
an embedding Y C P = (C™*' \ {0})/C*, we denote by T,Y the inverse image of 7Y by the map
Crtt —» C™ /Co = T,P™ where v is a nonzero vector in C™*' mapping to y. We call P(1}Y’) the
projective tangent space to Y at y.

For any subsets or subschemes Y7, ..., Y, of a projective space P? (resp. affine space C?), we denote
by (Y1, ..., Y,,) the smallest linear subspace of P4 (resp. C%) containing Y7, ..., Y.

For a subscheme Y] of a scheme Y;, we denote by Ny, /vy, the normal sheaf to Y} in 5.
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For a global section s of a sheaf F on a scheme Y, we denote by Z(s) the scheme of zeros of s in Y.

1. THE VARIETY D; OF LINES INCIDENT TO [

For a smooth cubic hypersurface X C P™ of equation G, we let ¢ : P — (P")* be the dual morphism

of X. In terms of a system of projective coordinates {zq, ..., x,} on P" the morphism 6 is given by

O(x0y ooy @) = (O0G (20, ey @)y vy OG0y vy 1))

2]
dz; °

where 0; =
Let | € X be a line. Following [6] (page 307 Definition 6.6, Lemma 6.7 and page 310 Proposition
6.19), we make the definition:

Definition 1.1. 1. The line [ is of first type if the normal bundle to | in X is isomorphic to OF* @
O1(1)80=Y " BEquivalently, the intersection T of the projective tangent spaces to X along [ is a
linear subspace of P of dimension n—3. FEquivalently, the dual morphism 6 maps [ isomorphically
onto a conic in (P™)*, i.e., the restriction map (OoG,...,0,G) — H°(l,O)(2)) is onto where
(00G, ..., 0,G) is the span of DG, ..., 0,G in H°(P", Opn(2)).

2. The line 1 is of second type if the normal bundle to I in X is isomorphic to O)(—1) @ Oy(1)2(=3),
Equivalently, the space T; is a linear subspace of P" of dimension n — 2. Fquivalently, the

dual morphism 6 has degree 2 on | and maps | onto a line in (P™)*, i.e., the restriction map

(00G, ..., 0,G)Y — H°(1,01(2)) has rank 2.

By [6] (Lemma 7.7 page 312), the variety F' of lines in X is smooth of dimension 2(n — 3). An easy
dimension count shows that the dimension of D; is at least n — 3 for any [ € F'. Suppose that [ is of

first type. We have

Lemma 1.2. Let I" € D; be distinct from [. If ' is of first type or if I is of second type and [ is not
contained in Ty, then the dimension of Ty Dy is n — 3 (i.e., Dy is smooth of dimension n —3 at l'). If

" is of second type and [ is contained in Ty, then the dimension of Ty D) is n — 2.

Proof : The variety D; is the intersection of F' with the variety (; parametrizing all lines in P”
which are incident to [. Therefore Ty Dy = Ty Gy N Ty F C TpG(2,n + 1). Let V and V' be the vector
spaces in C"™! whose projectivizations are respectively [ and I'. Then Ty, can be identified with
the subvector space of TpG(2,n + 1) = Hom(V',C"*! /V') consisting of those homomorphisms f such
that f(V N V') C (V+ V)V’ (see e.g. [10], Ex. 16.4 pages 202-203). It follows that the set of
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homomorphisms f such that f(V NV’) = 0 is a codimension one subspace of Ty, and therefore its
intersection H with 7 D; has codimension one or less in TpD;.

The space TpF' can be identified with the subvector space of TiG(2,n + 1) = Hom(V',C*t'/V")
consisting of those homomorphisms f such that for any vector v € V' \ {0} mapping to a point
p € I'; we have f(v) € T/X/V' (see [10] Ex. 16.21 and 16.23 pages 209-210). If f : V! — C"+!/V"
verifies f(V N V') = 0, then f(V') = Cf(v) for v a general vector in V'. Hence, if f € H, then
F(V) C Nper XV

If I" is of first type, then M,ep T, X has dimension n — 2, hence (e, T, X/V' has dimension n — 4.
So H has dimension n — 4 and, since H has codimension one or less in T D), we deduce that 1) D; has
dimension at most n — 3 hence it has dimension equal to n — 3 (since D; has dimension > n — 3).

If I is of second type, then the tangent space TuF' can be identified with Hom(V',(N,ep T, X/V")
(because, for instance, the latter is contained in T;F' and the two spaces have the same dimension).
If V' is not contained in (,ep 1, X, then f(V N V') C (V + V')V for f € Hom(V',Nyer T,X/V')
implies f(V NV') = 0. So Ty Dy = Ty F' N1y G has dimension equal to the dimension of (¢, T, X/V'
which is » — 3. So in this case D; is smooth at I. If V' C (,ep T,X/V', then the requirement
fVnv)c(V+V)/V imposes n — 4 conditions on f and the dimension of Ty D; is n — 2. O

Since T; has dimension n — 3, we see that, as soon as n > 5, we have [ € ;. We have the following

Lemma 1.3. Ifn > 6, then D; is singular at l. If n =5, then D; is smooth at | if X does not have

contact multiplicity 3 along | with the plane T, and if there is no line l' of second type in T,.

Proof : The case n = 5 is Lemme 1 on page 590 of [15]. Suppose n > 6. For [ general, consider a
plane section of X of the form [ 4 I’ + " such that [N ! and [ N{" are general points on [. The set of
lines through [ NI’ is a divisor in D; and meets the set of lines through [ N {" only at [ € D;. So we
have two divisors in D; which meet only at a point and D; has dimension > 3. Therefore D; is not

smooth at [ for [ general and hence for all . O

We now prove an existence result, namely,

Lemma 1.4. The set of lines [ € F such that | is contained in Ty for some line I' € ' of second type
is a proper closed subset of F'. In other words (by Lemma 1.2), for | € F' general, the variety D; \ {l}

is smooth of dimension n — 3.
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Proof : Since the dimension of F'is 2(n — 3) and the dimension of the variety Fy C F' parametrizing
lines of second type is n —3 (see [6] page 311 Corollary 7.6), if the lemma fails, then for any line I’ € Fy,
the dimension of the family of lines in X N T, which intersect I is at least n — 3.

The variety Ty is a linear subspace of codimension 2 of P”. Any plane in T, which contains [’ is
tangent to X along I’. The intersection of a general such plane P with X is the union of " and a line
[, the line " having multiplicity 2 (or 3 if [ = [") in the intersection cycle [P N X]. Conversely, any line
[in X N'T; which intersects I’ is contained in such a plane. The family of planes in T which contain
" has dimension n — 4. Therefore, if the family of lines [ in X N Ty which intersect " has dimension
> n —3, then for each such line [ # I, the plane ([, I') contains a positive-dimensional family of lines in
X N'Ty and hence (I,1') is contained in X NTy. Therefore X N Ty is a cone over a cubic hypersurface
in Ty/l" and, for each plane P C X N Ty which contains ', there is a hyperplane in Tj tangent to
X N Ty along P. Therefore Tp 2 ﬁpepPT;X has codimension 3 in P". Hence the restriction of the
dual morphism of X to P is a morphism of degree 4 from P onto a plane in (P™)*. It follows from [6]
Lemma 5.15 page 304 that all such planes are contained in a proper closed subset of X. Therefore a

general line [ € I is not contained in such a plane and hence not in T;. Contradiction. O

2. DESINGULARIZING D

Let X; and P} be the blow ups of X and P" respectively along [. Then the projection from [
gives a projective bundle structure on P} and a conic bundle structure on X; (i.e., a general fiber of

7x : X; — P""?is a conic in the corresponding fiber of 7 : P} — P"~?):

Xl — [FD?
Tx N\ L7
]P)n—Q

Let F be the locally free sheaf Opn—2(—1) & O%g_Q. Then it is easily seen (as in e.g. [11] page 374
Example 2.11.4) that = : P} — P""? is isomorphic to the projective bundle P(E) — P"~2. The
variety X; C P} is the divisor of zeros of a section s of Opg(2) @ #*Opn—2(m) for some integer m
because the general fibers of 7x : X; — P"~2 are smooth conics in the fibers of 7. Since 7. (Opg(2) @
7*Opn-2(m)) & Sym? E* @ Opn—2(m), the section s defines a (“symmetric”) morphism of vector bundles
¢: E — E* @ Opn-2(m). The degeneracy locus J; C P2 of this morphism is the locus over which
the fibers of 7x are singular conics (or have dimension > 2). By, for instance, intersecting ¢); with a
general line, we see that (); is a quintic hypersurface (see [12] pages 3-5). Therefore m = 1. Let 5; be

the variety parametrizing lines in the fibers of 7x. We have a morphism S; — D; defined by sending
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a line in a fiber of 7 to its image in P". Let F; C X; be the exceptional divisor of ¢; : X; — X and let
P, C S; be the variety parametrizing lines which lie in Fy. Then the morphism S; — D; induces an

isomorphism S;\ Py = D; \ {{}. We have

Lemma 2.1. Suppose that | is of first type and D;\ {1} is smooth. Then S; is smooth and irreducible
and admits a morphism of generic degree 2 onto ;. The variety S; can also be defined as the closure
of the subvariety of G(2,n + 1) x G(3,n + 1) parametrizing pairs (I', L") such that I' € Dy \ {l} and
L= {(1,1).

Proof : The morphism S; — @Q; is defined by sending a line in a fiber of 7 to its image in P2
It is of generic degree 2 because the rational map D; — @Q; is of generic degree 2. The variety 5; is
irreducible because Q) is irreducible and S; — @ is not split (intersect (); with a general plane and
use [2] ).

For I" € S;\ Py, the variety S, is smooth at {" since S;\ Py = D\ {l}.

For I" € P, we determine the Zariski tangent space to S; at I’. Since !" maps to a point in P"72, it
corresponds to a plane L’ in P™ which contains [. Since [’ is also contained in FEj, it maps onto [ in
P™ under the blow up morphism P} — P" and L’ is tangent to X along [. So we easily see that we
can identify 5; with the closure of the subvariety of the product of the Grassmannians G(2,n + 1) x
G(3,n + 1) parametrizing pairs (I, L") such that I’ € D;\ {I} and L' = (I, 1').

Let W’ and V be the vector spaces in C**! whose projectivizations are L’ and [ respectively. The
tangent space to G(2,n+1)xG(3,n+1) at (I, L’) can be canonically identified with Hom(V,C**' /V)&
Hom (W' ,C** /W'). As in [10] Ex. 16.3 pages 202-203 and Ex. 16.21, 16.23 pages 209-210, one can
see that the tangent space to S; at (I, L') can be identified with the set of pairs of homomorphisms
(f,g) such that for every nonzero vector v € V mapping to a point p of I, we have f(v) € T)X/V,
g(V) =0, glv = f(modW') and g(W') C Nye/T, X/W' (this last condition expresses the fact that
the deformation of L’ contains a deformation of [ which is contained in X, hence the deformation
of L' is tangent to X along [, i.e., is contained in T;). Equivalently, ¢(V) = 0, f(V) C W'/V and
g(W') C N1y X/W'. Assuming [ of first type, we see that the space of such pairs of homomorphisms

has dimension n — 3. O

3. THE PLANES IN X

Let P be the variety parametrizing planes in X. For P € P, we say that ¢ has rank rp on P if the

span of 6(P) has dimension rp. Since 6 is defined by quadrics, we have rp < 5. Since X is smooth,
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we have rp > 2. Consider the commutative diagram
P>
v,/ lp
P B PrrC (P
where v is the Veronese map, 6p is the restriction of 6 to P and p is the projection from a linear space
L C P? of dimension 4 — rp (with the convention that the empty set has dimension —1).
Note that L does not intersect v(P) because ¢ is a morphism.
Let P, be the subvariety of P parametrizing planes P for which rp < r. In this section we will

prove a few facts about P and P, which we will need later. We begin with

Lemma 3.1. Let T < Uicp(v(l)) C P® be the secant variety of v(P). Then there is a bijective
morphism from T O L to the parameter space of the family of lines of second type in P and T N L

contains no positive-dimensional linear spaces. In particular,

1. if rp =5, then P contains no lines of second type,

2. ifrp =4, then P contains at most one line of second type and this happens exactly when L (which
is a point in this case) is in T,

3. if rp = 3, then P contains one, two or three distinct lines of second type,

4. if rp = 2, then P contains exactly a one-parameter family of lines of second type whose parameter

space is the bijective image of an irreducible and reduced plane cubic.

Proof : A line | C P is of second type if and only if ép(l) C PP is a line, i.e., if and only if the
span (v(l)) = P? of the smooth conic v(l) intersects L. Consider the universal line f; : Lp — P~ and
its embedding Lp — Vp where f; : Vp — P* is the projectivization of the bundle f.Op.(2)*. Then
T is the image of Vp in P® by a morphism, say ¢, which is an isomorphism on the complement of Lp
and contracts Lp onto v(P). Since L Nv(P) = 0, the morphism g¢|,-1(pnr) is an isomorphism, say ¢'.
The morphism from TN L onto the parameter space of the family of lines of second type in P is the
composition of ¢’ with f,. This morphism is bijective because (since L Nov(P) = () the space L
intersects any (v(/)) in at most one point and any two planes (v(l1)) and (v(ly)) intersect in exactly
one point which is v(ly N ly) € v(P).

To show that T'N L contains no positive-dimensional linear spaces, recall that 7" is the image of the
Segre embedding of P x P in P® =P (H°(P,Op(1))®?)" by the projection from P (A2H°(P, Op(1)))".
Let Ry be the ruling of 7' by planes which are images of the fibers of the two projections of P x P onto P.
Let Ry be the ruling of T' by planes of the form (v(1)) for some line [ C P. Then a simple computation
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(determining all the pencils of conics which consist entirely of singular conics) shows that every linear
subspace contained in 7' is contained either in an element of Ry or an element of R;. Therefore, if
LNT contains a linear space m, then either m C (v(l)) for some line I C P or m C L’ for some element
L’ of Ry. In the first case, the space m is a point because otherwise it would intersect v(P). In the
second case, the space m is either a point or a line because any element of R; contains exactly one
point of v(P). Tt is easily seen that there is an element so € H°(P,Op(1)) such that L’ parametrizes
the hyperplanes in |Op(2)| containing all the conics of the form Z(s.sq) for some s € H°(P,Op(1)). If
m C L' is a line, then it is easily seen that the codimension, in {9y, ..., 0,G)|p, of the set of elements
of the form s.sq is one. Restricting to Z(sg), we see that the dimension of (9G, ..., 0.G)|7(s) 15 1
which is impossible since then X would have a singular point on Z(sg). Therefore m is always a point

if non-empty. O

Proposition 3.2. The space of infinitesimal deformations of P in X has dimension 3n—15 if rp = 2.

In particular, if n =5, then X contains at most a finite number of planes.

Proof : The intersection T p of the projective tangent spaces to X along P has dimension n — 3. It

follows that we have an exact sequence
0 — Op(1)"™® — Npjx — V; — 0

where V3 is a locally free sheaf of rank 2. We need to show that h°(P,V3) = 0. Suppose that there
is a nonzero section u € H°(P,V;). We will first show that the restriction of u to any line [ in P is
nonzero. This will follow if we show that the restriction map H°(P,Vy) — H(I, Vz|;) is injective, i.e.,

RO(P,Va(—1)) = 0. Consider therefore the exact sequence of normal sheaves
0 — Npjx — Npjpn — Nxpn|p — 0
After tensoring by Op(—1) we obtain the exact sequence
0 — Np/x(—1) — OpPr=2 Op(2) — 0.

We can choose our system of coordinates (on P") in such a way that x5 = ... = x, = 0 are the
equations for P and the map Op®"=2) — Op(2) in the sequence above is given by multiplication by
0:Glp,...0,G|p. So we see that, since rp = 2, the map on global sections HO(OP®(”_2)) — H(Op(2))
has rank 3. Therefore h°(P, Np;x(—1)) =n —5 and h°(P,V3(—1)) = 0.

By Lemma 3.1, the plane P contains lines of first type. For any line [ C P which is of first type, it

is easily seen that V5|, & OF?. Hence u has no zeros on [. It follows that Z(u) is finite.
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We compute the total Chern class of V; as

c(Npyx)
(14¢)s

where ( = ¢;(Op(1)). Therefore Z(u) is a finite subscheme of length 3 of P. Let [, be a line in P such

co(Vy) = =1 4 3¢?

that [, N Z(u) has length > 2. Then, by what we saw above, [, is of second type. It is easily seen that
Vali, 2 O1,(—1) & Oy, (1). Restricting u to [, we see that Z(ul;,) = [, N Z(u) has length 1 which is a
contradiction. So h%(P,V3) =0 and h°(P, Np/x) = 3n — 15. O

The next result we will need is
Lemma 3.3. The dimension of Py is at most Min(n —4,5).

Proof : The proof of the part dim(Py) < n — 4 is similar to the proof of Corollary 7.6 on page 311
of [6].

To prove dim(Pz) < 5, we may suppose that n > 10. Let P be an element of P;. We will show that
the space of infinitesimal deformations of P for which the rank of 6 does not increase has dimension
at most 5. Let xg, 21,22 be coordinates on P, let wxg,xq, x5, 3, ...,7,_3 be coordinates on Tp and
TQy eevy T3y, T2, Ty_1, T, coordinates on P". Then the conditions P C X and Tp is tangent to X

along P can be written
0;0;0,G =0

for all 2,57 € {0,1,2}, k£ € {0,...,n — 3}, where G is, as before, an equation for X and 0; = 8%1" We
need to determine the infinitesimal deformations of P for which there is an infinitesimal deformation
of Tp which is tangent to X along the deformation of P. The infinitesimal deformations of P in P"
are parametrized by

Ccrtt

Homc (@07 617 82% m
0, U1, U2

) = Homg (<80781782>7 <837 7an>)

and those of Tp in P™ are parametrized by

(Cn—l—l

Hom@ ((80, ceey an_3>, W
0y oees On—3

) = HOm(C (<807 ) an—3>7 <an—27 an—17 an>)

where we also denote by d; the vector in C"*! corresponding to the differential operator 9;. We
need to determine the homomorphisms {9; — 0! € (0s,...,0,) : ¢ € {0,1,2}} for which there is a
homomorphism {9; — 9 € (Op—2,0,-1,0,) : © € {0,...;,n — 3}} such that the following conditions
hold.



CUBIC HYPERSURFACES 13
1. The vector 9/ is the projection of 9] to (0p—2,0,-1,0,) for ¢ € {0,1,2}. This expresses the
condition that the infinitesimal deformation of T p contains the infinitesimal deformation of P.

2. For all 4,57 € {0,1,2} and k € {0,...,n — 3},
(0; + €0y (9; + ¢0) (O + cO}) G =0
where, as usual, € has square 0. Here we are “differentiating” the relations 9;0,0,G = 0. Devel-
oping, we obtain
(0:0,01 + 0:0,0% + 0,0;0,) G =0 .

Writing df = 3°7_5 a;;0; and 0 = 377 b;;0;, the above conditions can be written as

j=n—2
1. For all s € {0,1,2} and j € {n —2,n — 1,n},
U5 = bij .
2. For all 4,57 € {0,1,2} and k € {0,...,n — 3},
Z bklaiajalG + Z ClﬂaialakG + Z ailalaj‘akG =0.
l=n—2 (=3 (=3

Incorporating the first set of conditions in the second and using the relations 9;0;0,G' = 0 for ¢, €
{0,1,2}, k € {0,...n — 3}, we divide our conditions into two different sets of conditions as follows. We
are looking for matrices (@i )o<i<2,3<i<n for which there is a matrix (bgi)s<i<n—3n—2<i<n such that, for
all i?j? k E {07 17 2}7
Z (ak;&@j@; + aﬂ@ﬁ;@k + ailalajak) G=0

{=n—2

and, for all 7,5 € {0,1,2}, k€ {3,...,n — 3},
Z bklaiajalG + Z (aﬂ&»@l@k + ailalajak) G=0.
l=n—2 =3
Consider the matrix whose columns are indexed by the @, bs, (0 <1 <2,3<m <n,3<s<
n—3,n—2<u < n), whose rows are indexed by unordered triples (¢,j, k) with ¢,5 € {0,1,2},
k € {0,...,n—3} and whose entries are the 0,0;0,,G, 0;0,0,G, 0,,0,0,G or 0;0;0,G. The entry in the
column of a;,, and the row of (¢,7, k) is nonzero only if [ = ¢,7 or k. We can, and will, suppose that

[ = 1. Here is the list of possibly nonzero such entries.

3<m<n, 3<k<n-3

l=1#7 0,0,0,G
l=1=3 20,00,G
n—2<m<n, 0<k<2
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l=i#jk  0.0,0G
l=i=j#k 20,00,G
l=i=j=k 30,02 .
The entry in the column of by, and the row of {7, j, k} is nonzero only if s = k. These possibly nonzero

entries are the following.

n—2<u<n, 3<k<n-3

Y

s=k 0:0,0,G .

An easy dimension count shows that we need to prove that there are at most 6 relations between the

rows of the matrix. Suppose that there are ¢ relations with coefficients

{{Amk}'0<%]<2 }1<T<t
<k<n-3

between the rows of our matrix. Each relation can be written as a collection

3J<m<n—-3,0<:<2

SO0 = 0
3<k<n—3
0<;<2

n—2<m<n, 0<:<2

SN0k = 0 (1)
0<k<n—3
0<;<2

n—2<u<n,3<k<n-—3
Z ANp0:0;0,G =0
0<4,57<2

Each expression Yo, i<y AL, 0;0; defines a hyperplane in H°( P, Op(2)) which contains the polynomials

ijk

0,G|p. Since we have 3 independant such polynomials, the vector space of hyperplanes containing them

has dimension 3. Hence, after a linear change of coordinates, we can suppose that, for r € {0,...,1—3},

we have A\[; = 0if 0 <4,5 <2,3 <k <n —3. The relations (1) now become
0<r<t—30<:<2

ST N 9,0:G

0<k<2
03532

If, for a fixed r € {1,...,t — 3}, the three relations Zo<k<2 )\”ka O,G = 0, for 0 < ¢ < 2, are not
0<;5<

independent, then after a linear change of coordinates, we may suppose that, for instance, A, = 0

for all j,k € {0,1,2}. Since the coefficients A, are symmetric in ¢, j, k, we obtain
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SO N 9,0:G

0<k<1
0%;<1

If /is the line in P obtained as the projectivization of (do, d1), then (0,_2G, 0,-1G, 0,G)|; has dimension
at least 2 and there can be at most one hyperplane in H°({, O;(2)) containing (9,,—2G, 0,-1G, 3,G)|;. In
0;0:,G =

other words, up to multiplication by a scalar, there is at most one nonzero relation ) o<r<i AL
0<5<1

0. Hence, we can suppose Aj;; = 0 for all j,k € {0,1}. Again, by symmetry, we are reduced to

ijk

Moood5 G = 0 which implies Ajy, = 0 because X is smooth. Hence all the A}, are zero.

Therefore, if the A, are not all zero, the three relations

0<2<2
Z )\”ka ak
0<k<2
0232
are independent. If t —3 > 4, then, after a linear change of coordinates, for some r € {1,...,¢t — 3}, one

of the above three relations will be trivial and we are reduced to the previous case. Therefore t —3 < 3

and ¢t < 6. ]

Proposition 3.4. Suppose that n > 6. Then P has pure dimension equal to the expected dimension
3n—16. Ifrp > 3, then P is smooth at P.

Proof : Since the dimension of Py is at most Min(n — 4,5) by Lemma 3.3 and the dimension of
every irreducible component of P is at least 3n — 16, it is enough to show that for every P such that

rp > 3, the space H°(P, Np) of infinitesimal deformations of P in X has dimension 3n — 16.

Suppose that rp = 3. As in the proof of Proposition 3.2, we have an exact sequence
0 — Op(1)®"= — Np/x — V5 — 0

where V5 is a locally free sheaf of rank 3. Since A°(P, Np/x) > 3n — 16, we have h°(P,V3) > 2. We
need to show that 2°( P, V3) = 2. As in the proof of Proposition 3.2 we have 1°(P, V3(—1)) = 0 so that,
for any line [ C P,

HO(P,V3) — H°(I,V5];) .
Suppose that h°(P,V3) > 3 and let uy, ug, us be three linearly independent elements of H°(P, V3). By
Lemma 3.1, the plane P contains at least one line Iy of second type. It is easily seen that V3|, =

O, (—1) & O, (1)P2. Therefore (uy,us,us)|;, generates a subsheaf of the Oy (1)%? summand of V3],
isomorphic to Oy, & Oy, (1). The quotient of Oy, (1)%? by O, & O,,(1) is a skyscraper sheaf supported
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on a point p of Iy (with fiber at p isomorphic to C). So the images of uy,us and us by the evaluation
map at p generate a one-dimensional vector subspace of the fiber of V5 at p. By Lemma 3.1, there is a
line [ of first type in P which contains p. It is easily seen that V5|; = OF? @ O)(1). Restricting uy, ug, us
to [ we see that their images by the evaluation map at p generate a vector subspace of dimension > 2

of the fiber of V5 at p. Contradiction.

Suppose now that rp = 4. Then n > 7 and we have the exact sequence
0 — Op(1)®" D — Np/x — V4 — 0

where Vj is a locally free sheaf of rank 4. Since A°(P, Np/x) > 3n — 16, we have h°(P,V;) > 5. We
need to show that 2°(P,Vy) = 5. As before, h°(P,V4(—1)) = 0, hence, for any line [ C P, we have
HO(P,Vy) — H°(I,Vy|). Tt is easily seen that when [ is of first type Vi|; = OF* @ O;(1)%? and when
[ is of second type Vi|; = O)(—1) & Oy(1)P2. Thus L°(P,V4) < 6. Suppose that °(P, V) = 6. Then
HO(P,Vy) 5 HO(1,V4],) for every line I C P.

Suppose first that P contains a line [y of second type and let [ be a line of first type in P. We see
that Vj is not generated by its global sections anywhere on [y whereas V|, is generated by its global
sections. This gives a contradiction at the point of intersection of [ and [,.

So every line [ in P is of first type, Vi|; & OF* @ O;(1)%? and Vj is generated by its global sections.
Let s be a general global section of V;. We claim that s does not vanish at any point of P. Indeed,
since Vj is generated by its global sections, for every point p of P, the vector space of global sections
of V; vanishing at p has dimension 2. Hence the set of all global sections of V; vanishing at some point

of P has dimension < 2+ 2 =4 < 6. So we have the exact sequence
0—O0p-V,—V-—0

where V' is a locally free sheaf of rank 3. Since V} is generated by its global sections, so is V' and we
have h°(P, V) = 5. As before a general global section s’ of V' does not vanish anywhere on P and we

have the exact sequence

0— Op =5V —V' —0

where V' is a locally free sheaf of rank 2. We have h°(P, V') = 4 and L°(V'(—1)) = r°(V(-1)) =
RP(Vi(—1)) = 0. Hence for every line | C P, H°(P,V') — H°(I,V'|;). Since V'|; = O,(1)%2, for a
nonzero section s of V' the scheme Z(s|;) = Z(s) N[ has length < 1. The scheme Z(s) is not a line
because H(P, V') — H°(Z(s),V'|5)) is injective. Hence for a general line | C P, Z(s) N[ is empty.



CUBIC HYPERSURFACES 17
Therefore Z(s) is finite. We compute ¢(V') = ¢(V) = ¢(Vy) = 1+ 2¢ + 4¢*. Therefore Z(s) has length
4. Hence there is a line [ such that Z(s;) has length > 2 and this contradicts length(Z(s;)) < 1.

It rp =5, consider again the exact sequence of normal sheaves
0 — Npjx — Npjpn — Nx/pn|lp — 0
which after tensoring by Op(—1) becomes
0 — Np/x(—1) — O, 0p(2) — 0.
Then the map on glabal sections
HO(P, 03"y — HO(P,0p(2))
is onto (see the proof of Proposition 3.2). A fortiori, the map
HO(P, Npjpn) = HO(P,0p(1)®"=2)) =
= H°(P,03"""?) @ H(P,0p(1)) — H°(P,0p(3)) = H(P, Nx/pap)
is onto and H°(P, Np/x ) has dimension 3n — 16. O

Corollary 3.5. Ifn > 8, then P s irreducible.

Proof : As before, let GG be an equation for X. Choose a linear embedding P" «— P"*1. Choose
coordinates {wg,...,x,} on P" and coordinates {zg, ..., 7, Tn11} on P Let Y C P"*! be the cubic
of equation G + x,.1Q where Q is the equation of a general quadric in P"*! and let Py D P be the
variety of planes in Y. Then, by Proposition 3.4, the codimension of P in Py is 3. The singular locus
of P is Py (3.2 and 3.4) which has codimension at least 4 in P by 3.3 and 3.4. Therefore, since P is
connected ([5] Theorem 4.1 page 33 or [7] Théoreme 2.1), it is sufficient to show that Py is smooth at
a general point of P;. Since () does not contain a general plane P € Py, the rank of the dual morphism

of Y on P is at least 3. Hence Py is smooth at a general point of Py (3.4). O
Lemma 3.6. The dimension of Ps ts at most n — 2.

Proof : 1t is enough to show that at any P with rp < 3 the dimension of the tangent space to Ps is
at most n — 2. By 3.3 it is enough to prove this for rp = 3. The proof of this is very similar to (and
simpler than) the proof of Lemma 3.3. 0

Proposition 3.7. Ifn > 7, then Py has pure dimension 2n — 9.
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Proof : For n = 7 there is nothing to prove since P has pure dimension 5 = 3.7 — 16 = 2.7 — 9 and
P =P,

Suppose n > 8. By an easy dimension count, the dimension of every irreducible component of Py is
at least 2n — 9. Since the dimension of Ps is at most n —2 < 2n — 9 (see 3.6), for a general element

P of any irreducible component of P, we have rp = 4. We first show

Lemma 3.8. Suppose n > 8. Then the subscheme P} of Py parametrizing planes which contain a line

of second type has pure dimension 2n — 10.

Proof : Again by a dimension count, the dimension of every irreducible component of P; is at least
2n —10. Let P be an element of Pj. By 3.6, the scheme Ps C P; has dimension < n —2 < 2n —10, so
we may suppose that rp = 4. Let [ be the unique line of second type contained in P (see Lemma 3.1).
Since the family of lines of second type in X has dimension n — 3 (see [6] Corollary 7.6), it is enough
to show that the space of infinitesimal deformations of P in X which contain [ has dimension n — 7.

Consider the exact sequence of sheaves
0 — Np/x(=1) — Np;x — Np/x[i — 0
with associated cohomology sequence
0 — H°(P,Np;x(—1)) — H°(P, Np;x) — H°(P, Np/x|;) — H'(P,Np/x(—1)) — ...

The space of infinitesimal deformations of P in X which contain [ can be identified with the kernel
of the homomorphism H°(P, Np,x) — H’(P, Np;x ;) which, by the above sequence, can be identified
with H°(P, Np;x(—1)). Recall the exact sequence

n—2)

O—>NP/X(—1) —>O%( —>Op(2) — 0

where the map Og(n—z) — Op(2) is given by multiplication by dsG, ..., 9,G (see the proof of 3.2). It
immediately follows that A°(P, Np,;x(—1)) = n — 7 if and only if rp = 4. O

Note that containing a line of second type imposes at most one condition on planes P with rp < 4.

Therefore Proposition 3.7 follows from Lemma 3.8. 0

4. RESOLVING THE INDETERMINACIES OF THE RATIONAL INVOLUTION ON .5

A good generalization of the Prym construction for cubic threefolds to cubic hypersurfaces of higher
dimension would be to realize the cohomology of X as the anti-invariant part of the cohomology of

S for the involution exchanging two lines whenever they are in the same fiber of #. However, this
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is only a rational involution and we need to resolve its indeterminacies. This involution is not well-
defined exactly at the lines !’ such that 7=*(x(l')) C X, i.e., the plane L' C P" corresponding to
7(l') is contained in X. Let T} C @; C P"? be the variety parametrizing the planes in P" which
contain [ and are contained in X (equivalently, the variety T) parametrizes the fibers of # which are
contained in Xj). Recall that X; C P} is the divisor of zeros of s € H(PFE, Opg(2) @ 7*Opn—2(1)) =
HO(P" 2, 7.(Opp(2)) @ Opn—2(1)) = HY (P2, Sym?E* @ Opn-2(1)). Since I = Opn-2(—1) ¢ 07,
we have Sym?E* @ Opn—2(1) = Opn-2(3) & Opn-2(2)%* @& Opn-2(1)P*. The variety T; is the locus of
common zeros of all the components of s in the above direct sum decomposition. Therefore T} is the

scheme-theoretic intersection of three hyperplanes, two quadrics and one cubic in P"2. We have

Lemma 4.1. There is a Zariski-dense open subset of F' parametrizing lines | such that [ is of first type
and rp =5 for every plane P in X containing . For | in this Zariski-dense open subset, the variety T,
is the smooth complete intersection of the six hypersurfaces obtained as the zero loci of the components

of s in the direct sum decomposition Sym*E* @ Opn-2(1) = Opn—2(3) & Opn—2(2)%? & Opn—2(1)%°.

Proof : The first part of the lemma follows from Proposition 3.7. For the second part we need to
show that 77 is smooth of the expected dimension n — 8. In other words, for any plane P containing I,
the space of infinitesimal deformations of P in X containing [ has dimension n — 8. The proof of this

is similar to the proof of Lemma 3.8. U

Definition 4.2. Let Uy be the subvariety of F' parametrizing lines [ such that [ is of first type, is not

contained in Ty for any line I of second type and every plane containing l is an element of P\ Py.

By Lemmas 1.4 and 4.1, the variety Uy is an open dense subvariety of F. Suppose | € Uy. By
Lemmas 1.2, 2.1 and 4.1, the varieties S; and T} are smooth of the expected dimensions n — 3 and
n — 8 respectively. Let X/ C P} be the blow ups of X; C P} along 7~'(1;) and let P"~% be the blow

up of P2 along 7). Then we have morphisms

X/ c Py
N L
]P)n—Q’

where 7' : P — P2 is again a P*bundle. Since T} is the zero locus of s € H°(P" 2 7,.0Opg(2) @
Opn—2(1)), we have Ng, pn—2 = 7,0pp(2) @ Opn—2(1)|7,. Therefore, the exceptional divisor £’ of Pr-2
P2 is a P5-bundle over T; whose fiber at a point ¢ € T} corresponding to the plane P, C X, is |Op,(2)].
We have
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Lemma 4.3. Suppose that | € Uy. For all t € T, the restriction of % : X| — P*=? to |Op,(2)] C
P72 is the universal conic on |Op,(2)|. In particular, the fibers of 7% : X| — P" % are always

one-dimensional.

Proof : The restriction of #’ to the inverse image of a point ¢ € T} is the second projection P, x
|Op,(2)] — |Op,(2)]. Let Nx, be the normal space in X; to #=4T}) at p € P, and let p, : P, —
|Op,(2)]* = P° be the map which to p € P, associates PNx , € |Op,(2)|*. For n € |Op,(2)], the fiber of
mh at (t,n) € E"is equal to p; ' (p:(P;) N H,) where H, is the hyperplane in |Op,(2)]* corresponding
to n. It is immediately seen that p; is induced by the dual morphism ¢ of X. Hence, since rp, = 5,
the map p; is the Veronese morphism P; — |Op,(2)]*. Hence p;'(ps(P;) N H,) is the conic in P

corresponding to n. O

It follows from lemma 4.3 that if we let S} be the variety parametrizing lines in the fibers of
mh + X; — P % then there is a well-defined involution 7, : S/ — S! which sends I’ to [ when
I'+ 1" is a fiber of X/ — P"~?. Sending a line in a fiber of 7 to its image in X; defines a morphism
S} — ;. Let Py — 1) be the family of planes in X containing [, then the inverse image of T; in S; by
the morphism S5; — @), is the projective bundle P; of lines in the fibers of P; — T;. We have

Proposition 4.4. Suppose that | € Uy. The morphism S| — S; is the blow up of S; along P;. In
particular, the variety S| is smooth. The fized point locus R) of v; in S| is a smooth subvariety of
codimension 2 of S]. The projective bundle [P(NR”SZ/) — R} is isomorphic to the family of lines in the
fibers of 7' parametrized by R;.

Proof : In Lemma 2.1, we saw that 5; can be identified with the closure of the subvariety G(2,n +
1) x G(3,n+ 1) parametrizing pairs (', L’) of a line and a plane such that [ # I and [U!" C L'. In the
same way, we see that S| can be identified with the closure of the subvariety of G(2,n + 1) x G(2,n +
1) x G(3,n + 1) parametrizing triples (I',1", L") such that L'NX D 1Ul"UI" and [,1',]" are distinct.
Furthermore, the morphism 5] — 5; is the restriction of the projection to the second and third factors
of G(2,n+1)xG(2,n+1) xG(3,n+1). Again as in the proof of Lemma 2.1 we see that S} is smooth.

Blowing up P; and its inverse image in 5] we obtain the commutative diagram
gl/ — gl
! !
S — S
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Since the inverse image of P} is a divisor in S}, the blow up morphism gl’ — 5] is an isomorphism.
The morphism 5] — S, thus obtained is a birational morphism of smooth varieties with constant fiber
dimension hence it is an isomorphism. This proves the first part of the Proposition.

Now let A be the diagonal of G/(2,n 4+ 1) x G(2,n + 1). Then the variety R; is identified with
SIN (A x G(3,n+ 1)). One now computes the tangent space to R} as in the proof of Lemma 2.1 and
see that NRZ/S{ is isomorphic to I*®@.J/I where [ is the restriction of the universal bundle on G(2,n+1)
and J is the restriction of the universal bundle on /(3,7 + 1). Therefore P(Npys;) is isomorphic to
P(7) which is the family of lines in the fibers of 7y parametrized by R;. O

Let Q) be the blow up of ; along 7}. Sending a line [ € S} to the fiber of X — P"=? which contains
it defines a finite morphism S — @) of degree 2 with ramification locus Rj. Blowing up R in )7 and

S} we obtain the morphism S/ — Q7. We have

Proposition 4.5. The variety R} is an ordinary double locus for Q)}. In particular, Q] is smooth and

(by 4.4) the projectivization P(Cryqy) of the normal cone to R} in Q) is isomorphic to P(Ngys;).

Proof : The fact that R; \ T} is an ordinary double locus for @); \ T; can be proved, for instance, by
intersecting ; with a general plane through a point p of R;\ 7}. The resulting curve has an ordinary
double point at p by [1] Proposition 1.2 page 321. At a point ¢ of the exceptional divisor of R} — Ry,
locally trivialize the pull-back of £ = O]%?,?_Q & Opn—2(—1) to obtain a morphism from a neighborhood U
of ¢ to |Op2(2)|. It easily follows from 4.1 and 4.3 that this morphism is dominant and the restriction
of X — P"? to U is the inverse image of the universal conic on |Op2(2)|. The assertion of the
Proposition now follows from the corresponding fact for the cubic fourfold parametrizing singular

conics in P2. O

5. THE MAIN THEOREM

Let L; — 5] and L, — S; be the families of lines in the fibers of 7'y and 7wx respectively. The

blow-up morphism ¢; : X] — X, defines a morphism L; — L; which fits into the commutative diagram

XX L X
p1 e
Ll — Il

pl 1D
Sl/ — S[
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where the squares are Cartesian. Put ¢ = ejeap and let ¢/ = qp* : H"3(S/,Z) — H* ' (X,Z) and
Y = (ep)p” : H"*(S,,Z) — H" ' (X,Z) be the Abel-Jacobi maps. The map 1 is the composition
of ¥' with the inclusion H"™*(S;,Z) — H"™3(S},Z) because the bottom (or top) square above is

Cartesian. We have

Theorem 5.1. The maps o : H"?(S;,Z) — H" Y X,Z) and ' : H"*(S],Z) — H" Y (X,Z) are

onto.

Proof : Consider the rational map )7 — X| which to the singular conic I’ + " associates the point
of intersection I N ["”. An easy local computation shows that the closure of the image of this map is
smooth, hence, by a reasoning analogous to the proof of Proposition 4.4, it can be identified with Q7.
Let €3 : X/ — X be the blow up of X] along )} and, for each ¢ (1 < ¢ < 3), let F; be the exceptional

divisor of the blow up map ¢;. Then we have a factorization

X/
q/ |es
L % X

so that ¢/ = q.p* = €162, p«p* = €1.€2,63,.G¢.p*. Note that ¢ is an embedding so that we can, and will,
identify L; with ¢(L;). Put Uy = X['\ (FsU L;) = X]\ p(L;). Let m; : Uy — X|' be the inclusion. We

have the spectral sequence
E%?" = HY(X]', R'm, Zy,) — H"T(U,,Z)

and by [8], §3.1, we have R%m; Zy, = Zxy, R'm 2y, = Zp,®Z1,, R*m, 2y, = Zp.nr, and Rim, Ly, =
0 for ¢ > 2. Note that E3 N L; = 5.
Therefore
B = (X1, 2),
EYY = HY(X[', Zp, ® Zp,) = H(L;,Z) ® HP(Fs,7),
By = HY(X!, Zy) = HP(SV, ),
EYT =0 for g > 2

So the I3 complex is
0— Hp_z(sl”vz) - Hp(lez) b Hp(E?MZ) - Hp+2(Xl”7Z) — 0

where the maps are obtained by Poincaré Duality from the natural push-forwards on homology induced

by the inclusions. We have (see, for instance, [1], 0.1.3, page 312)
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HP(X),2) = HPYH(X], Z) & HP(Q],Z), (2)
HPP(X],Z) = H (X, Z) & (@pgﬁpﬂi(w—l(To,Z)) , (3)
HPY(X,Z) = H"P(X,Z) @ (@p_z(@_g]gigp[{i(l, Z)) (4)
i=p
and
HP2(S),Z2) = HP (S, Z) @ H" (R}, Z). (5)

Since E3 and L; are P'-bundles over Q7 and S/ respectively,

HY(E3,Z)= HY(Q],Z)® H"*(Q],Z) (6)
and

HP(L;,Z) = HP(S],Z)® HP™*(S),Z) . (7)

The map ' is the composition of the inclusion H"™*(S],Z) — H">(L;,Z) obtained from (7) with
the differential £ >" — E;~"° and the projection H* (X[, Z) — H" '(X,Z) obtained from (2),
(3) and (4). We first study the cokernel of the differential £y~ — E;~"°.

By [8], 3.2.13, the differentials EZ? — EZY>"% are zero. Therefore Ey = Fy and, in particular,

Coker (H"™(L,Z) & H" (I3, Z) — H" (X[, Z)) =

= Coker (E;_S’l — E;_l’o)

= By~ = BN = Gt (H TN UL T)

This is the image of H* (X', Z) in H**(U,,Z) and, by [8] 3.2.17, it is the piece W, _y(H"~'(U;,Z))
of weight n — 1 of the mixed Hodge structure on H"~!(U;,Z).
Define Vj := P~? \ @). The fibers of the conic-bundle U; — V; are all smooth, hence

H™ YU, Z) = H3(V,, Z) & H"(V}, Z)

Claim 5.2. Under this isomorphism, the space W,_(H""Y(U,Z)) is isomorphic to
Wn—S(Hn_S(‘/hZ))@Wn—l(Hn_l(‘/hZ))'
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To prove this it is sufficient to show that the maps H*~'(V},Z) — H"Y(U;,Z) and H"*(V|,Z) —
H""Y(U,,Z) are morphisms of mixed Hodge structures of type (0,0) and (1,1) respectively.

By [8] pages 37-38, the pull-backs on cohomology H"™*(V;,Z) — H"3(U;,Z) and H" Y (V,Z) —
H"=Y(U,,Z) are morphisms of mixed Hodge structures of type (0, 0). To see that the map H"™*(V},Z) —
H"Y(U,,Z) is a morphism of mixed Hodge structures of type (1,1) choose a bisection B of the conic
bundle U; — V; and let 5 be a half of the cohomology class of B. Then the map

H"™3(V,,Z) — H" Y (U,,7)

is the composition of pull-back

H" VI, Z) — H" (U, 7)

with cup-product with n

H"™ (U, Z) — H" (U, Z).

The class 27 is the restriction to U; of the cohomology class of the closure of B in X|. Therefore 27 is

in the image of
Hz(Xllvz) - Hz(UhZ)
and hence has pure weight 2 and Hodge type (1,1). Therefore n has pure weight 2 and Hodge type

(1,1) in the mixed Hodge structure on H*(U;,Z), the map H"*(V,,Z) — H"~'(U;,Z) is a morphism
of mixed Hodge structures of type (1,1) and sends W, _s(H"™*(V},Z)) into W,_(H"(U,, Z)).

We now determine W,,_3(H"*(V|,Z)) & W,._1(H"*(V},Z)). In the following we let p be equal to
n—3orn—1.

Let P"=2" — P"? be the blow up of P"~? along R} with exceptional divisor £” and identify QY
with its image in P"~%". Then V; = P* 2"\ (E” U Q!) and the divisors E” and @/ are smooth and meet
transversally. Therefore W,(H?(V;, Z)) is the image of H?(P"~?",Z) in H?(V;,Z), i.e., it is isomorphic
to the cokernel of the map

H%(Q),Z) & HP™*(E",Z) — H*(P"*"Z)

obtained by Poincaré Duality from push-forward on homology. Since E” is a P?-bundle over Rj, we

have

H"=*(E",Z) = H'™*(R}, Z) @ H'™ (R, Z) ® H"™*(R},Z) (8)
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By e.g. [1] 0.1.3, we have the isomorphism
HP (P, Z) = HP(P"*, Z) & H""*(R},Z) & H* (R}, Z).

Under the map HP=2(E",Z) — H?(P"?" 7Z) above, the summand H?*=2(R),7Z) & H"~*(R),7Z) in
HP=2(E",7) maps isomorphically onto the same summand in H?(P"=?", 7). Therefore W,(H?(V;, 7))
is a quotient of H?(P"=? 7).

The summand H?~8(R},Z) in H?~*(E",7) maps into the summand H?(P"~? Z) of H?(P"~?"|7),
the map H*~%(R},Z) — H?(P"~? Z) being again obtained by Poincaré Duality from push-forward
on homology. Since the degree of R; in P"? is 16, the image of the composition of HP~%( R}, Z) —
H?(P"=%,7Z) with the isomorphism

Hp(Pn_zlv Z) = Hp(Pn_zv Z) D (@p—loﬁiﬁp—QHi(Tlv Z))
i=p(2]
contains an element whose component in the summand H?(P"~2 Z)is 16 times a generator of H?(P"~2 7).

Since the degree of ); is 5, the image of the composition of the direct sum embedding
Q). B) < BB 2) 5 H(Q]. Z)

with the map
HP 3B Z) & QY ) — 1P (P Z)

contains an element whose component in the summand H?(P"~% Z)is 5 times a generator of H?(P"~2 7).
Since 16 and 5 are coprime, we deduce that the image of H?~2(E",Z) & H*=*(QY,Z) in H?(P*?",7)

contains an element whose component in the summand H?(P"2 Z) is a generator of H?(P"~2 7).

So far we have obtained that W,(H?(V,,Z)) is a quotient of

@p_logigp_zHi(Tl, Z) C Hp(Pn_zll, Z) .

i=p[2]
It is now easily seen that (@n_ngign_gHi(Tl, Z)) fas (@n_lz),gign_g,Hi(Tl, Z)) maps into the summand

1=n—1[2] 1=n—1[2]

Gn-sci<n—aH' (x71(11), Z)

1=n—3[2]
of H""Y(X/',Z). Therefore W,_1(H" "N (U, Z)) = W,_3(H"*(VI,Z)) & W1 (H"" Y (W}, Z)) is a sub-
quotient of

@n—9§i§n—3Hi(ﬂ—_l(Tl)7 Z) - Hn_l(Xle Z) =

1=n—3[2]

B (XL Z) & H Q). Z) & (@n-gggn-gﬂfw—l(ﬂ» Z))

1=n—3[2]
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and the map
H" (L, Z)® H"*(Fs3,Z) — H" ' (X, Z)

is onto. So, in particular, we have proved

Claim 5.3. The map
H" (L, Z)® H" (B3, Z) — H" (X, Z)

s onto.

Since Fj3 is the exceptional divisor of the blow up X, — X], the image of

H" (B3, Z) — H" (X, 7Z)
is equal to the image of

H"(Q1,7) — H" Y(X,Z).
We will prove that the image of this map is algebraic. Since H"~!(X,Z) is torsion-free, it is enough to
prove this after tensoring with Q. Since, by Poincaré Duality, H"~*(Q/, Q) = H"'(Q/,Q)*, we first
determine H"~'(Q/, Q). For this we use the spectral sequence

E%Lq — Hp([EDn—Q//7un*Z) _ Hp+q(W7z)

where W := P" 2\ Q; = P*2"\ (E’ uUkE"U Q;’) with E’ the proper transform of E’ in P"2" and
u: W — P"?" is the inclusion. Recall that such a spectral sequence degenerates at Fs ([8], 3.2.13).
By [9] pages 23-24, we have H (W, Z) = 0 for ¢ > dim(W) = n — 2. Therefore we obtain the following

exact sequence from the spectral sequence

H(E 0B Q) 2) S B 0 B L) s T E 0 Q))& (B 0 Q). T)

d"_—1> Hn—l(E/7z) @ Hn_l(E”,Z) @ Hn—l( ;/72) @) Hn+1([FDn—2//7z) _ 0 ] (9)
We have

Lemma 5.4. The varieties whose cohomologies appear in sequence (9) are described as follows.

E' NE"N Qf: Pl-bundle over V; where V, := E' N R]. The variety V; is a P2 -bundle over T; and

each of its fibers over T} embeds into the corresponding fiber of ' as the Veronese surface. Hence
H' ™ (E'NE'"NQIZ)=2 H"*(V,Z)® H" " (V),7)

and

HW,Z2)= H(T,Z) 3 H™*(T,, Z)® H™(1},Z) .
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Ty = E' N Qs bundle over Ty with fibers isomorphic to the blow up S2P2 of the symmetric square
S2P? of P? along the diagonal of S?P%. A fiber of E' N E" N Q7 embeds into the corresponding
ber of E' N QY as the exceptional divisor of the blow up S*P* — S2P2. We have
!

H™= (1Y, 2) = H™(T,Z) & H™ (T, Z) & B (1, 2) & H°(T), Z) & B~ (11, Z) & H'=(V,, Z)

~ (T, Z) e H (1, Z)® H (11, Z) & H "V, Z) & H"*(V,, Z)

and, under d,,_3, the summand H" " (V,,Z)&® H">(V|,Z) in H”_5(E’ N E"NQY,Z) maps into
the same summand in H"3(T/",Z).

E" N Qj: P'-bundle over R]. Hence
OB QL) 2 1 (R Z) 6 B (RLZ)
E' NE”: P:-bundle over V, which contains ' N E" N Q7 as a conic-bundle over V;. We have
H'Y3(E'NE"Z)= H"*(V,Z)® H" °(V,,Z)® H""(V,Z) .

E’: the blow up of E' along Vy, i.e., bundle over T; with fibers isomorphic to the blow up of P® along

the Veronese surface. This contains ' 0\ E" as its exceptional divisor. Hence
HYYE'Z)= H" 3V, Z) & H (Vi Z) & H (T, Z)®
CH" (T, Z)® H (T, Z)® H (T, Z)® H" (T}, Z)® H" " (T}, Z) .
E”: P2-bundle over R} which contains E" N Q] as a conic-bundle over R]. Hence
B E) 2 7V (RLE) 6 B (BB o B (RLZ)
Proof : Easy. O
Lemma 5.5. There is a natural exact sequence
0 — H"*(1,Q) & H"*(1,,Q) & H' (T;,Q)** & H"*(T;,Q) & H"*(R},Q) —
— QL) — B (EQ) 0
where the map
H"(1,Q) & H"*(17,Q) & H" " (1,,Q)"* & H"*(T},Q) — H"'(Q7,Q)

is obtained from the inclusion 1" C Q7.
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Proof : From the description of £’ N @7 in Lemma 5.4 it follows that the map d,,_3 in sequence (9)

is injective and we have the exact sequence

0 — H"(E'NE" QI Z) "3 H*(E' 0 E",Z) o H™*(E' 0 Q) Z) & H"*(E" N Q. Z) ==

dn_—1> [_In—l(Ew/7 Z) @ [{n—l(Ew//7 Z) @ Hn—l( ;/7 Z) M [{n-l-l([Fpn—Q”7 Z) _ 0 ]
Tensoring the exact sequence (9) with @ and using Lemma 5.4 and the isomorphism
H (P Z) = H T (P2, Z)®

CH" YT, Z)® H(T),Z)® H (T, Z)® H"™ (1}, Z)® H" (1, Z)®
GH" (R, Z)® H" (R, Z) ,

we easily deduce Lemma 5.5. U

Remark 5.6. In fact we have the exact sequence
1 1 1 1 1
0 H" (T, Z[— H" (T, Z[— H™ (T, Z|—])** & H" (T}, Z[— H" (R, L[ —
s BT 2 & BT L) @ HT (T 2 @ BT 2] @ H (R 2

1
— H (P ]) — 0

1
- Hn_l( ;/7 Z[ 30

30V
It follows from the previous lemma (since the cohomology of X has no torsion) that the image of
Hn—S( ;/7 Z) _ ]{n—l(}(7 Z)

is algebraic. Hence the image of the composition H"°(Q},Z) — H" Y X,Z) — H" Y X,Z)° is
algebraic. For X generic H"™'(X,Z)? has no nonzero algebraic part. Hence for X generic and therefore,
for all X, the image of H"*(Q},Z) — H"'(X,Z)" is zero. Hence the map
H" (L, Z) — H" (X, Z)"
is onto. We have
H"(Ly,Z) = H"7(S, Z) & H"" (S}, Z)

and the restriction H"=°(5],Z) — H" (X, Z)° is the composition of pull-back H"~*(S], Z) — H"™*(S},Z),
and push-forward H"™%(S/'\Z) — H"*(Q/,Z) — H"Y(X,Z)°. Hence the map H" (5], Z) —
H"Y(X,Z)° is zero and the map

H" (80, 2) — H" (X, Z)°

is onto.
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Now, we have
H"7(8],2) = H" (S, Z) & H" (P, 2) & H" (P, Z).

recall that P; is the variety parametrizing lines in the fibers of #7'(7}) — T;. Therefore P; is a
P2-bundle over Tj. Using the fact that 7} is a smooth complete intersection of dimension n — 8 in P72,
one immediately sees that the image of the summand H"°(P;,Z) & H""(P;,Z) of H"3(S,Z) in
H"Y(X,Z)° is zero. Therefore the map

H"™3(8,Z) — H" (X, Z)°

is onto. This proves the theorem in the case where n is even, since in that case H" '(X,Z)" =
H"YX,Z).

Let o1 be the inverse image in S; of the hyperplane class on the Grassmannian G/(2,n + 1) by the
composition S; — D; — G(2,n + 1). If n is odd, one easily computes that the image of UYL_S)/Z i

H" (X, 7Z) is 5¢"=1/% where ( is the hyperplane class on X. On the other hand, let  be a general

n

point on [ and let L, be the union of the lines in X through x. Then L, is the intersection of X with
the hyperplane tangent to X at x and a quadric (it is the second osculating cone to X at ). The

cohomology class of a linear section (through x) of L, of codimension ”2;1 —2is 2¢*=D/2 in X and

it is in the image of H"™?(S},Z). Since 2 and 5 are coprime, the image of H"™3(S;,Z) in H" (X, Z)

contains ("~1/2 and the map
v H"(S1,Z) — H" (X, Z)
in onto for n odd as well. It is now immediate that ¢’ is also onto for n odd. O
Let h be the first Chern class of the pull-back of Opn-2(1) to S}, let o; be the pull-back to 5] of the

i-th Chern class of the universal quotient bundle on the grassmannian G(2,n + 1) D D; and let e; be
the first Chern class of the exceptional divisor of 5] — S;. We make the

Definition 5.7. For a positive integer k the k — th primitive cohomologies of S; and S| are
H*(8,,Z)° .= (Zh @ Zoy)*: C HY(S,,Z)

and
H*(S],Z)° .= (Zh @ Loy @ Zex)t C H*(S],7Z)

where L means orthogonal complement with respect to cup-product.
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Composing the map ' with restriction to H"™?(S/,Z)" on the right and with the projection
H"Y(X,Z) — H"(X,Z)° on the left, we get ¢"° : H" (S|, Z)° — H" ' (X,Z)°. Our goal is

to prove the following generalization of the results of Clemens and Griffiths.

Theorem 5.8. The map ¢ is onto and its kernel is the i;-invariant part H"=>(S}, 7)°F of H" (S, 7.)°.

The first step for proving the theorem is
Theorem 5.9. Let a and b be two elements of H"™*(S],7Z)°. Then

W (a)ab(b) = a.itb — a.b.

Proof : We have

'(a).'(b) = (ereap)up™a.(e162p)p™b = (€2p)up” a.€ler,(€2p)p™b .

Let & be the first Chern class of the tautological invertible sheaf for the projective bundle ¢; : £y — 1.

Let ~! be the Chern classes of the universal quotient bundle on the projective bundle ¢; : £y — [, i.e.
Y q pProj g ) )

% =G+ & gra(Nyx) + o+ gre(Nyx) -
Define 3,77 and 3,47 similarly for the projective bundles g, : Ey — 77'(1}) and g3 : Fs — Qf

respectively. By, e.g., [1], 0.1.3, we have

n—4
€r€1(€20)p™b = (€2p)up™b + i1, (Z Y G, ((ézp)*p*b)))

r=0
where ¢y : [y — X is the inclusion. We also let 73 : Fy — X[ and i3 : Fi3 — X' be the inclusions.

For any r, (0 <r <n —4), we have

g1 (771—4—7“-@.’{(62/))*}7*6) S Hn_S_QT(Z, Z) .

Therefore g1, (Yn—a—r.13(€2p)p™b) # 0 only if n —3 — 2r = 0 or n — 3 — 2r = 2. This is impossible if n

is even so we now suppose that n is odd. So if we put

B =, (én_?))/z-gfgl* (V(In_s)/z-if ((620)*]9*5)) +&" g1, (V(In_g)/z-ﬁ ((62/’)*}?*5))) ;
we have

erer.(€2p)p™b = (€2p)p"b+ B .
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It n > 7, replacing ’V(In_s)/z and ’y(ln_:,))/z in terms of ¢;, we obtain
B =i (6" g1 (677705 (e2p)op™d) + 6772 gien(Ny )5 ((e20)-07D)) ) +

v (672 grgn, (6072 (cap)ap™d) + 672 g en (N ) (c2p) ™))

We have ¢;(Nyx) = (n —4)57¢ where ( = ¢1(Opn(1)) and j; : [ — X is the inclusion. Similarly we
define jy : #71(T}) — X and js : Q — X/ to be the inclusions. Therefore we obtain

B =i (" g1 (€§”_5)/2-ii((62p)*p b)+ &' = )97 ¢ ((e2p)-p™D)) ) +
tin (677 g1 (6720 (e2p)op™d) + 6772 (0 = g7 ((e20)-07D))) -
Or, since jig1 = €eyiy,
B =ir (6" gir. (677757 ((eap)or™) + €772 (n = 1)iT61CT (2p)op™D)) ) +
tin (677 gigr. (6770 ((ep)ar™b) + €7 (0 = D)iT6G T (e20)-070)) )

Let F; also denote the first Chern class of the invertible sheaf Ox,(Fy). Since {; = —iiFE;, we can

write
B = (=1)"ir. (B gignat (BU 72 (@p)apb) = B2 (0= 1)6C (20)-p7D)) ) +
(=) (B gigry (B2 (e2p)up™d) — B2 (0 = )€1C ((e2p)op™)) ) -
Or, since ¢q,17 = j17€1,,
B = (=1 (it giiv e (B2 ((2p)ap™b) = BU72 (0 = 9)6C ((p)pD)) ) +
(=) i (BT g e (BY T (eap)op™d) — BTV (0= 9)6C ((e2p)op™D)) ) -
Now
v (B (ep)p™b) — BTV (0 = 6 (e20)570))

is an element of H**~%(X,Z). Hence its image by jj is zero unless 2n —6 < 2, i.e., n < 4. We supposed

n > 7. Similarly,

Jren (EU2 ((@p)opd) = BV (0 = 9)6¢ ((ep)op™D)

is zero unless 2n — 4 < 2 which implies n < 3. Hence B is zero for n > 7. Similarly, B is zero for

n =>5.

Therefore
P'(a).ap'(b) = (eap)ap™a.(eap)p™b .
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Now write
P'(a).'(b) = pupTa.csea.p.p™d
and, as before,

3
€5€2. PP b = pup™ b+ ia, (Z £5.9592, (’yg_T.i;p*p*b)) .
r=0
So
3
V(a))’(b) = pup a.pp b+ pup”a.ia. (Z £3-9292- (73_7«-@'3/)*19*6))
r=0

or

3
P'(a)'(b) = pap”a.pp™b+isp.pTa. (Z £3-9592. (73_7«-@'3/)*19*6)) :
We have a.e; = 0. Hence p*a.p*e; = 0. Let E3 also d:rfote the cohomology class of F,. Then it is
easily seen that p*FEy = p*ey. Therefore p*a.p*Fy = 0. In order to use this, we need to modity the
above expression a bit.
We first need to write the first three Chern classes of N.-1(7,),x, as inverse images of cohomology

classes by jo. Consider the exact sequence
0 — No—ry/x, — No—i(mypp — Nxyyppla—1(z) — 0.

We have
NXI/PZ" = O]}DE(Q) ® F*O]pn—2(1)

where £ = Opn—2(—1) & (’)]?33_2, so that PE = P}. Also
N (zypp = 7 Npypnee 2 77 (Opns(3) @ Opns(2)%? & Opna(1)) |
It follows that we can write Ci(qu—l(Tl)/Xl) = j;¢; where the ¢; are cohomology classes on X;. So
N=G+ G Bhat g

and, since & = —i3Fy and j292 = €312, we have

Yy = 150y
where

Q= (=1)"Ey+(=1)"'E ey + ..+ Eey

Therefore, using g2,15 = j5€2, and jags = €ats,

3 3
i3papTa. (Z £5-9592. (73_7«-@'3/)*19*5)) =7 (p*p*a- (Z(-UTES-GSQ* (Oéﬁ_T-p*p*b)))
r=0

r=0

3 3
= p.p a.Fy. (Z(—l)TEg.egez* (a%_T.p*p*b)) =pra.p by.p” (Z(—l)TEg.egez* (a%_T.p*p*b)) =0

r=0 r=0
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and we obtain
Y'(a).'(b) = pupa.pp’b.
Writing p = e3¢, we have
(@) (b) = (€3q)<p"a.(€34)p™b = Gup”a.€5es.qp™b
and, as before,
V'(a)'(b) = Gup a-Gup”b + Gupa.is.g5gs.i53.p 0 = Gp”a.Gup"b + i5G.p" .95, 157.P7D
Consider the commutative diagram

!
Sy = B3 Q)
€4

e IS LJs

S;— L & X = X

where the two squares are fiber squares. Using the diagram, we modify ¢'(a).¢)'(b) as follows
V(@) (b) = Gup*a.g.pb + ¢.i% p*a.gigs. gLy pth =

= @up"0-Gp b+ qlesTa.g505. 426470 = Gup"a.@pTb + €47 a.(93q") " (93¢ )ea™h .
The morphism gs¢’ : S;" — ()7 is a double cover whose involution ¢; is the lift of ¢;. Therefore
(934)" (939 )xea™d = b+ i7" €3b = €3b + €3i7b
and
€47a.(93¢") (g3q')w€a"b = €a. (b + €5i7b) = a.eq, (€50 + €517b) = a. (b+ i7b) .
On the other hand
G«p a.q.p b = p a.p”b.q" L,
where we also denote by L; the cohomology class of L; in X]'. We have the following
l//

Lemma 5.10. The cohomology class of L; in X' is equal to

) (616263)*C —5 (6263)* E1 — 2E3 — k6§E2

for some nonnegative integer k.

33
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Proof : To compute the coefficient of (e;eze3)” ¢, we push L; forward to X and compute its degree
in P". The image of L; in X is the union of all the lines in X which are incident to [. Since any such
line maps to a point of ¢); by the projection from [, the image of [; is the intersection with X of the
cone of vertex [ over ();. Since (); has degree 5, this proves that the coefficient of (e1€e2€3)" ( is 5.

The coefficient of (ege3)” Ey is the negative of the multiplicity of the image of L; in X along .
Intersecting X with a general linear subspace of dimension 3 which contains [/, we see that this linear
subspace contains 10 distinct lines which are distinct from [ and are in the image of ;. Therefore, the
multiplicity of the image of ; along [ is exactly 5 = 5.3 — 10.

The coefficient of Fs5 is the negative of the multiplicity of the image of L; in X along @)7. This is 2

since L; is smooth and p is an embedding outside 5;" and has degree 2 on 5} O

Now we will use the hypothesis a.h = 0. It implies p*a.p*h = 0. One easily sees that
ph = (ep) Ty r (Opnoal1))
On the other hand €¢ — Ey = 7#*¢1(Opn-2(1)). Therefore
pra.(eeap)” ¢ = pra. (e2p)” By .
Furthermore, we saw that p*a.p*F; = 0, hence,
P a.qp b = p a.p b.q" Ly = pTa.p*b. (—2¢" F3) = —2a.b .

Finally,
')’ (b) = —2a.b+ a. (b4 i7b) = a.ifb—a.b .

Corollary 5.11. If ' is onto, the kernel of ¥'° is equal to the set of i;-invariant elements of
H"3(S],Z).

Proof : Let b be an element of H"=3(5],Z)° Then '°(b) is zero if and only if,
for every element ¢ of H" '(X,Z)°% '(b).c=0 .

If ¢ is onto, this is equivalent to

for every element a of H"%(S],Z)°, ¥'(a).¥'(b) =0 .
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By theorem 5.9, this is equivalent to
for every element a of H" (S}, Z)°, a.(i7b—b) =0

which is in turn equivalent to

b=i7b .

We are now ready to prove

Lemma 5.12. Suppose n > 6, then
H*(5),Q) = Qh & Qo

Hz(SzlaQ) = Qh © Qoy D Qey

and, if n =5, we have the exact sequence
0 — H*(Q,Z)° — H*(5,72)" — HYX,Z)" — 0

and
H*(S1,Q) = H*(5,Q)° & Qh & Qo

(note that Ty = 0 for n <7 so that Q; = Q] and S; = 5]).

Proof : First suppose n = 5. Then the direct sum decomposition above is clear. To prove the
exactness of the sequence, note that H*(S;,Z) — H*(X,Z)? is onto by Theorem 5.1. Since Zh & Zo,
is algebraic, its image in H*(X,Z)? is algebraic. For X generic, the group H*(X,Z)? has no nonzero
algebraic part. Therefore for X generic and hence for all X, the image of Zh & Zoy in H*(X,Z)° is
zero. It follows that the sequence is exact on the right. The exactness of the rest of the sequence now
follows from Corollary 5.11.

Now suppose n > 6. Since H*(S],Q) & H*(S;, Q)& Qez, we only need to compute H*(S;, Q). Let Hy
be a general hyperplane in P"~% and let H; be its inverse image in P". The inverse image S; i of Hy in 5
parametrizes the lines in the fibers of X; y — Hy where X; iy is the proper transform of Xy := X N H,
in X;. By [9] pages 23-25, we have H*(S,Z) = H*(S, g, Z) for n > 7 and H*(S;,Z) — H*(S,g,7Z) for
n = 6. Suppose therefore that n = 6. If we choose a general pencil of hyperplanes in P"~2 of which H,
is a member, then H?(S),Z) maps into the part of H*(S; g, Z) which is invariant under monodromy.

Since H*(Xpy,Z)° has no nonzero elements invariant under monodromy, we see that H?*(.S;,Z)° lies
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in H*(Q,m,Z)°. Since H*(Q,m,7Z)° has no nonzero element invariant under monodromy, we have

H?*(5,7)° =0 and H*(S;,Q) = Qh & Qo;. d

We will prove Theorem 5.8 in conjunction with some results on the cohomology of S; and by induction

as follows.

Theorem 5.13. 1. The mapsp° : H"=3(S;,Z)° — H" (X, Z)° and "° : H"=(S},Z)° — H""1(X,Z)°
are onto. The kernel of '° is the i;-invariant part H"=3(S!,Z)°* of H"=3(S},Z)° and therefore
the kernel of ° is H*™3(S;,Z)N H"3(S],Z)°*.

2. The cohomology of Sy is torsion in odd degree except in degree n — 3.
3. In even degree the rational cohomology of S; is generated by monomials in h and oy except in

degree n — 3.

Proof : As mentioned above, we proceed by induction on n.

We first show that, for any given n > 5, parts 2 and 3 of the theorem imply part 1.

Indeed, assume that parts 2 and 3 are true for any smooth cubic hypersurface in P" for a fixed n. Let
Sym(h, 1) be the subvector space of H"™(.5;, Q) generated by monomialsin h and oy (Sym(h,oy) =0

if n is even). Then, if n is odd, it follows from numbers 2 and 3 that we have the decomposition
H™3(8,Q) = H™(S,Q)° & Sym(h, )

Since Sym(h, o) is algebraic, its image in H"~'(X,Z) is also algebraic. For X generic H"~'(X,Z)°
has no algebraic part. Therefore for X generic and hence for all X, the image of Sym(h,oq) is

zero in H"*(X,Z)° Since the cohomology of X has no torsion and, by Theorem 5.1, the map
Y H*3(S,,Z) — H" ' (X,Z) is onto, it follows that

WO H" (8, 2)° — H"Y(X,Z)°

is onto.
Since ¥° is the composition of 1"® with the inclusion H"3(S;, Z)° — H"3(S!,7Z)°, we deduce that
" is also onto. The rest of part 1 is Corollary 5.11.

Now we prove that parts 1, 2 and 3 for n — 1 > 5 imply parts 2 and 3 for n. Let Hy, Hy, Xi g, Simr
be as in the proof of Lemma 5.12, let H! be the proper transform of Hy in P"~% and let X[y and
S g be the proper transforms of X; i and Sz in X] and S respectively. By [9] pages 23-25, for every
k <n —15, we have

H*(S,Z)= H*(S, 5, 7)
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and
H" S, Z) — H" (S, 7Z) .

In particular, it follows from this and our induction hypothesis that H"™3(S;, Q) and H"~*(S;, Q) are
the direct sums of their primitive parts and their subvector spaces generated by the monomials in A
and oy. Now it is enough to show that H"~*(S;,Q)° = 0.

If we choose a general pencil of hyperplanes in P"~2 of which H; is a member, then H"~*(.S}, Z) maps
into the part of H"~*(S; i, Z) which is invariant under monodromy. By our induction hypothesis, we

have the exact sequence

0 — H" (S, Z)° N H" (S 1, Z)°F — H" (S0, Z)° — H"*( X, Z)° — 0 .

Since H""%(Xg,Z)" has no nonzero elements invariant under monodromy, we see that H"™*(S;,Z)°

lies in H**(S; 4, Z)° N H”_4(S;7H,Z)O+. Therefore all the elements of H"™*(S},Z)° are i-invariant
and hence are contained in H"~*(Q],Z)° C H"*(S],Z)".
Now let
P c Pt

| |
]P)n—Q C ]P)n—l

be a commutative diagram of linear embeddings and projections from [. Let Y be a general cubic
hypersurface in P"*! such that Y N P" = X, let Y] be the blow up of Y along [ and let S;y be the

variety parametrizing lines in the fibers of Y; — P"~!. Then, again by [9] pages 23-25, we have
H" S, Z)= H"*(Sy,Z) .

Let T;y be the variety parametrizing the planes in the fibers of ¥; — P"~! and similarly define Q,y,

Qiy, Ry and Qfy. By Lemma 5.5 we have the exact sequence
0— H" *(Ty,Q) & H Ty, Q) & " *(T1y,Q)** & H *(T1y,Q) & H" *(R}y,Q) —
— H"(Qly, Q) — H"™(P",Q) — 0 .
It is easily seen that the intersection of the subspace
H' Ty, Q& H Y T1y,Q) & H *(T,y,Q)* & H"*(Ty,Q) & H"*(Ry,Q)

of H(Qy,Q) D H™(Q1y,Q) with H"(S1y,Q) C H"(5]y,Q) is zero. It immediately follows that
Hn_4(Sl7Y7Q)O = Hn_4(Sl,Q)O = 0.



38 E. IZADI

To finish the proof of the theorem all we need to do is to prove the theorem in the case n = 5.
Suppose therefore that n = 5. Then part 3 is clear. Part 2 is proved in [15] Lemme 3 page 591. Part
1 1s Lemma 5.12. U

6. THE PROOF OF THEOREM 4

Let 5 : L — F be the family of lines in X with ¢ : £ — X the natural morphism which is inclusion
on each fiber of 8. The map ¢ in Theorem 4 is the composition H* Y X,Z)? — H" Y X,Z) B
H"(F,Z) — H"(F,Z)°. To prove Theorem 4 consider the diagram (similar to diagram 11.7 on
page 331 of [6])

HY(X,Z)° -2 H"3(F,Z)° % Hv=3(S),7)°

s 1 td

Ho (X, 2)° & Ho 5(F,Z)° <~ H,_5(S,Z)°
where the vertical arrows are induced by Poincaré Duality, the map j : 5] — F' is the composition
of S| — S, — D, with the inclusion D; — F., and x (equal to the composition H, 3(F,Z)° —
H,_s(F.Z) i H, (X,Z)—H,_1(X,Z)° is the transpose of ¢. We prove that y is an isomorphism.
Since "° (= xJ« after identification of the cohomology groups of X and S] with homology groups by
Poincaré Duality) is surjective, so is y. It remains to prove that x is also injective. For this we will
prove that the composition j.tj*¢sy is equal to multiplication by —2. Let « be a topological cycle on
F with homology class [a] € H,_3(F,Z)°. We can, and will, suppose that « is transverse to D;. Then
it is immediately seen that j.tj*¢sy([a]) is represented by the cycle parametrizing lines on X which
are incident to [ as well as to some line parametrized by a. Let I’ be any line in X not incident to /.
Then there are at most five lines in X incident to both [ and I’. Suppose that there are five distinct
lines ly,...,l5 in X intersecting each of [ and [’ in five distinct points. This condition will be satisfied

by a general line I’ in X. Let P be the space spanned by [ and I'. We have

Lemma 6.1. There is exactly a pencil of cubic surfaces in Py containing [,1I' and l1,... ,l5. Further-

more, the cubic surfaces of this pencil are all tangent along | and I'.

Proof : A dimension count shows that there is at least a pencil of cubic surfaces containing [, !’ and
l1,...,l5. Any two such cubic surfaces are tangent at five points along [. It is easily seen then that the
two surfaces are tangent everywhere on [. Similarly, they are tangent everywhere on . This implies

now that there is exactly a pencil of cubic surfaces containing [, " and [y, ... , 5. O

Therefore, on X, the cycle 2[1] + 2[l') + [l1] + ... + [I5] is a complete intersection of divisors. By

continuity, this will be the case whenever [ and " do not intersect (even if some of the [; “come
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together”). This is easily seen to imply that, in F', the sum of the cycle 2a with the cycle parametrizing
lines incident to [ and to some line of « is homologous to a multiple of a power of the hyperplane class
on F. Hence the sum is zero in the primitive homology of F' and j.tj*¢sy([a]) = —2[a]. Therefore
J«t7*dsy is equal to multiplication by —2 as claimed. In particular, it is injective and so is y. Hence

Y 1s an isomorphism and so is its transpose ¢.
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