SECOND ORDER THETA DIVISORS ON PRYMS

E. 1ZADI

The Schottky problem is the problem of finding necessary and sufficient conditions for a principally
polarized abelian variety (ppav) to be a product of jacobians of smooth curves.

Let (P,Z) be an indecomposable ppav of dimension p > 4 with = a symmetric theta divisor on P.
The elements of I' = HY(P,2=) are symmetric, hence their multiplicities at the origin are always
even. Let I'y C I' be the subvector space of I' of sections with multiplicity at least 2 at the origin
and let I'go C I' be the subvector space of sections with multiplicity at least 4 at the origin. Also
let [2=]g0 C |2Z]o C |2Z]| be the linear systems of divisors of zeros of elements of I'og C 'y C T
respectively. It is well-known that the dimensions of I', I’y and I'gg are respectively 27, 27 — 1 and
2P —1— @ (see [Ig] page 188 Lemma 11 and [GG] Proposition 1.1 page 618).

We have the linear map

T4 © FOO e HO(PTOP, OPTOP(4))

defined by sending a section s € I'gg to the quartic term of its Taylor expansion at the origin. Let
Qoo denote the linear subsystem of |Opr,p(4)| which is the projectivization of the image of 74. Let
Voo and Vi, r00 denote the base loci of [2=|gg and Qqo respectively. In [GG], van Geemen and van
der Geer proposed a characterization of the locus of jacobians, made more precise by Donagi ([Dol]
page 110), in the following form:

Conjecture 1. 1. If (P,Z) = (JC,0) is the jacobian of a smooth curve C of genus p, then Voo
is set-theoretically equal to the reduced surface C — C :={Oc(s —1):s,t € C}.
2. If (P,Z) is (indecomposable and) not in the closure [T, of the locus of jacobians in the moduli
space of ppav of dimension p, then Voo = {0} set-theoretically.

Beauville and Debarre proposed an infinitesimal version of Conjecture 1 ([BD]):

Conjecture 2. 1. If (P,Z) = (JC,0) is the jacobian of a smooth curve C of genus p, then
Vingoo is, set-theoretically, the canonical image kC of C in |we|* = PToJC where we is the
dualizing sheaf of C' (note that C is the projectivized tangent cone to C' — C at 0).

2. If (P,Z) is (indecomposable and) not in J,, then Vinso0 is empty.

The first parts of Conjectures 1 and 2 have been proved (each with one well-determined exception)
by Welters [W1], the author [Iz1] and Beauville and Debarre [BD]. In [Izl], we also determined
the scheme-structures of the base loci for jacobians. In [Iz2], Theorem 4 page 95, we proved the
second parts of Conjectures 1 and 2 in the case p = 4. Beauville, Debarre, Donagi and van der Geer
proved part 2 of Conjecture 1 for intermediate jacobians of cubic threefolds and the Prym varieties
of “even” étale double covers of smooth plane curves (see [BDDG]). Beauville and Debarre proved
parts 2 of Conjectures 1 and 2 for certain ppav isogenous to a product of p elliptic curves (see [BD]
pages 35-38). By semi-continuity, Beauville and Debarre then deduce from their result that for a
general ppav Voo 1s finite and Vj,, ;00 is empty.

Let A, be the moduli space of ppav of dimension p. In [Iz2], we proved the second parts of
Conjectures 1 and 2 for p = 4 by using the fact (proved in [Iz2], Theorem 3.3 page 111) that
an element of Ay \ Jy is always the Prym variety of an étale double cover of a smooth curve of

genus 5. From now on we will suppose that (P, =) is the Prym variety of an étale double cover of
1
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smooth curves 7 : ' — C with C' non-hyperelliptic of genus ¢ = p+ 1 (then (P, Z) is automatically
indecomposable, see [M2] page 344, Theorem(d)). There is a natural analogue of the surface C'—C
for a Prym variety, namely, the reduced surface

Z::Z(ﬂ':C~'—>C)::{Og(s—l—t—as—at):s,teé}CPC]C~',

where o : ' — C is the involution of the cover 7 : ¢ — (. Let ¢ : P — P be the blow up of P
at 0 with exceptional divisor £ and let ¥ be the proper transform of ¥ in P. Let L be the linear
system |€*(2Z) — 4&] on P. When g = 5 there is an involution A acting on the moduli space of
admissible double covers of stable curves of genus 5 such that a double cover C — C and )\(C~' — )
have the same Prym variety (see [Do2] page 100 and [Iz2] pages 119 and 126). Furthermore, for
any fixed (P,Z) € A4\ J4, there is an étale double cover C' — C of a smooth curve €' such that
(C~'A — () = )\(C — () is also an étale double cover of a smooth curve C) (see [IZZ] page 136).
In such a case, put Xy := Z(CA — () and let ZA be the proper transform of ¥, in P. With these
hypotheses, we proved in [Iz2] that (recall g — 1 = p =4)

e there is exactly a pencil of elements of L containing 5 (see [Iz2], 5.7 page 134 and 6.23 page
148),

e the base locus of this pencil is equal to X U £, as a set, as a scheme if (C~' — () # (C~'A — Cy)
(follows from [1z2], 5.7 page 134),

e the base locus of the restriction L[g (and, similarly, L|§A) is empty ([1z2] pages 139 and 146-
147).

We generalize this third result to higher-dimensional Prym varieties and calculate the dimension of
the linear subsystem of L consisting of elements containing >:

In Section 4 we prove
Theorem 3. If C' is non-trigonal of genus > 5, then the base locus of L|x is empty.

For C' trigonal, the support of the base locus of L|5 is determined in Proposition 4.8 below.

To prove the Theorem, we use divisors in the linear system [2=[oo which are obtained as inter-
sections with P C JC' of translates of the theta divisor © of JC (see Section 3 below). To our
knowledge such divisors have not been used before in the litterature.

The Prym-canonical curve yC' is the image of C' in |we ® af* by the natural morphism ¢ —
lwe @ af* where « is the square-trivial invertible sheaf associated to the double cover # : ¢ — C.
Under the natural isomorphism PToP ¥ |we @ al*, the curve yC' is the tangent cone to ¥ at 0.
Therefore the Theorem implies

Corollary 4. Suppose that C' is not trigonal, then

L. the only base point of |2=|gg on X is 0,
2. the linear system Qoo has no base points on xC'.

Our approach leads us to consider the vector space I'f, := {s € T'gg : s|x = 0} with projectiviza-
tion |2Z|4p := {D € [2Z|go : D D X}. Then |2Z]|, can be identified with the linear subsystem of
elements of L containing &. Let Qoo be the linear subsystem of Qg consisting of quartic tangent
cones at 0 to elements of |2=](,. On a Prym variety, second order theta divisors which contain ¥
can be thought of as natural generalizations of 20-divisors on JC containing C' — C'. 1t is well-
known (see [F] Theorem 2.5 page 120 and [GG] page 625 or [W1] Proposition 4.8 page 18) that,
on a jacobian (JC,0), a 20-divisor contains C' — C' if and only if it has multiplicity at least 4 at
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the origin. This does not generalize to Prym varities: Corollary 4 implies that |22, and Qp, are
proper linear subsystems of |2=|gp and Qgg respectively. More precisely, we prove (see Section 4):

Proposition 5. The dimension of 'y, is 22 — 2 — p(p — 1). The codimension of Qf, in Qoo is at
least g — 3.

Note that when p = 4, we have another proof of the result of [[z2] (page 148) saying that the
dimension of |2Z]}, is 1. We pose

Conjecture 6. Suppose that (P,Z) is not a jacobian. Then

L. the base locus Vi, of |22}, is ¥ as a set if p > 6,
2. the base locus Vi ;oo of Qoo s xC' as a set if p > 6.

n

By Corollary 4, this conjecture implies the second parts of Conjectures 1 and 2 for Prym varieties.
We have the following evidence for this conjecture:
Results of Welters and Debarre ([W2] and [De], see Section 1 below) imply

Proposition 7. The base locus Vy, is the set-theoretical union of ¥ and, possibly, some curves and
points for a general Prym variety of dimension p > 16.

Combined with Corollary 4 this implies:
Corollary 8. If (P,Z) is a general Prym variety of dimension > 16, then Voo has dimension < 1.
Results of Debarre imply (see Section 1)

Proposition 9. For a general Prym variety of dimension p > 8, the base locus V] ;o is sel-
theoretically equal to xC'.

Combined with Corollary 4 this implies (see Section 1 below)
Corollary 10. Part 2 of Conjecture 2 is true for general Prym varieties of dimension p = g—1 > 8.

We explain why we make Conjecture 6 only for p > 6 and only set-theoretically. Let R, be the
space parametrizing étale double covers C' — C where C' is a smooth (non-hyperelliptic) curve of
genus ¢ = p + 1. The Prym map is the morphism R, — A, which to a double cover C - C
associates its Prym variety. Recall (see above) that in case p = 4, we proved in [1z2] (5.7 page 134)
that Vi, = ¥ U X). Since the Prym map is generically injective for ¢ > 7 (see [FS]), we expect
that Vg, = ¥ as sets. Now an argument analogous to [Iz1] (2.9) page 196 shows that, if Vj; = X
as sets, then Vi, is not reduced at 0 and hence is not equal to ¥ as a scheme. If the morphism
p: C'® = %, where C® is the second symmetric power of C, is birational, then, by analogy with
the case of jacobians (see [Iz1]), we can expect Vi, to be reduced at the generic point of X. If, on the
other hand, the morphism p is not birational, then, by a standard semi-continuity argument, the
scheme Vj, is not reduced anywhere on ¥. Note that, using a refinement of a theorem of Martens by
Mumford ([ACGH] Theorem 5.2 page 193), one can easily see that if (' is neither bielliptic, trigonal,
nor a smooth plane quintic, then p is birational. Similarly, we can expect V] ; o5 to be equal to xC
as schemes if ' = xC but V; ; o, will not be equal to YC' as a scheme if the morphism €' — (' is
not (at least) birational.

On the other hand, Donagi and Smith proved (see [DS]) that the generic fibers of the Prym
map have cardinality 27 when ¢ = 6 and Donagi proved (see [Do2] Theorem 4.1 page 90) that the
Galois group of the Prym map is isomorphic to the Galois group of the 27 lines on a cubic surface.
So there could be nontrivial automorphisms acting in the fibers of the Prym map. If there is an
automorphism p : R¢ — Re acting in the fibers of the Prym map, then, as in the case p = 4, the
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base locus V{, could be the union of ¥ = Z(é’ — (') and the surfaces Z(,u(é — (), X(p*(C — (C)),

etc.

ACKOWLEDGEMENTS : [ wish to thank E. Colombo, C. Pauly and P. Pirola for helpful discussions
and the referee for helpful comments.

NOTATION AND CONVENTIONS

All varieties and schemes are over the field C of complex numbers. All ppav are indecomposable
and all curves are smooth, complete, irreducible and non-hyperelliptic.

For any section s of an invertible sheaf £ on a variety X, denote by Z(s) the divisor of zeros of
s. Let h'(X, L) denote the dimension of H'(X, L).

For a divisor D on C (resp. C~'), denote by (D) the span of D in the canonical space of C' (resp.
).

For any subset Y of a group (¢ and any element ¢ € (&, denote by Y, the translate of Y by a.

1. PRELIMINARIES

Let 7 : C — C be an étale double cover of a smooth (non-hyperelliptic) curve C of genus ¢. Let o
be the point of order 2 in Pic’C' associated to the double cover 7 so that we have 71'*(’)5 = Oc D a.
Choose an element 3 of Pic°C such that 9% = o and a theta-characteristic £ on C such that
RO(C, k) and ho(é,ﬂ'*(ﬁj @ [3)) are even. Symmetric principal polarizations on JC = Pic®C' and
JC = Pic®°C can be defined as the reduced divisors © := ézfa@ﬁ)—l and O := O/ _; where

0" :={D e Pic**C : h°(C,D) > 0}
O :={D¢c Pi 'C : h°(C,D) > 0} .
With these definitions, the inverse image of O by the morphism 7* : JC — JC is the divisor

Op + Op-1. The Prym variety (P, =) of the double cover = : C' — (' is defined by the reduced
varieties P := P(/H®ﬁ)—1 and = = E?H(@ﬁ)—l with
P':={E € Pic**C : Nm(E) = we, h°(C, E) = 0 mod 2}
and ~
= :={E e P:rC,E) >0},
where Nm : P~ZCC~' — PicC is the Norm map (see [M2] pages 331-333 and 340-342). As divisors we
have 2= = P.O.

For any I € P', since Nm(E) = we, we have wxy @ E~! =~ ¢*[. By the theorem of the square,
the divisor Zf,_1 + =/, ;-1 is in the linear system [2Z| and, by Wirtinger Duality (see [M2] pages
335-336), such divisors span |2=|. Furthermore, if £ € Z', then =, + =/, is in |2Z]p and
such divisors span [2Z|o (by Wirtinger duality, the span of such divisors is the span of ¢(=) where

* which can therefore be

¢ : P — |2Z|* is the natural morphism, this span is a hyperplane in |2Z|
identified with |2=]o by Wirtinger duality, also see [W1] page 18).

We now explain how Proposition 7 follows from results of Welters and Debarre and how Propo-
sition 9 follows from results of Debarre. In this paragraph only, suppose that (P,Z) is a gen-
eral Prym variety. Then FE is an element of the singular locus Sing(Z') of Z' if and only if
hO(C,E) > 4 ([W2] page 168). Therefore, for every E € Sing(Z') and (p,q) € C?, we have
h(C,E® Oxzp+q—op—oq)) > 0. Hence ¥ C =1 and Zpy + =/, is in [2E[je. Since = is
symmetric, the tangent cones at 0 to =%_, and =/, ,_, are equal. It follows from these facts and the
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irreducibility of Sing(Z') for p > 6 (see [De] Théoreme 1.1 page 114) that V), is set-theoretically

contained in Ngeging(z) =1 and ‘/i;lf,OO is set-theoretically contained in the intersection of the tan-

gent cones at 0 to =%, for I/ a point of multiplicity 2 on Z'. This latter can be rephrased as: Vj, ;
is set-theoretically contained in the intersection of the tangent cones to =’ at its points of multiplic-
ity 2. It is proved in [W2] (Theorem 2.6 page 169) that, for p > 16, the intersection Ngesing=)=p
is the set-theoretical union of ¥ and, possibly, some curves and points. This proves Proposition 7.
By [De] Théoreme 1.1 page 114, the tangent cones to =" at its points of multiplicity 2 generate the
space of quadrics containing yC for p > 6 and, for p > 8 (see [De] Corollaire 2.3 page 129, also see
[L] and [LS]), the Prym-canonical curve xC is cut out by quadrics. This proves Proposition 9.

2. PULL-BACKS OF DIVISORS TO 62
Let p: C* — P C JC be the morphism
p:(s,t)r—[s,t]:=Ox(s +t—0s—0at)
so that ¥ is the image of C? by p. The morphism p lifts to a morphism 7 : C? — ¥ C P. We have
Lemma 2.1. Let I € = be such that h°(C, E) =2 and let B be the base divisor of |E|. Then the

inverse image of Z_, in C? is the divisor
*—=/ !
pPEp—1 = Dog+ A

with D = Dggo~(-p) + pi B + p3B where p; : C? — C is the projection onto the i-th factor, the
C
divisor Dpgo~(-p) 158 reduced and equal to
C

DE@OG(—B) =1{(p,q): ho(éaE ® 05(_3 —p—q)) >0}

and A’ is the “pseudo-diagonal” of C?, i.e., the reduced curve A := {(p,op) € 6’2} = p~40).
Furthermore, the divisor p*=';_, is in the linear system |pjo*E @ pio*E @ (’)5(—A + A"

Proof : We have the equality of sets
pEp- = {(p.a) : E@ [p.g] € E} = {(p.q) : i(C.E @ [p.q]) > 0} .

This first implies that p*=,_; is a divisor: for general points p and ¢ in C~', we have ho(é, E@Ox(p+
q)) =2 and h°(C, E @ Ogz(—op — oq)) = 0. Therefore p and ¢ are base points for |E @ Ox(p + ¢)|
and ho(é,E ® Ox(p+q—op—0q))=0.

Secondly, if [p, ¢] = Og, i.e., p = oq, or if ho(é, E®@Oz—B—op—aq)) > 0, then [p,q] € p"= 1.
So p*E_1 — DU*E®05(_UB) — A is effective.

Now, if B is zero, an easy degree computation on the fibers of C? over C by the two projections
shows that p*=_1 = Do+p + A’ as divisors.

Restricting to fibers of p; and p, and using the See-Saw Theorem, we see that DU*E®05(_UB) 1s In
the linear system |pi(o*E @ (’)5(—03)) @ py(c*E @ (’)5(—03)) ® Og(—A)| where A is the diagonal
of C2.

Therefore p*=%_; is in the linear system |pijo*E @ pjo*FE @ Ox(—A + A')| when B is zero, and,
by continuity, also when B is non-zero.

So p*Eh1 — DU*E®05(_UB) — A’ is linearly equivalent to pi(cB)+ p;(0B) and is effective. Since,
by the Kiinneth isomorphism, the linear system |pj(oB)+ p5(cB)| has only one element, it follows
that p*=7._, — DU*E®05(_UB) — A= pi(oB)+ p3(0B) as divisors. O
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Remark 2.2. Suppose that I as above can be written as £ = 7*M @ Ox(B) where M is an
invertible sheaf on C with h°(C, M) = 2. Then Doy = A+ D' for some effective divisor D'.
Therefore p*=_y = D' 4+ 2A" which agrees with the fact that in such a case E € Sing(Z') so that
=y is singular at 0 (see [M2] pages 342-343).

Let wg, be the canonical sheaf of C?. Then Wz = piws @ phwg and we have Kiinneth’s isomor-
phism HO(C oe) = HO(C wg)®?. Let ]2(0) SQHO(C wy) C HO(C w~)®2 = H0(02 Wz ) be
the vector space of quadratic forms vanishing on the canonical image «C of C'. Fix an embeddmg
H0(02 Wz @ Oz (—24)) C HO(CQ,wa ) obtained by multiplication by a nonzero global section of
Ox(24) (note that ho(C?, O (2A)) = 1 because A has negative self-intersection, hence any two
such embeddings differ by multiplication by a constant). Then it is easily seen that

L(C) = S*H(CLwz) N HY(C?ws, @ O (—2A)) € HY(C? wz) .

Similarly fix embeddings HO(CQ,w52®(’)52(—2A—2A )) C H0(02 w05 (—24)) C Ho(éz,w52®
Oz (—2A+2A)). For E € Z' such that 2°(C, E) = 2, it is well-known (see, e.g., [ACGH] page 261)
that gg := Upiep|(D) = Upejorp|(D) is a quadric of rank < 4 whose ruling(s) cut(s) the divisors
o*E| on C. We need the following

of the moving parts of |F| and

Lemma 2.3. 1. We have
p*OP(QE) = W X O~ (—QA + QA/)
p*To C L(C) C H(C%wz, @ O, (—2A)) C HY(C* wz, @ Oz (—2A +24"))
and
pToo C L(C)NH(C% w0z @ O (—2A — 2A)) € HY(C? wz, @ Oz (—2A +24)).

2. For any f € ]2(6) C H0(02 W @ Oz (—2A +2A")), let q(f) be the quadric in |wx|* with
equation f. Then, in C?, the zero locus of f € HO(GQ,wGQ ® O (—2A +24A7)) is

Z(f) = Zy(s) + 241

where Zyyy is a divisor with support

{(p.a) € C?: (p+q) Cql(f)}

For any s € Ty, put q(s) = q(p*s). For a general s € Ty, the divisor Zys) is reduced. [n
particular, for [ general, the divisor Zyyy is reduced. If Z(s) = 2y +EL .y for some B € =
such that ho(é,E) =2, then q(s) = qi := Upep|(D).

3. [fS - FO \ Foo, then

q(s) N (PToP = |we @ af*) C PTLJC = |wz|”

is the projectivized tangent cone 775 to Z(s) C P at 0.

4. For any s € Ty, the multiplicity of p*s at the generic point of A" is even > 2 and if p*s vanishes
on A" with multiplicity > 4, then either s € L'og or 745 contains the Prym-canonical curve
xC'.

Proof : 1. Let E be an invertible sheaf of degree 2¢ — 2 on C such that ho(é,E) = 2 and

E@ol=ws. Then, by Lemma 2.1, we have p*(Z1 + =/ poi) = Dovg + D + 20" € |pio*E ®
P30 E @ piE @ piE ® (’)5(—2A +2A")| = |w52 ® (’)5(—2A + 2A")|. This proves the first assertion.

Now, let s; and sy be two general sections of £. Then

S1 ® S9 — S9 ® S1 - AQHO(CVY,E) C HO(G,E)(X)Q
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and, as in the the proof of Lemma 2.1, it is easily seen that Z(s; @ sy — s2 @ 81) = Dg + A.
From the natural map

v HY(C,E) @ H(C,0"E) — H°(C,w;)
we obtain the map
HYC,E)** @ HY(C,o*E)®* — H°(C,wz)®* = H(0% wg,)

@ty @0o*ur @ o*uy +—— Yp(t @ c*uy) @ Pe(ts @ o uy)

which induces the map
¢p: N°H(C,E) @ N°H°(C,0*E) — S*H°(C,wg)

Put

1= (810 82— 83 81) D (0781 ® 083 — 0789 @ 0731)
then Z(¢g(t)) is equal to Dg + A+ Dyxg + A.

If s € I'y is such that Z(s) = 21 + = .5—1, then, by Lemma 2.1, we have Z(p*s) = D
Dovg 4+ 2A". So Z(p*s) — 20" = Z(¢g(1)) — 2A and the section p*s of p*Op(22) @ Og, (—2A'
wz @0z (—2A) is a nonzero constant multiple of ¢ (1) € SQHO(C w~)ﬂH0(02 Wz @05 (-2A)) =
]2(6) C H0(02 wz @ O (—2A)). Since such s generate I'g, this proves that p*T'y C ]2(0) The

rest of part 1 easlly follows now.

2. First think of f as an element of SQHO(C wg) C H0(02 Wz, ). We can write f =37 piw; @
phw; for some w; € HO(C,wg). Then Z(f) ={(p,q) : >Xi_; wi(p)w Z( ) = 0} as sets. Since f € ]2(6’),
we have >I_, w;(p)* = 0 for every p € C. Therefore Z(f) O A. Furthermore, for any two
distinct points p and ¢ of C, the equations >.7_, w;(p)? = I, wi(p)wi(q) = Xr_; wi(¢)* = 0 mean
that the line (p + ¢) is in ¢(f). Therefore Z(f) = {(p,q) : (p + ¢) C ¢(f)} U A as sets. Since
fe SQHO(G,wg), it vanishes with even multiplicity on A. So Z(f) = Zy5) + 2A where Z,5) has
support {(p,q) : (p +¢) C ¢(f)}. Finally, if we think of f as a section of wz, @ Oz, (—2A 4 2A7),
then Z(f) = Zq(f) + 2A/.

Let s and F be as in 1. With the notation of 1, let X7, X5, X3, X4 be the images of, respectively,

E +
) =

* * * *
81 @ 081,82 & T 81,81 & T 82,82 KT 89

by the map ¢ 5. Then ¢p(t) = X1 X4 — X5 X35. By, e.g. [ACGH] page 261, the polynomial X; Xy —
X2 X5 is an equation for gg. Therefore, since p*s is a constant nonzero multiple of ¢g(t), we have
q(s) = qp. Hence

D+ Dyxg = ZqE = Zq(s).

The subvariety of ('(29-2) parametrizing divisors D such that Ox(D) € Z' maps dominantly to |we|
via D +— 7w,.D. Therefore, for F general in =/, the linear systems |F| and |0*E| contain reduced
divisors and Dg and D,«p are reduced. Furthermore, the base loci B and ¢B have no points in
common (because .| E| contains reduced divisors). Therefore, if the moving parts of |E| and |o*F|
are distinct, the divisors Dg and D,«p have no common components and their sum is reduced. If
this is not the case, then F = #*M ® (’)5(3) for some effective line bundle M on €. Counting
dimensions, we see that this does not happen for a general £ € ='. Thus, if Z(s) = 2,1 + =/,
for £ € =’ general, then Z,( is a reduced divisor. Hence Z,(,) is reduced for general s € I'o.

3. When F is a smooth point of Z', the intersection ¢y N PToP = 2PTE=" is the projectivized
tangent cone at 0 to =1 + =/ . z-1 (see [M2] pages 342-343). Now 3 follows by linearity.

4. This immediately follows from the facts that p*s € ]2(6) C SQHO(G,wg) C Ho(éz,w52) and
that yC' is the tangent cone at 0 to X.

O
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3. MORE DIVISORS IN |2=|gg
For any M € Pic?~1C we have
Proposition 3.1. The divisor P.O,,,_, is in the lincar system |2Z|. It is in [2Z|o if h°(C, M) is

positive.

Proof : We first prove that all the divisors P.@;*M_l are linearly equivalent as M varies in
Pict=1C. Let v : JC — Pic®P be the morphism of abelian varieties which sends M @ #~! @ 37}
to OP(P.@;*M_l — P@) € Pic®P. Then the map @ is the dual of the zero map P — JC Y g,

Hence the image of ¢ is Op. Since P.O = 2=, all the divisors P.@;*M_l are linearly equivalent to
2=. The second assertion is now immediate. O

Proposition 3.2. The divisor P.O',,,_, is an element of |2=o0 if H°(C, M) > 2.

Proof : It ho(é,ﬂ'*M) > 2, then é;*M—l has multiplicity at least three at the origin whence so
has its restriction P.@;*M_l. Since this multiplicity is even, it is at least 4.

Suppose therefore that ho(é, 7*M) = 2. By, e.g. [ACGH] page 261, the tangent cone to é;*M—l
at 0 is the quadric grear 1= Uselrear)(0) in Jwy[* = P7,JC. Let 7 also denote the projection PTp.JC =
lwa|* = |we|” = PToJC with center |we @ af* = PToP. Since ¢rey = 7%(qur) = 7 (Usepnr((6)), we
see that ¢«p; contains PToP C PTOJG and the multiplicity of P.@;*M_l at 0 is at least 3. Since
this multiplicity is even, we have P.@;*M_l € 22]00- O

4. THE BASE LOCUS OF Llg

In this section we prove Proposition 5 and Theorem 3. We will use the divisors of |2=|g that we
constructed in Section 3. We have

Proposition 4.1. If M € Pic¢"'C' is such that h°(C, M) = h°(C,x*M) = 2, then
p*(P(:j;,*M_1) - Dr*M —|— Dwg@r*M_l —|— QA/

where D« is defined as in Lemma 2.1. Furthermore, the divisors Dy — A’ and Dw5®7r*M—1 — A
are effective with respective supports

{(p.q) : B°(C, M @ Oc(—7p — 7q)) > 0}
and
{(p.q) : B°(Cowe @ M @ Oc(—mp — mq)) > 0}

Proof : First note that P.@;*M_l does not contain . Indeed, for general points p and ¢ in C,
we have h(C',7*M @ Ox(p +q)) = 2 and h°(C,7*M @ Og(—op — 0q)) = 0. Therefore p and ¢ are
base points for [7*M @ Ox(p + ¢)| and ho(é, ™M @ Ox(p+q—op—oq)) =0.

Restricting to fibers of p; and py and using the See-Saw Theorem, we see that Dﬂp*M—I—Dwg@ﬂ,*M—l +
2A" € |wz (—2A+2A)[. Hence, by Lemma 2.3 and Proposition 3.1, the divisor Dﬂ*M—I—Dwg@)W*M—l +
2A’ is linearly equivalent to p*(P.(:j;*M_l). Let B and B’ be the respective base loci of |M| and
|we @ M~'|. By definition the support of p*(P.©’.,,_1) is the set

{(p,q) : h°(C.7"M @ Oz(p+ q — op — 0q)) > 0}
which, by Riemann-Roch and Serre Duality is equal to the set
{(p,q) : h°(Cowz @ 7M™ @ Ozlop+aqg—p—q)) > 0} .
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Therefore the support of p*(P.(:j;*M_l) contains the sets

{(p,q) : h°(C, 7" M @ Op(—7"B —p—¢q)) >0} = Drsrmgo~(-r ),

{(p7 q) : ho(cv wE & ™M @ 05(_7T*B/ —Tp— Wg)) > 0} = Dwg@r*M_l(X)Og(—ﬂ'*B’)
and the support of pim*B+pin*B+pin* B +p;n*B’. Therefore, when B and B’ are reduced, we have
p(P.OLy-1) = Drortoo(-nB) T Duzorm=-1g0~(—rep) + 28"+ pin" B + pir* B+ pin*B' + pyn~ B,
When B or B’ is not reduced, choose a (flat) one-parameter family of divisors {B; + B, };er whose
general member is reduced and which has a special member By + B}, 0 € T" with By = B and

B, = B’. Then the two families of divisors p*(P‘(a;*M—l@Og(ﬂ'*B—ﬂ’*Bt)) and Dﬂ*M@)Og(_j*B) +
Dw5®ﬂ*M_1®og(_ﬂ*B/) + 20" + pi7* By + pin* By + pin* Bl + pim*B] define two divisors on C? x T

which are equal because they do not contain C'2 x {0} and are equal outside it.
The other assertions of the Proposition are immediate. O

Proposition 4.2. Let M € Pic?~'C be such that h°(M) = h°(7*M) = 2. Let s € T'og be such that
Z(s) = P.O . ;—1. Then, with the notation of Lemma 2.3 we have q(s) = m*qar.

Proof : We have, by Proposition 4.1, that
p*(P(:j;,*M_1) == Dr*M + Dwg@r*M_l + QA/ .

Noting that Drens U Dopogreng—1 = {(u,v) : (mu+7v) C g} UA = {(u,v): (u+v) C 7qp} as
sets, it follows from Lemma 2.3 that 7*¢a = ¢(s). O

Let
79 : Lo — HY(PTuP, Opr,p(2))

be the map which to s € I'y associates the quadric term of its Taylor expansion at 0. Then 75 is
onto because, since (P, Z) is indecomposable, every quadric of rank 1 can be obtained as the tangent
cone at the origin to a divisor =, 4+ =,-1 for some v € P. We have

Lemma 4.3. For s € I'y,
S € Foo < q(S) o [FDT()P .

Proof : By Lemma 2.3 part 3 and with the notation there, if s € I'g\ I'go, then 775y = ¢(s)NPTyP.

So the projectivizations of the two maps 7, and s — (p*s)|prp € ]2(6’)|pTop are equal. Hence, there
exists A € C* such that, for every s € I'g, we have Ary(s) = (p*s)|prp. So

s€To & n(s)=0<& (p7s)lprr =0 & gq(s) D PTLP .
0

Let ]2(6', «) be the subvector space of ]2(6) consisting of elements which vanish on PToP. By
the above lemma and because all elements of I'y are even, the map p* sends 'y into the subspace
I(C, )" of g-invariant elements of I1(C', «). We have

Lemma 4.4. The subspace ]2(6,0[)+ is equal to Iy(C) 7TC* ]2(6’).
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Proof : The o-invariant and o-anti-invariant parts of Ho(é,wg) are, respectively, H°(C,w¢) and
H°(C,we @ «). Therefore, in the decomposition

SPH(CLwz) = SPHY(Cwe) & HO(Cowe) @ HY(C,we @ @) & STH(C,we ® a),

the space S2H°(C,we) & S*HO(C,we @ «) is the o-invariant part of SQHO(é,wg). So S?HY(C,we)
is the subspace of o-invariant elements of SQHO(G, wg) which vanish on PTyP. Therefore ]2(6', a)t
is contained in S?H(C,we) and ]2(6', a)t is the subspace of elements of S*H®(C,w¢) which vanish
on kC. This is precisely I5(C). O

Let ng—1 be the subvariety of Pic?~'(C' parametrizing invertible sheaves with A°(C, M) > 2. We
have

Corollary 4.5. The pull-back
5 Toy — L(C) (”c 12(6*))
s onto.

Proof : Since all quadrics of rank four containing «C' are of the form ¢p; for some M € ng—1 and
a general such M has the properties required in Proposition 4.2, this follows from Proposition 4.2
and the fact that quadrics of rank four generate |I5(C)| (see [G] and [SV]). O

Note that, since all elements of I'y are even, the map p* sends I'g into the subspace I(C)*t of

o-invariant elements of [5(C'). We have
Corollary 4.6. The pull-back
p il — ]2(6)"' (C ]2(6’))
s surjective.
Proof : Take the o-invariants of the exact sequence
0— L(C) — SQHO(G,wg) — Ho(é,w?) — 0
to obtain the exact sequence
0 — L(C)T — S*HY(C,we) @ S?H(C,we @ o) — HO(C,wE*) — 0.
Taking the quotient of this sequence by I5(C'), we obtain

L(C)*

' i)

— H(C,w&?) @ S*H(C we @ a) — HY(C,wE?) — 0

or B

L(C)*

1,(C)
where the isomorphism is obtained from the restriction to PToP. By Corollary 4.5, we have the
p*Lo LY _ c24q0
hie) = hiey =00
to the map s — p*(s)|pr,p. The projectivization of this map is equal to the projectivization of 7

5 = MO and pTo = L(OF. D

=5 S2HO(CLwe @ @)

equality p*I'go = I5(C') and hence the embedding (C,we @ a) which is equal

(see Lemmas 2.3 and 4.3). Since 73 is surjective, we have
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Remark 4.7. (C. Pauly) Counting dimensions, one easily deduces from the above two corollaries
that T'yy is in fact the subspace of elements of I' (and not just I'og) vanishing on X.

The following implies Theorem 3
Proposition 4.8. The inverse image by p of the support of the base locus of Ll is the sel of

elements (p,q) of C? such that (7p+mq) is contained in the intersection of the quadrics containing
the canonical curve kC'. In particular, if C' is not trigonal, then the base locus of L does not intersect

Y.

Proof : By Proposition 3.2 and Corollary 4.5, the base locus of Ll is supported on N
(ﬂMeW;_le*_l(P.@;*M_Q) where GII(P.(:j;T*M—l) = 6*(P.©;*M_1)—45. We have ﬁ*(e;l(P.@;*M_l)) =
p*(P.O". ;1) — 4N, Since (mp + mq) C qur is equivalent to h°(C, M @ Og(—rp — 7q)) > 0 or
RO(Cow @ M~ @ Oc(—7p — 7q)) > 0, it follows from Proposition 4.1 that the inverse image
p* (ﬂMeW;_le*_l(P.@;*M_l)) is supported on the set of elements (p, ¢) of (2 such that (xp + 7q) is
contained in ¢y for all M € W/]_;. Since the quadrics of the form ¢y generate |[I,(C')| (see [G] and

[SV]) and the base locus of |I3(C')| in the canonical space |we|* does not contain any secants to kC
for C' non-trigonal (see [ACGH] page 124), the proposition follows. O

Corollary 4.9. The dimension of I'y, is equal to 20 — 2 — p* + p. The codimension of Qpy in Qoo
is at least g — 3.

Proof : By Lemma 4.4, we have ['(, = Ker(p*: I'op — I2(C) 7TC* ]2(6’)) Since p* maps g onto
I,(C') by Corollary 4.5, the dimension of I'y, is equal to dim(Tgo)— dim((C)) =27 — 1 — Ip(p +
D=3g=2)g=-3)=2 =1 —pplp+ 1) —5(p-D(p—2)=2"=2—-p" +p.

The linear system p*L contains the divisors p*(P.0’,,,.) — 4A’ for M € ng_l. From now on
we suppose that h°(C, M) = ho(é, 7*M) = 2. By Proposition 4.1, we have ﬁ*(P-é;_*M_l) — 4N =
Doy — A+ Dw8®7r*M—1 — A’. Therefore the restriction of p*L to A’ = (' contains the divisors
(Drers — A")|ar + (Dwg@)ﬂ*M—l — A’)|ar. We will prove that the map M — (ﬁ*(P.@;*M_1) —4A") | ar

is generically finite. This will imply that the set of such divisors on A’ = (' has dimension ¢ — 4
and the codimension of Qp, in Qg is at least g—4+1 = g—3. Welet R and R’ be the ramification
divisors of the natural maps C' — |[M|* = P! and €' — |wec @ M~'* = P! respectively

First suppose C non-trigonal. If C' is bielliptic and g > 6, we choose M in the component of ng—1

whose general elements are base-point-free. For M general, the linear systems |M| and |we @ M~}

have no base points and (Dyp — A')|ar = 7*R, (D‘*’G@W*M_l — A')|ar = 7*R'. It follows that the
map M — (p*(P.O",,,_1) — 4A’)|ar is generically finite.

Now suppose (' trigonal. Since g > 5, the curve (' has a unique linear system of degree 3 and
dimension 1 and we denote the associated invertible sheaf of degree 3 by My. Choose a general
effective divisor NV of degree g —4 on C' and put M = My ® O¢(N). We have p*(P.O!,,,-1) —4A" =
Deosty — &+ (5 N) + p3(r°N) + Depgrepses — & and (7(PBhuygos) — AN = (Drengy —
Aar+27*N 4+ (D, _grep-1 —A')|ar (where we identify A’ with ). Since N is general, the linear

C
system |we @ M™'| has no base points and (D, g «p—t — A')|ar = 7*R'. It follows once more that
C

the map M +— (ﬁ*(P.@;*M—1) — 4A")|as is generically finite. O
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