COUNTER-EXAMPLES OF HIGH CLIFFORD INDEX TO PRYM-TORELLI

E. IZADI AND H. LANGE

INTRODUCTION

To any (non-trivial) étale double covering « : X — X of a smooth projective curve X of genus
g > 2 one can associate a principally polarized abelian variety P(x) of dimension ¢ — 1 in a
canonical way, the Prym variety of k. This induces a morphism

prg: Ry — Agq

from the moduli space R, of (non-trivial) étale double coverings of curves of genus ¢ to the moduli
space A,_; of principally polarized abelian varieties of dimension g — 1, called the Prym map. It
was shown independently by Friedman-Smith [10], Kanev [13], Welters [20] and Debarre [6], that
prg is generically injective for ¢ > 7. On the other hand, Mumford showed in [16, p. 346], that the
Prym variety of an étale double cover of a hyperelliptic curve is the product of the Jacobians of
two other hyperelliptic curves (one of which can have genus 0). Via a dimension count, this implies
that the Prym map has positive dimensional fibers on the locus of hyperelliptic Jacobians. Then
Beauville remarked in [2, Contre-exemple 7.13 p. 388] that pry is not injective for 3 < g < 10 at
some non-hyperelliptic curves. In [7] Donagi gave a construction showing that pr, is not injective
at any étale double cover of a curve X admitting a map X — P! of degree 4 under some generality
assumptions. Moreover, he conjectured (see [7, Conjecture 4.1] or [18, p. 253]) that pr, is injective

at any  : XX , whenever X does not admit a g}.

Verra showed in [19] that prig is not injective at any étale double cover of a general plane sextic.
In [17], Naranjo found examples of admissible double covers of nodal curves where the Prym map
fails to be injective which were not obtained from Donagi’s construction. However, the curves
which either admit a g; or are plane sextics (more precisely, have a g2) are exactly the curves
of Clifford index < 2. Furthermore, Naranjo’s examples are double covers of specializations of
bielliptic curves, hence specializations of curves of Clifford index < 2. So, in [14], Lange and
Sernesi ask whether pry is injective at & : X — X whenever X is of Clifford index > 3. It is the
aim of this paper to show that this is not the case. Our main result is the following theorem.

Theorem 0.1. For any integer N there is a curve X of Clifford index at least N such that the
Prym map s not injective at any étale double cover of X.

If py : X — Y is a ramified 4-fold cover of smooth projective curves, the tetragonal construction
generalizes immediately to associate to any étale double cover « : X — X two other étale double
covers T; : 51 — C; where C; is a 4-fold cover of Y of the same genus as X. It was shown in [12,
Paragraph 6.5] that the corresponding Prym varieties P = P(k) and P, = P(r;) are isogenous.
In the special case Y = P! Donagi showed that they are isomorphic. We show that, under small
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generality assumptions, they are also isomorphic for an arbitrary curve Y, which leads to Theorem
0.1.

We know two existing proofs of Donagi’s theorem, one via degeneration which is given in [§]
and the other using the cohomology class of the Abel-Prym curve (see [4]). Neither existing
proof seems to generalize to arbitrary base curves Y. We give a proof of this using an explicit
correspondence that induces the isogeny P — ;. We show that this isogeny has degree 229x~2 and
factors through multiplication by 2, which gives the isomorphism. This proof works in particular
in the case Y = P!, thus giving a third proof of Donagi’s theorem.

In a different direction, we consider the question of the existence of irreducible curves represent-
ing multiples of the minimal class in Prym varieties. The minimal cohomology class for curves in
an abelian variety A of dimension ¢ with principal polarization © is

e
(g—1"

Our construction above of the curves C; can also be done if we replace 4-fold covers ps by n-fold
covers py,, for any n > 3. We prove the following (see Theorem 6.6 below).

Theorem 0.2. For any unramified double cover k : X - X and any simply ramified n-sheeted
cover p, : X — Y as in Section 1 the class of the image of C; in the Prym variety P of k is

1 ont [@P]gx—Q
N ]

where Op is the principal polarization of P as the Prym variety of the double cover k.

Our original motivation for wanting to produce examples of curves with highly split Jacobians
(see [12]: the curves C; have this property) was to find examples of integral curves representing
multiples of the minimal class in principally polarized abelian varieties.

We work over the field of complex numbers.

1. Summary of previous results

1.1. Let us recall the set up and some of the results of [12]. Consider the following maps of
smooth projective curves
XS5 x Ny

where Y is of genus gy, p, is a simply ramified cover of degree n > 3, X has genus gx and X is
an étale double cover of X which is NOT obtained by base change from a double cover of Y.

Then Y embeds into the symmetric power X via the map sending a point y of Y to the
divisor obtained as the sum of its preimages in X. In other words, if 71, ..., T, are the pre-images
of y in X, with one point repeated if it is a ramification point of p,, then y is sent to the point

Z=T,+...T, € X",
Let C € X™ be the curve defined by the fiber product diagram

C — X®
(1.1) { b K™
Yy — X™,
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In other words, the curve C parametrizes the liftings of points of Y to X. In [12, Lemma 1.1]
we proved that C' is smooth.

Recall that the Norm map Nm : Pic"X — Pic®X can be defined as O%(D) — Ox(k.D) and
that its kernel has two connected components that are translates of the Prym variety P of the
double cover x : X — X. Therefore the fibers of the induced map

Nmly : Nm YY) — Y < X® — Pic"X

are disjoint unions of two translates of P. Let Y = Y be the étale double cover parametrizing
the components of the fibers of Nmly. Then, by the definition of C', the composite map

C— X™ — Pic"X
induces a map C' — Y whose composition with Y — Y is the natural map C — Y from (1.1). We
proved in [12; pp. 187] that the curves C and Y have the same number of connected components.
We shall assume, as in [12], that the double cover Y — Y is trivial, i.c., the curve C' has two

connected components which we denote Cl and CQ. As explained in [12, p. 187-188], a sufficient

condition for this is for the monodromy of the cover X =Y to factor through the Weyl group of
D,,. This is always the case if Y = P!,

The curve C has an involution o defined as follows. For each i, let x; and 2} be the two preimages
of 7; in X. Then
2=+ ...+ Ty

is a point of C and

Let C be the quotient of C by o.

The degrees of the maps C =Y and C — Y are 2" and 2"} respectively. It is easily seen that
o is fixed-point-free if n > 3. Also, we can see that for each ramification point ; = x5 of p,, there
are 22 ramification points in a fiber of C — Y obtained as x1 + ) + D,,_5 where D,,_5 is one of
the 272 divisors on X lifting T3 + . .. + Tn.

Two liftings of Z are in the same connected component of C if and only if they differ by an even
number of points of X. Half of the divisors 1 + 2} + Dy—o lie in 6‘1 and the other half lies in 52.
So the degree of the map C;—Yis2" ! fori=1and 2, and C, and Cy have the same genus.

Writing the degree of the ramification divisor of p, as

deg(Rx/y) = 29x — 2 —n(2gy — 2),

the genus of 51 and 6’2 is

(1.2) 96, =2" " (gx —1—(n—4)(gv — 1)) + L.
If n is odd, the involution ¢ exchanges the two components of C , hence induces isomorphisms
Ci2C, (.

If n is even, the involution o acts on each component of C hence C' also has two connected
components, say C; and Cy. For n > 4, since o is fixed-point-free, we compute the genus of C}
and Cy to be

(1.3) go, =2" " (gx —1—(n—4)(9v — 1)) + 1.
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So we have the following diagrams

n odd n even
Cy U Gy X C, X Cs
w N
C= 61 = 52 X Cy X Cy
S N
Y Y.

In the sequel we work with one of the components @, say Ch.

2. The Correspondences S and S*

For our constructions we shall need the following correspondences. We define S to be the
reduced curve o
S={(z=x1+ - +a,,2) € C; x X |z =x; for some i}
and S to be its transpose, i.e.
St={(x,z2 =214+ 2,) € X x Cy | & = z; for some i}
As maps of curves to divisors, S and S? are given by
’ Z:x1+...+wn — x1+...+xn

and

St . X — DiV2n_2(61)
e = YrtaP+--+a
where x(z;) = T;, k(x) =7, p, pa(T) = {T, T2, -+ ,T,} and the sum is to be taken over all ¢; = 1

or —1 with ¢ = 0[2] and 2! = 2;, ;!

; =a for i =2,--- ,n. In other words, the sum is taken

over all divisors of 7; 'y *ppr(x) in C) containing z.
Asin [12], for each k € {1,...,n} and z = 21 + ... + x, € C, we denote by

[k + (n = k)](2)

the sum of all the points of C where k of the z; are added to (n — k) of the z}, the indices i being

all distinct. When k is even, this induces a map, also denoted [k + (n — k)'], from C, to Div(Cy).
We need the following.

Lemma 2.1. We have
[254]

S'S =" (n—20)[(2i) + (n — 2i)].
i=0
Proof. Choose a point z € 6’1. Then z =21+ ...+ 2, € )?(”), i.e., the image of z in Div" X is
1 + ...+ 2,. The map S* will send this to

n
D (@i + XN G
i=1
It is easy to see that this is equal to the expression in the statement of the lemma. 0]
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Lemma 2.2. For all x € )?, we have
S(S'(z)) = 2" 2x + 270 Z(ch + ).
i=2

Proof. Immediate from the definitions. 0J

The correspondences S and S* induce homomorphisms of the corresponding Jacobians in the
usual way. We denote these homomorphisms by

Sljél s JX and st:J)N(—>J51.

Assume that n is even. It follows from the definition of the involution on 51 that, on the

Jacobians,

so="'s and st =ost.

Therefore the homomorphisms s and s! induce homorphisms of the Prym varieties
(2.1) P :=Prym(k) and P, :=Prym(n)
of the involutions ¢ and ’, which we again denote by s and s':

s: P — P ss:P— P

Note that, for k even, the endomorphism induced by [+'+(n—k)] on JC; induces an endomorphism
on P;. An immediate consequence of lemmas 2.1 and 2.2 is the following.

Corollary 2.3. Suppose n is even. The homomorphisms s and s' between the Prym varieties P
and P satisfy the identities

[254]
s's =) (n—20)[(20) + (n — 2i)]
=0
and
sst=2""2.1p

where [(2i) + (n — 2i)] denotes the endomorphism induced on Py by [(2i) + (n — 2i)] on JC.
In particular, s* is an isogeny from P to an abelian subvariety of P;.

3. Comparison of Prym(r;) and Prym(k) for n =4
When n = 4, from (1.2) and (1.3) we see that
dim P, =dim P =gx — 1.
Hence, when n = 4, Corollary 2.3 becomes

Corollary 3.1. Suppose n = 4. The homomorphisms s and s* between the Prym varieties P, and
P are isogenies satisfying the identities

sls =4-1p,

and
sst=4-1p.
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Proof. For n = 4, the first identity in Corollary 2.3 is
sls=4-1p, +[2'+2].
Since P is the image of the endomorphism 1,5 — o of JC, and [2/ + 2o = [24 2] = [2 + 2], we

see that [2' + 2] induces the zero endomorphism 0p, on P;.
The second identity is immediate. 0

Corollary 3.2.
deg(s: P, — P) = deg(s' : P — P)) = 224" — deg(2p,) = deg(2p).

Proof. The fact that S* is the transposed correspondence of S implies that s' : P — P; is the
transposed endomorphism of s : P, — P with respect to the canonical principal polarizations. In
particular deg st = degs. So Corollary 2.3 implies the assertion. O

Proposition 3.3. The isogeny s : P, — P factors via the multiplication by 2 endomorphism
2P1 P — P

Proof. Recall that JC; = H(wg,)*/Hi(C1,Z) and JX = Hwg)*/H,(X,Z). 1If, by a slight
abuse of notation, s : H%(wg )* — H°(wg)* and ' : H'(wg)* — H"(wg,)* also denote the liftings
of the homomorphisms s and st, it is a standard fact that they satisfy the relations

(0, 5(8)z = (s'(a), Blg,

for all o € Hy(X,Z) and 8 € H,(Cy,7Z), where ( , ) denote the intersection products. Moreover
the canonical principal polarizations E ;3 and E 5 are given by

EJ)?(U’w) = _(U7w))~(
for all v, w € Hl()?,Z) and
EJ@ (U1,w1) = —(U17w1)51
for all vy, w; € Hy(Cy,Z). This implies
E (v, s(wn)) = E,g,(s'(v), wr)

for all v € Hy(X,Z), wy € H,(Cy,7Z).
Now let
P=V~ /A~ and P =Vy/A]
where as usual V'~ and V™ are the anti-invariant vector subspaces of H°(wg)* and H®(wg, )* with

/

respect to the liftings of the involutions * and . The canonical principal polarizations of JX

and JC restrict to twice principal polarizations Z on P and Z; and P;. Hence E,5 = 2E=z and
E ;& = 2E=, and we get

E=(v, s(w1)) = Bz, (s'(v), w1)
for all v € A~ and w; € A]. Using Corollary 2.3 this implies for all vy, w; € AT,

s*E=(vi,w;) = E=(s(v1), s(wy)) = FE=,(s's(vy),w;)

= FEz (4vi,wy)
= EEl (2’01, 211)1) = Z*Egl (Ul, wl).
So s*Ebz = 2*FE=, and s*E= takes integer values on the lattice %Al_. Hence the points of order 2

map to zero by s because = is a principal polarization and s is an isogeny. In particular, by e.g.
[4, Corollary 2.4.4 page 36|, the isogeny s factors via the 2-multiplication 2p,. O
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As an immediate consequence we get the main result of this section.

Theorem 3.4. Let py : X — Y be a simply ramified cover of degree 4 of smooth projective curves
and K : X — X be an étale double cover which is not obtained by base change from a double cover
of Y. Assume that the curve C obtained by diagram (1.1) has 2 connected components one of
which is C4. If P and Py denote the associated Prym varieties defined in (2.1), then we have:
The homomorphism s : Jal — JX induces an isomorphism of principally polarized abelian

varieties
(Pl,El) ~ (P, E)

Proof. According to Proposition 3.3 the isogeny s : P — P factors as follows

According to Corollary 3.2, deg(s : P, — P) = deg2p,. Hence ¢ : P, — P is an isomorphism. By
construction it respects the polarizations. ([l

4. Non-isomorphy of the coverings

In order to show that Theorem 3.4 gives examples of the non-injectivity of the Prym map, we
have to show that for general coverings p, the coverings x and 77 are non-isomorphic and that the
Clifford index of the curve X will be at least 3. First we show more generally,

Lemma 4.1. Suppose that the cover X 25 Y has exactly two ramification points of index 1 in
one fiber and is otherwise simply ramified, then, for any choice of étale double cover X = X,
the curve C' has 274 singular points that are described as follows.

Let y be the point of Y such that there are two ramification points of index 1, say T, and To in
pNy). Let T, ..., Tp_s be the other (distinct) points in p7'(y). Then the singular points of C
are the points Ty + o} + To + Ty + 13 + - -+ + o where k7 (Ty) = {x1, 2}, K7 (To) = {72, 7h}
and, forv > 3, x; is a point of)N( lying above ;.

Proof. As in the proof of Lemma 1.1 on page 186 of [12], we can see that C; and Cy are smooth
above all non-branch points of Y and all simple branch points of Y. For all i, let ; and 2/ be
the pomts of X above T;. We need to analyze the local structure of C' at the pomts 2x1 + 229 +
T3+ -+ Tpoo, T1 + x1~+ 2r9 + 3+ -+ Tpo and xy + 2] + T2 + 4 + T3+ - - - + T,_9, the cases
of the other points of C' being similar either to these or to cases we considered in Lemma 1.1 of
loc. cit.. All these points lie above the point 2%; + 2%y + T3 + . .. + Tn_s of X™ which, with our
conventions, we identify with the point y of Y. As in that proof, since C is defined by the fiber
product diagram (1.1), its tangent space is the pull-back of the tangent space of Y. The tangent
space to Y is a subspace of the tangent space of X (™ which, at the point 2%, + 2T +T5+- - - +Tn_2,
can be canonically identified with

Ooz, (271) @ Oz, (272) © sz (Ti).
At the point 2x1 + 229 + 23+ - - - + ,_o, the tangent space to X™ can be canonically identified
with
Ogz, (221) © Osg, (23) B O, (1)



8 E. IZADI AND H. LANGE

The differential of x™ sends O,, () isomorphically to Oz, (%;) and sends Oy, (271) and Oy, (215)
isomorphically to Oy, (271) and Oag, (2T,) respectively. Hence the differential of £™ is an iso-
morphism and C is smooth at 201 + 229 + 3+ -+ - 4+ Ty

The tangent space to XM at 2y + T+ 2+ T3+ ... Ty o € X® can be canonically identified
with

Ouy (21) ® Oy (7)) @ Oagy (222) G157 Oy ().

The differential of x™ sends O,,(x;) and O, (275) isomorphically to Oz (7;) and Oug, (27>)
respectively, and sends O,(x) and O, (z') both isomorphically to the subspace Oz(T) of Oz(27).
This case is therefore entirely similar to the case of a simple ramification point considered in the
proof of Lemma 1.1 of [12] and C' is smooth at such a point.

Finally, the tangent space to X® at 2, + A S D R S 2 S N < X® can be canonically
identified with

Or, (1) ® Oy (27) © Oy (2) ® Oy (73) G155 O, ().

For all 4, the differential of ™ sends O,,(x;) isomorphically to Oz (7;) and, for i = 1 or 2,
sends O, (v;) and O (7;) both isomorphically to the subspace Og, (Ti) of Oaz, (27;). Its kernel is
therefore two-dimensional and it follows that C is singular at oy + 2] + 2o+ 2h+ 23+ .. . xp_o. O

Corollary 4.2. Suppose that n = 4 and
X5y
s a generic member of a family of covers of degree 4 which has a special member as in the lemma.
Then, for any double cover
X 5 X,
the curves Cy, Cy and the curves 6’1, Cy are non 1somorphic and non-isomorphic to X, respectively,

X.

Proof. In the situation of the lemma, the curve C has one singular point. Hence, one of C or 62,
say 51, is singular and the other is smooth. Since, by the description in the lemma, the singular
point is fixed by the involution o, the curve C is singular and C5 is smooth. In particular, they
are non-isomorphic and C1, resp. 6’1 is non-isomorphic to X, resp. X. Hence, the three curves
and their double covers are also non-isomorphic for a generic choice of py. U

Corollary 4.3. Suppose that n = 4. For each e > 4, there exists an (irreducible) family of simply
ramified covers of degree 4 ramified at e points, with monodromy group &4, such that for its generic
member

Xy
and, for any double cover

X 5 X,
the curves Cy, Co and the curves 51, 52 are non isomorphic and non-isomorphic to X, respectively,
X.

Proof. Given a cover ps : X — Y and a point y € Y which is not a branch point, choose a labeling
¢:{1,...,4} — p;'(y). For each branch point b € Y of p,, choose a loop in Y based at y and
going around b once. Lifting this loop to X and using the labeling ¢, we obtain a permutation
T, € &4. Choose an odd integer d > 3. Given a curve Y, we can choose a small disc B in Y and d
distinct points by, ...bg in B to be the branch points of ps. We can then topologically construct a
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4-sheeted cover p, : X — Y ramified at the d points in such a way that b, is a branch point with
two simple ramifications points above it and, for 2 < ¢ < d, the point b; is a simple branch point
of py. We can furthermore construct the cover in such a way that its monodromy group is the full
symmetric group &,. (Note that a cover with monodromy group &, has at least 4 ramification
points.) This cover will deform to simply ramified covers with monodromy group &, and we can
apply Corollary 4.2. O

Note that by, e.g., [11], the space of simply ramified covers of degree n with monodromy group
S, and at least 2n ramification points is irreducible.

Remark 4.4. In the case Y = P!, Donagi notes in [8, p. 77] that any two of the towers X =
X — P, 51 — C; — P; and 52 — (5 — Py differ by an outer automorphism of order 3 of
the Weyl group W (D,). This also applies to arbitrary Y. By standard covering theory, two such
towers on Y are isomorphic if and only if they differ by an inner automorphism of W (D,). After

working out the details, this would give a second proof of the non-isomorphy of the covers X — X,
Cy — C7 and Cy — (Ch.

5. The Clifford indices of the counterexamples

In order to give an estimate for the Clifford index of the curve X we use the following well
known inequality of Castelnuovo (see [5]): Suppose X is a smooth projective curve admitting two
maps f1: X = Y], fo: X = Y5 of degrees ny,ny > 2 which do not both factor via a map X — Z
of degree > 2. Then

(5.1) gx < (1 —1)(ng — 1) + n1gy, + nagy,.

For a modern proof of this inequality, note that the assumption implies that the map (fi, f2) :
X — Y] x Y, is birational onto its image and apply the adjunction formula.

Moreover, if cliff X and gon X denote the Clifford index and the gonality of X, recall the
following inequality, which is valid for any smooth projective curve (see [9]).

(5.2) cliff X +2 < gon X < cliff X + 3.

Finally recall that a covering is called simple, if it cannot be written as a composition of 2 coverings
of degree > 2.

Lemma 5.1. Let f : X — Y be a simple covering of degree n of smooth projective curves with
ramification divisor of degree 6. If § > 2(n — 1)ngonY’, then

gon X =ngonY.

Proof. Certainly we have gon X < ngonY. Suppose that ¢ : X — P! is a map of degree
m <ngonY. Since f is a simple covering, we may apply inequlity (5.1) to f and g, which gives,
using the Hurwitz formula,

)
n(gY_1)+1+§:gXS(n_l)(m_1)+ngY-

This implies
0<2(n—1)m < 2(n—1)ngonY,

which contradicts the assumption. 0
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Corollary 5.2. If n =4 and py : X — Y is a simple covering of a general curve Y of genus gy
with ramification divisor of degree 6 > 24gonY . Then
clifft X > 2¢gy — 1.

g+3

Proof. For a general curve Y of genus gy we have gonY” = [27°]. Now Lemma 5.1 and inequality

(5.2) give
cif X > gon X —3=4gonY —3 > 2¢gy — 1.
O

Certainly this estimate is not the best possible. Moreover, one can use the same method to give
a more precise result for any curve Y with given gonality or Clifford index.

6. The class of C; in the Prym variety P

6.1. Let the notation again be as in Section 1. In particular p, : X — Y is a simply ramified
cover of degree n > 3. N
In this section we compute the class of the image of C; in the Prym variety P = Prym(k).

6.2. We map C; into the Prym variety P of « : X — X via the composition
C;— JX — JX/k*JX = P.

We shall compute the cohomology class [@] of the image of C; by this map via degeneration to
the case where Y is an irreducible rational curve of arithmetic genus gy. First we note

Proposition 6.1. Assume n > 3. The curves C~’1 and 6’2 have the same cohomology class in P.
Proof. The proof of [3, Proposition 1 page 360] goes through without change. O

In the case where Y ~ P! the cohomology class [@] in P was computed by Beauville in the
proof of [3, Proposition 2, p. 363] to be

=1 ont [@P](QX—Q)
= o

where ©p is the principal polarization of P as the Prym variety of k. Here we generalize this
formula to the case where Y is not isomorphic to P!.

Remark 6.2. In [3, Proposition 2, p. 363|, Beauwville could further divide his class by 4 because

his map from C into P factored through 2-multiplication 2p : P — P. Fxcept when n = 4, this is
not necessarily the case in our situation and we cannot divide the class by 4.

We first generalize the formula to the case where Y = P! but the double cover X = X is
ramified. Note that in the ramified case, the curve C' does not necessarily split into the union of
the two curves C; and C. It is however defined in the same way as a subscheme of X® by the
Cartesian diagram

G
(6.1) T
Y
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It has therefore a well-defined cohomology class in X XM, We push this class forward to the
Jacobian JX and then to the Prym variety P = J X /JX. We denote this push-forward class by
[C]: it is a well-defined element of the cohomology ring of P.

Proposition 6.3. Consider coverings
XS Xy =p!

where k is a ramified double cover and p, is a ramified n-sheeted cover. Define the curve C as
before and map C' to the Prym variety P of k. Then the push-forward class [C] is

[@P](!];}*QX*I)

(9;? —gx — 1)!.

[(j] — gn—gx+1

Proof. Let ox ., : X® & JX and P%m X™ — JX denote Abel maps such that the following
diagram commutes

PXn

Xm 28X
k™ | N |
X 25X

where N denotes the norm map. Let 1x, and 1z, be the respective cohomology classes of
X1 4 pc X® and X1 4 p C X ™ where p and p are points of X and X. Hence
O] Fox

k
(6.2) PXn %0 = (k+g5 —n)!

where © ¢ is the principal polarization of X as the Jacobian of X. As in [3, p. 363] we rewrite
Macdonald’s formula [15, p. 337] for the class of the image of Y in X(™ as

n—1 * n—l—a
_ n—1-gx\ , PxnlOxl
[Y]_Z( a )77X,n (n—l—a)! .

a=0

Therefore, in X ), the cohomolgy class of Cis
n—1 * N*[@X]nflfa

n—1-gx PXn
n 20((1 )
S A L

o=

Using (6.2) and the projection formula the push-forward of this to JX is

: nz_l(n_l_gx)Qa([%%’?_" N[ox]

Clx = a a+gg—n) (n—1—a)’

a=0
It is easy to see that it follows from [16, pp. 329-330] that
A[O%] = 2N*[Ox] + ¢,[Op]
where ¢, : JX — P is the projection. Inserting, developping and using the fact that

. B 0 if k #£ 2g
{¢ ., N*: H*(JX,Q) — H* >X(P,Q)} = { 2295=9x) if k i 29§
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we obtain the class [C] in P:

[a]zzngxﬂ”z‘l(n—l—gx)( ) Or e Ol

o n—1-a)(95x —gx — 1) (95 —gx —1)!

a=0

because Y n_o (") (L 9 ) =1 (see [3, p. 364]). O

a n—1l—a

6.3. Now we generalize the construction to the case where Y is an irreducible rational nodal curve
of arithmetic genus gy, p, : X — Y is a simply ramified n-sheeted cover with branch locus disjoint
from the nodes of Y, k : X — X is a 2-sheeted cover, ramified at the nodes of X such that near
each ramification point the covering involution does not exchange the two branches of X. Note
that the latter is a type of Beauville admissible double cover. Consider the Cartesian diagram of
normalizations:

I
|

!

Pl — Y

which induces the Cartesian diagram (the curves C and D below are defined by the diagram)

(6.3) X X®
./ J/
D C
X" X
/ /
P! Y

and hence the diagram

JX —=JX,
P—“.p,

where P and P, are, respectively, the generalized Prym varieties of the covers X — X and

)?V — X,.
Let 8 : P, — P be the pseudo-inverse of «, i.e., 3 is the unique isogeny such that cvo § = 2p,
and 3o« = 2p. Note that the degree of o is 2"9¥ ~!. Hence the degree of 3 is 229x oy —1,
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Proposition 6.4. We have

[@PV]gX_2 — 99x—ngy+1 [@P]QX_Q ‘
(9x —2)! (g9x —2)!

where Op, is the principal polarization of P, as the Prym variety of the double cover X, = X,

Bs

Proof. By [1, p. 159] the map « is an isogeny with kernel an isotropic subgroup with respect to
O ¢|p of points of order 2. This implies that o*[Op,] = [O|p], equivalently, a*[0p,] = 2[0Op].
The latter implies *[Op] = 2[Op,]. Therefore
7 e (VN
(gx —2)! (9x —2)!
Poincaré duality gives the following commutative diagram
H*x~4(P,Q) 5 H*Y(P,,Q)
dl 3
Hy(P.Q) ¢~  Hy(P,.Q)

where the right hand vertical map is Poincaré duality and the left hand vertical map is Poincaré

duality multiplied by the degree d = 229x~"9v =1 of 3. Now the proposition follows. OJ
Corollary 6.5. The class [C] in P is
S on O
[C] =2 -
(gx —2)!
Proof. Using the previous two propositions and the fact that o a = 2p, we compute
[5] = 16* [ﬁ] = 12”_9)(,;*‘15*—[@13”]9)(_2 — on—9x, ~l+gx—ngy +1 [@P]g_x—2'
4 4 (9x —2)! (g9x —2)!

O

Theorem 6.6. For any unramified double cover k : X = X and any simply ramified n-sheeted
cover p, : X — 'Y as in Section 1 the class of the image of C; in the Prym variety P of k is

-~ _— [@P]gx—Q
= T

Proof. Any tower of smooth curves X — X — Y as usual is a member of a connected family
X —X — y—M

of coverings of curves where all fibers are smooth except at one point 0 € M where the fiber is
a tower Xg — Xy — Yy with Yj irreducible rational nodal, Xy — Y; simply ramified of degree n
with branch locus disjoint from the nodes of Y, and )?0 — X admissible 2-sheeted and ramified
at the nodes of Xy. The family of Prym varieties of the fibers of the double covers X — X is
then a family of principally polarized abelian varieties on M. The construction of the curves C
on each fiber can be done globally on the family to produce a family of curves C — M. The fibers
of C map into the family of Prym varieties and their classes live in a local system of free abelian
groups and vary continuously on M. Therefore the classes are constant and given by the same
formula as in Corollary 6.5. We then use Proposition 6.1 to obtain the classes [C})]. O
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