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TV-Model

the TV- L? model(Rudin-Osher-Fatemi, 1992):

1 2
mi + — — fl°dzx. 1
ueB\I/I(IQ) [ulv 2)\/Q|u fFdx (1)

the TV- L' mode(Chan-Esedoglu, 2005; Nikolova, 2004):

1
i - — flda. 2
uerél\l}(lmW’BV‘F A/Qlu flda (2)

Exact solution and its regularity are studied by William
Allard(2008).
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L! is better sometimes

» TV-L!' and TV- L? recovery.

Figure: original image  Figure: image + salt and
pepper noise
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Figure: L! recovery Figure: L? recovery
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The TV-Lp Model

1
min )/ Vet |Vu]2da:+p)\/(n+ lu— fI?)P 2de.  (3)
Q Q

u€BV(Q
1 2
= min J — — 2P %dx.
Loin (u)+pA/Q<n+lu PP dx



Motivation

the following minimization:

uerg‘i}%mﬂuwv, subject to var(u — f) < o2} (4)

where f = up + £ is a given noised image and var(u — f) stands
for the variance of u — f.
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Motivation

In the discrete setting, suppose that f = {fi, -, fn} is a given
image with f; = u; + &;, where u; are pixel values ,& are noise
values. Suppose that &; are IID, zero mean, variance o2.

n

st = ni ] PRI
=1

E(s?) = 0. Note that £ ~ 0. Then(since u — f = ¢)

n n

1 1 1

i=1 =1

where Aq stands for the area of Q.

7 /31



Biased estimator

Suppose that we have an a prior knowledge of the distribution
of &. For example, & are independent identically distributed
random variables with the same probability density function:

C TP
go(w) = Lexp (= |7 ) p 21 (5)
b b
. p . .
with C, = and b being an fixed parameter. It is eas
» 7 2r(1/p) © '
to see that the mean E(&;) = 0 and the variance
I'(3/p) o
o? = var(&) = b”. (6)
I'(1/p)
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Maximum Likelihood

For the given image f = {f1, -+, fn}, with the random
variables &;,7 = 1,--- ,n which are iid with the same probability
density function g, the event &;,7 =1,--- ,n most likely
happens when the joint probability

Cp\" g
L(£17£27"' agnflagn“)) = <bp> exp <_Zlbl|)§‘p>

) D n 1/P
b= (n ; |§z‘|p>

is maximized.
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Maximum Likelihood

var(u — f)

%

2/p
2 TG/, TG/ (p S W)

10/ 31



New Model

2/p
Jin (Julpy,  subject to ?g’g ; (fg /Q |u—f|p> <ot}
(7)

Similar to the proof of the Chambolle-Lions result, the
minimization is equivalent to the following

min |U|Bv+/ lu— fIP (8)
ueBV(Q

for some A dependent on oy if og is not too big
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Relevance of Spline methods

» What is the difference of the spline minimizer and the
continuous minimizer in L??

» We assume f is bounded.
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A Regularity result

Theorem

Fizxp>1n>0 ande>0. Suppose f is bounded and uy is the
minimizer of (8). Suppose that a spline space S contains S}(A)
for a degree d > 3r+2 as a subspace. Let Sy be the minimizer of

1
min/ \/e+|Vu|2dx+/ lu — f|Pdx 9)
uesS Jq DA Q

i S. Then
1Sf — ugll3 < CAV]A, (10)

where C' is a positive constant independent of ||, the size of
triangulation A.
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Idea of Proof

Suppose uy and Sy are the L? solution and the spline solution
respectively. Project uy to the spline space

project =~

ur — uf.
Then we have

E(uy) < E(Sy) < E(Quy) < E(uy) + err. (11)
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Functional difference

» Projection

uf smooth N5 *Uf = u‘} pm]ec Qns xup = Quf
» Errorl
E(Qu‘}) < E(u‘}) + Errl
» Error2

E(u}) < E(uy) + Err2
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» Lemma
Suppose f is bounded. Then

E(u}) < E(uy) + Célug|pya)
where C' > 0 is a constant dependent on || f|leo and p.

» Proof.
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Lemma

Suppose f is bounded. Suppose that S contains a spline space
SL(A) for a degree d > 3r + 2 as a subspace. Let Qu‘} €S be
the quasi-interpolatory spline mentioned in Theorem 4. Then

A
£Qu}) < B) + 2L+ 1Ay laveey
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Errl: Variation term

’/Q \/e—l— \VQU‘}P — \/e—l— |Vu§|2da:
/ [VQuy|? — |Vuj|?

1/1—1—|VQuf|2 \/e+|Vu |2

/ ]VQuf VufHVQuf + Vuf]

,/e—i—\VQu |2 + \/e—i-]Vu |2

< IV(Qu} — uf) 1
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Regularity of spline approximation

Theorem

Assume d > 3r 4+ 2 and let A be a triangulation of Q. Then
there exists a quasi-interpolatory operator Qf € Si(A) mapping
f € Li(Q) into Sj(A) such that Qf achieves the optimal
approzimation order: if f € WmHLP(Q),

1D DF(@Qf = Doy < CIA™ P flomir, — (12)

foralla+ 8 <m+1 with 0 <m < d. Here the constant C
depends only on the degree d and the smallest angle O and may
be dependent on the Lipschitz condition on the boundary of §2.
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Errl: Variation term

e+ |VQuS|2 — (/e + |Vul|2dx
[ Jermase - o)

< |V(Qu§ — uf)| 1
< cyA\|u§\W2,l

IAI
= |Uf|BV
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Errl: LP term

\ [+ @uf = 7 = o+ - 1

< [ Jos©@u — )

<c [ 1(Quf — )l do
< C|A||U§0|W17l < ClAljuylBv(a)
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Err: All together

A
B(ug) < B(S5) < BQu}) < Blug) + C(Z 11814 6) uslow o

Let 6 = VA.
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Minimizers

Theorem

Fiz p>1 and n > 0. Suppose uy is the solution of problem (3)
with f bounded. Then for any bounded function u with

sup [u| < sup | fl,

lu — ugll3 < CA(E(u) — E(uy))

for all € > 0, where C' depends on sup |f| and n.
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The difference of minimizers

Theorem

Fizp>1 andn > 0. Suppose f is bounded. Suppose that S
contains a spline space Si(A) for a degree d > 3r +2 as a
subspace. Let § = \/|A|. Then

E(Sy) — Eug) < C/]A[E(0) (13)

for all e > 0, where C is a constant dependent on f,p, and the
smallest angle O of triangulation A\, and

ISy = uglls < CAVIAL (14)
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The computation

Algorithm
Given u®) | we find u**tY € S such that

dx

VuktD . v, 1 uk+h g,
o [
e+ [Vu® 2 X (n+[u®) — f2)i-p/2

_! fo; -
_>‘/Q (n+ \u(k) _ f|2)1_p/2d33, Vi =1, n.
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Experiments

» TV- LP recovery.
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Figure: original image Figure: noisy image

26 /31



Experiments
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Figure: L'® recovery Figure: L! recovery
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Figure: L? recovery
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Experiments

» TV- LP recovery.

Figure: original image Figure: noisy image
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Experiments

Figure: L'® recovery Figure: L! recovery

Figure: L? recovery
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Experiments

bike | 29.73 | 30.21 | 30.14
lenna | 21.91 | 30.98 | 27.79
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