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INTRODUCTION

There are various approaches to the calculation of characteristic p Car-
tan invariants of a finite Chevalley group. One question that can be asked
is: How do these Cartan invariants vary as the size of the field of definition
varies? It is the aim of the present paper to show that the Cartan invariants
are sums of traces of products of n matrices, where the field of definition
has p” elements. The matrices themselves are calculated by certain relations
among formal characters of the corresponding algebraic group. At first
glance the matrices seem large and complicated, but in practice most of the
terms are 0. The calculations, at least in low rank cases, are quite
manageable and are considerably shorter than those in other approaches,
e.g., [3,5]. We give an example by applying this approach to calculate the
first Cartan invariant for SL(3, p") and SU(3, p").

1. PRELIMINARIES AND NOTATION

Let G be a semi-simple simply connected algebraic group defined over X,
the algebraic closure of a finite field of characteristic p. Let o be an
endomorphism of G such that the set of fixed points G, is finite. (We are
usually thinking of ¢ as the Frobenius endomorphism.) Let p be an
automorphism of the Dynkin diagram of G. Let =1, ,=¢"p. We wish to
examine how the representation theory of KG, varies with n and p.

Let X be the weight lattice of G and let X* be the set of dominant
weights. For 2 in X* let M, be the KG module with highest weight 2. The
endomorphism ¢ induces actions on the set of KG modules and on X. We
also denote these actions by ¢ and write them exponentially.
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Let & be half the sum of the positive roots. Let X, be the subset of X*
consisting of those weights whose coordinates in terms of the fundamental
dominant weights are all equal to or less than those of 6° — 4. These form
a set of representatives of the residue classes of X modulo X°. For example,
when ¢ is the Frobenius map, X, is the restricted weight region, usually
denoted X,,.

If 2isin X* then we can wnte =Y ()" with A(i) in X,. Then M,
is isomorphic to ® 724 (M,_(,,) The restrictions of the M, 2in X, to G,
give all the irreducible KG, modules up to isomorphisms.

For Ain X let x,(4) be the formal character ol M,. This is an element
of Z[ X]%, the set of elements of the group ring Z[ X] which are invariant
under the Weyl group . The set {x,(2):2eX*} forms a Z-basis for
Z[X1". The elements of Z[X]" can be considered as elements of R(G,),
the ring of class functions on the p’-elements of G,. We shall not make a
distinction in notation between an clement of Z[X]" and its restriction to
R(G,). The set {y,(1): A€ X,} forms a Z-basis for R(G,). If u is in X, and
Aisin X* we have y,(A*+ u)=x,(2)"x,(1). The character y,(6*—é) will
be denoted by st, and we will simply write st for st,

For 2 in X, let @, . be the character of the pro;ectlvc cover of M;_
considered as a KG, module. The set {®, :2eX,} generates a subring
P(G,) of R(G,). Every element of P(G,) is divisible in R(G,) by St..

For 2 in X let y(A) =X, cw (sgn w)e(w(2+8))/2 . c w (sgn w)e(wd). If
e X this is the character of the Weyl module with highest weight 1. Let
s(2) be I, e(1’), the sum being over the distinct elements in the W-orbit
of 2. By the expression Mult(s(2)*x,(x), &) where & is in Z[X]" we mean
the coeflicient of s(4)*y,(1t) when £ is expressed in terms of the basis,
{s(A)x,(n):neX,, re X*} of Z[X]"Y.

2. STATEMENT OF THE THEOREM

Let P,(G) be the principal ideal of Z[X]" generated by st,. The basic
idea is to “approximate” the clements ¢; . by the restriction to P(G,) of
certain elements of P (G) which we shall call ¥, .. These clements were
defined in [4] and denoted ¥, , there. They are characterized by the
following property.

Write ¥, , =st. -, where ; e Z[X]". Then for 4, p in X, vin X',

MU“(S(V):SI,, l/;/'..rxp(ll)) =0

unless v=0 and = A when the multiplicity is onc.
The multiplicity here is with respect to the basis {s(v)*y,(u):veX,
pe X}, and the bar denotes complex conjugation.
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The ¥; , can also be defined as the characters of the projective indecom-
posable modules in Jantzen’s category of u,— T modules. It is shown in
[[1, Lemma 9] that they have the “tensor product” property that ¥, =

"o (¥, ,)°. Morcover the highest weight of ¥, , is 6"—6—A.

A formula for ¥, , is given in [1, Lemma 2]. The formula expresses ¢/, ,
in terms of the clements s(1). To compute the coefficients one needs to
know the decomposition of a Weyl module into irreducibles, as well as
certain other quantitics whose computation is explained in [2]. One can
then use the tensor product property to compute ¥, , for general 7. We
shall then assume that characters are known and give a formula for @, , in
terms of them.

We now state our main results. For £€Z[X]" and B, y in XV let
m(&)g, = Mult(s(y)’st, s(f)£), and let M(&) be the matrix indexed by X'+
whose B —y entry is m(£)s,. Let P, be the permutation matrix indexed by
X* whose f—y entry is 1 if B# =y and O otherwise.

Let 2e X,. Define matrices 49 with entries in Z[X]" inductively as
follows: Let

A =3 MW7)V,

HEX,
22

Assuming that AY~" has been defined as a matrix indexed by [T/Z} X,
define AY) to be the matrix indexed by [1/., X whose (B, ... B;)—
(y1» - ¥;) component is

Z Mu“(s(Yj)USI’S(ﬂ])é_Xp(Il))lll;n
A
where ¢ is the (8, ... B;_1)— (715 - ¥;-1) entry of A7,
Let PY be the matrix indexed by []/_, X whose B—y entry is one if
_p”==y and 0 otherwise.

THEOREM 1. &, =3 Tr([17Z) (47 PY).

i=1 i)

(We will prove that. 44 is 0 for all but finitely many j.)

We now give a formula for the Cartan invariants.

For / and p in X, let C{), be the number of times that y,(u) occurs
in ¢,.. If i and j arc non-negative integers let BY"/) be the matrix
indexed by TT;*/;F' X* whose (B, Bisjs1)— (1o Viejs1) entry is
Mult(s(y;4;+1)75t, 5(B;4;41)-&-st) where £ is the product of the complex
conjugate of the (By,..,B)—(y1,--7:) entry of AY times the
(ﬂi+ 15 +eos ﬂ;) - (yl+ 19 =+ )’,) cntry OfAL”'

THEOREM 2. CL) =32 ,37 o (— 1) Tr([T5 26 B -

Alk). (k)
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3. PROOF OF THE THEOREMS

By the orthogonality relations on R(G,) the number of times that ¢,
occurs in ¥, . (considered as an element of R(G.)) is cqual to (¥, ., x,(1t)),
where the brackets denote the usual inner product on R(G,).

Thus,

7l).,\'=(p}.,\'-*_ Z (Yli.,n Zp(“))q)/l,t' (l)

HE X,

The idea now is to invert formula (1) to express the @’s in terms of the
¥’s. For j>0 we define elements ¢ {) of P, (G) inductively as follows.

LCt '/’Sol = Wa.:- LCt I//Sl: = Z/lex,.u#i ('1[1.:, Zp(/l))wu.n and assuming
YY1 has been defined, let Y0 =3, .y i (YYD, 1,(u)Y ., for j= 1

Let YY) =st -y ).

LEMMA 1. @, =32  (—1)/PY).
Proof. 'This follows by inverting the formula (1). |

We will show below that for large enough j, @Y} is 0, so that the
summation in Lemma 1 is in fact finite.

To find the projective indecomposables we must therefore evaluate the
¥¢), and to do this we need to compute certain inner products in R(G,).
We shall do this by translating these inner products into multiplicities in
R(G,) and Z[X]". The following result shows that we can express the
inner product of an clement of P(G,) with one in R(G,) in terms of

multiplicities in R(G,).

LEMMA 2. Let &, &, R(G,). Then (St,-f,,52)=MultG((S1,,f,-éz),
where the multiplicity is with respect to the basis {3,(1): € X,} of R(G,).

Proof. We have
(St,-&y, &)= (St,, &, - &)

Since St, is its own projective cover it follows from the orthogonality
relations that this last inner product is equal to the number of times that
St, occurs as-an irreducible constituent of &,, &,. This is precisely the
multiplicity stated in the lemma. ||

We now express the multiplicities occurring in Lemma 2 in terms of
Z[X7" multiplicities.
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LEmMMA 3. Let £€Z[X]Y. Then Multg (st E) =31 x+ Mult(sl().)’st,,
5(2)8)-

Proof. The proof of Lemma 8 of [1] is easily modified so that the
result there holds for 7 in place of the Frobenius map. The lemma is then
just a special case of that result. [

The last 2 lemmas give the following formula for the inner product.

LemMA 4. (Yo, 7,(1)) =X, c x+ Mult(s(v)'st,, s0W 5, 2,(11)).

We now use this result to show that the summation in Lemma 1 is finite.
LEMMA 5. For every A in X*, WY} is O large enough j.

Proof. Supposc ¥, appears in ) and ¥, . appears in ¥ }") where
y and 5 are in X*. Then (¥, r,/,,(r;)) is non-zero so Mult(s(v)"st,,
(\)l/lrr)’p()])) is non-zero for some v in X'*. Morcover v+#0 since )];éy
The highest weight of s(v)*st, is v*+ 06— while that of s(\)u//,,/p(r]) Is
v+O6"—3—y+n Thus vi+6"—6<Kv+0"—6—y+y, or n=vi—v+y,
where the ordering is the usual partial one on X*. Thus (y, af)> > {y, ag>
where af is the dual to the highest short root (i.c., the highest long co-root)
in the root system of G. But since yeX,, we also have {1, a4 <
{6*—6, ay). There can thus be only a finite number of non-zero YY),
which proves the lemma. ]

We now express the sum of multiplicities given in Lemma 3 as the trace
of a product of matrices.

LEMMA 6. Let &, i=0,..n—1, be elements of Z[X]Y. Then
3 e v+ Mult(s(2)*st,, s(2) H"“' y=Tr[1]=¢ M()P,.

Proof. The sum of multiplicities is equal to . [172s Mult(s(2;,,)°st,
s(4;)&) the sum being over all 2, .., 2, in X* such that 2= 2,. But this
is preciscly the trace of the product of matrices stated. |

We now prove our main results

Proof of Theorem 1. We first show that

I/,(1) =Tr (nﬁl (A%,)))”il’:,j))- (2)

i=0

For j=1 this follows from Lemma2 by applying Lemmaé6 to
E=Y,ex Vs 7,(#t). Assuming the formula for j— I,
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W= T WY, 1)V

HE Xy
n#EA

=Y (1, ¥ V(1Y

ne Xy
n#r

=Y X Multlsy)ste, sV x, (1) e
RreX, yex+
n#L

Using the formula for ¥ and an argument similar to the one in
Lemma 6, gives this sum as the trace of the matrix stated.
The proof of the theorem now follows from the formula in Lemma 1. |

Proof of Theorem 2. 1t follows from the definitions, Lemmas 2, 3, and
6, and Theorem 1 that '

n—1
wew=e(T1 Bl )
k=0
On the other hand, by the orthogonality relations in R[G.], CY)=

(P.., ®,..). The formula now follows from Lemma 1. |

We conclude by proving a lemma which makes it easier to calculate
inner products of elements in P_(G). First recall the following well-known
formula (see [4,.Exercise 24.9]1): If 4, pe X then

s(Axp)= Y 2u+2) (3)

A~

the sum being over all }W-conjugates of A
Also note that

2(A) st =3((2+6)° —9) (4)
since by definition the left hand side is equal to

(Z (sgn w)e(w(}.+5)")/ Y. (sgn w)e(wé"))

we iV we

( Y (sgn w)e(wé")/ Y. (sgn w)e(wé)),

we W we iV
which is equal to the right hand side.
LEMMA 7. Let EeZ[X]Y. Then Mult(s(2)° st, & -st) = mult(s(2°), &),

where the second multiplicity is with respect to the basis {s(2):2eX*} of
VAD. 4 L8
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Proof. The lemma will follow if we show that Mult(s(21)°st, s(u) -st)=0
for all 1€ X unless pre X° = {1° : 1€ X'}. Now if this multiplicity is non-zero
for some A then Mult(x(2)%st, s(u) - st) is non-zero for some A€ X. Then by
(3) and (4), wu+6°—56=(1+6)°— & for some we I, and so wue X7 as
required. ||

This lemma in particular makes the computation of the multiplicities
appearing in the definition of the matrix BY- morc cfficient.

4. AN EXAMPLE: SL,(q) AND SU,(q)

We illustrate the ideas in the previous section by examining the projec-
tive cover of the trivial module and the first Cartan invariant for SL;(p")
and SU,4(p") for p=5.

We now suppose that G is one of SL;(K) or SU5(K) and that p > 3. Let
o be the Frobenius map and let p be either the identity (to get SL;(p™)
or an automorphism of order 2 (to get SU5(p")).

We shall denote elements of X by their coordinates in terms of the
fundamental dominant weights. The decomposition of x(4) for the cases
under consideration is well known. If 2=+(a, b) is in X, then (1) =y,(4)
ifa+b<p-2, while (1) =y,(1)+x,(A") where '=(p—b—2,p—a—2)
if a+b>p—2. It follows from [1, Lemma 2] that ¥,=st-s(p—1—b,
p—1l—a)if a+b=p—1 while ¥,=st-(s(p—1-b, p—1—a)+s{a+1,
b+1)if a+b<p—1. In particular, ¥y 4,=st-(s(1, 1) +s(p—1,p—1)).

To calculate the traces of products of the matrices M(£) it will be
convenient to introduce the following partial order on X*: A<y will
mean that either g — 2 is a sum of positive roots, or each coordinate of 2
in terms of the fundamental weights is at most equal to the corresponding
coordinate of p. It is clear that this is indeed a partial order.

Abbreviate 2= (0, 0) by 0. To calculate @, by the formula in Section 2
we need to know when M(Y,,(1)) can be non-zero.

LemMMA 8. If u is a non-zero restricted dominant weight, then the f, vy
entry of M(Yoy,(1)) is O unless y £ f8 except for the following cases, in each
of which the entry is one:

(1) p=(p-1,0), f=y=(1,0).

(2) w0, p—1), f=y=(0,1).

(3) u=(p-1,1),=(0,1),y=(1,0).
4) w1, p—1), f=(1,0), y=(0, 1).
(5) wp—1,p=1), f=y=(1,1).
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Proof. If u=(a,b) then Yyz(1t) can be written as a sum of yx(v)
using formula (3) of the previous section. It is easy to check that the
n—y entry of M(y(v)) for each such term is O unless y<f8 except when
v=(p—1+a, p—1+b). The value of the entry is then one precisely for
the values of g, f§, and y stated in the lemma. In each case a+b>p—2,
so when 4 is in X, y,(4) can have such a y(u) appearing with non-zero
multiplicity only when A= p. The lemma now follows. |

We now use this lemma and formula (2) to compute y§').

LEMMA 9.

n—1 l‘b(p—l.O) l#(l,p_l) 0
332=Tr H ll/(p—l_]) ‘l[/(o.p—l) 0 Pp ,
i=0 0 0 1

where P, is the 3x 3 identity matrix if p is the identity and is equal to

01
10
0 0

-0 O

otherwise.

Proof. By Lemma 8 the only part of 4" which will contribute to )
as given by the trace formula in (2) is the part indexed by (1, 0), (0, 1), and
(1, 1), and this part of A" is precisely thc matrix displayed in the lemma.
(Note that ¥,y ,_n=1) 1

It will be a bit more convenient if we split off a sz, from ¥§!). Accor-
dingly, define Y5 =y {)—1 and let ¥ =St -y} . Thus by Lemma 9 we

have
Yo,.=Tr (I:[l <¢¢p_1,0) 'Pu.p—l’)ai P,,>, (5)

i=0 l//(_p--l.l) lf,/(O.p—l)

where P, is the identity or ({ §) according as to whether p is or is not the
identity.

To find ) we must now compute the matrices M(;,(1)) where ¢,
is a term appearing in A{" as in Lemma 9.

Lemma 10. Suppose 2 either (p—1,0), (0, p—1), (p—~1,1), (1, p—1),
or (p—1, p—1)and pis in X,. The f—7y entry of M({,,(u)) is O unless
yS B except in the following cases when the entry is one:
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(2) A=, p—1), u=(p—1,p—1), f=y=(1,0).
(3) A=(p—Lp—-1),u=(p—1, p—1), f=y=(1,1).
Proof. We have

Y(p—1,0)=s(p—1,0)=s(0, p—1)
Y(0, p—1)=s5(0, p—1)=s(p—1,0)
Y(p—1,1)=s(p—2,0)=s(0, p—2)
Y1, p—1)=s(0, p—2)=s(p—2,0)
Y(p—1,p—1)=5(0,0).

We can use (3) to write each i, (i) as a sum of x(v). Examining each term
it is easy to check that the f—y entry of A (z(v)) for each such y(v) is 0
unless y < except when v=2+ pu when the entry is one for the values of
2, 1, B, and y stated in the lemma. In each case y(p)=St, which does not
appear with non-zero multiplicity for any y,(x) when p is restricted except
for p=(p—1)6. The lemma follows. [

LemMA 11,

Vo= if pisthe identity

2
=0 otherwise.

Proof. By Lemma 10 the only part of 4§ which contributes to y{? as
given by the trace formula (2) is the part indexed by ((0, 1), (1,0)) and
((1,0), (0, 1)) and this part is equal to (g 9). The corresponding part of P,

is the identity if p=1 and ({ ;) otherwisc. The lemma then follows from
Theorem 1. ||

LEmMMA 12, ¢§.=0 for j=3.

Proof. W) is either 281, or 0 and (St,, x,(p)) is O for y in X, unless

T

n=(p-1é. 1

Putting these results together we have the following formula for @, ,.

THEOREM 3. &y =YW, — ¥ .+ St if p=1 and Py, =¥,,—
Yo.—=St if p#1, where Wy . =St Y. is given by (5).

Proof. This follows from Theorem 1 and Lemmas 9, 11, and 12.
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COROLLARY. The degree of @, . is equal to p>"(12" —6"+ 1) if p=1 and
is equal to p*"(12"— 6"~ 1) if p# 1.

Proof. This follows by evaluating the formula in Theorem 3 at 1. |

We now proceed to the determination of the first Cartan invariant
CEy= (P, Py.). Since St, is also an irreducible G, module we have
(Po,.» St.)=0. Thus (P, , + St,, Py, = St,)=C)+ 1. Thus by Theorem 3
we obtain

Cg())= (lllo,r_ !116‘” l110.:'— '1]6.:)— 1. (39)

The calculation now proceeds by considering separately each of the terms
(qlo,r’ WO,:)! (YIO.U '{Ié),r), and (7/6.:, .{I(’)t)

LEMMA 13. Suppose p=T1. Then (¥, Wo.)=1+2-2"+a"+b" if
p=1andis equal to t +a"+b" if p# 1, where a and b are distinct roots of
the polynomial x> — 18x + 48.

Proof. By the formula in Section 3, (¥, ,, ¥, .) is equal to the trace of
(M(z,bf,St))"P,,. Now Lemma 7 can be used to, somewhat simplify the
calculation of the entries of this matrix. By that result the f—v entry is
equal to Mult(s(py), ¥23s(B)). Now ¢a=(s(p—1, p—1)+s(1, 1))? can be
expanded as a linear combination of s(v). The ff—y entry of the matrix
corresponding to each such term is 0 unless y< /8 except for the following
cases:

(1) v=(2p—2,2p-2), f=7=(2,2)

(2) v=(0,3p-3), B=7=(0,3)

(3) v=(3p—3,0), f=y=(3,0)

4) v=(p—-1, p=1),(p=2,p+1)0r (p+1,p=2), f=y=(1,1)
(5) v=(0,0), f=7y=(0,0)

(6) v=(p, p), B=(0,0), y=(1,1).

Because of (6) the (1, 1)— (0, 0) entry of M(y3st) also contributes to the
trace we are looking for. Thus we must also consider

(7) v=(1,1), f=(1,0), y=(0,0).
The entry in each casc is one except for (7) where it is 6. The coefficient
of s(v) in 2 is 1 in case (1), it is 2 in cases (2)-(4), (6), and (7), and it

is 12 in case (5).
Thus the only part of M(y2st) that wil contribute to the trace we are
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computing is indexed by (2, 2), (0, 3), (3,0), (1, 1), and (0, 0). This part is
cqual to

‘When p=1, (¥, ¥, .) is then equal to the trace of the nth power of the

matrix, which is given by the statement of the lemma. If p#1 then the

inner product is equal to 1 +Tr(Z 9)" (9 §)+ Tr(}3 2)” which is again as in

the statement of the lemma. |

Lemma 14, Suppose p=S5. Then
(Yo, Pou)=14+3:2"4(=2)"+a"+b" if p=1
=142"—(=2)"+a"+b" if p#1,
where a and b are as in the previous lemma.

Proof. Wec have the same argument as in Lemma 13 except that there
are 2 additional cases for s(v) to be considered:

(8) ¥(3p—3,0), =(0,2), y=(2,0)
(9) v=(0,3p—3), f=1(2,0), y=(0,2).

The entry is one and s(v) occurs in 2 with coefficient 2 in both cases. Thus
there is an additional contribution to the inner product of Tr(3 2)"if p=1
and of Tr(3 2)* (% !)" if p#1. This gives the modified expression for
('{IO,\" .110,1)' I

LEMMA 15. Suppose p=5. Then
(W, Po)=2+2.2"48" if p=1
=8" if p#L
Proof. Using the definition of 5 we see that the inner product is equal

to the trace of the matrix B"P{? where B is the matrix indexed by

X+ xX* whose (ﬂl’ ABZ)_ (YI’ YZ) entry is Zu#O,u#(p—l)& ”l(wol,;(l‘))p.,yl
m(!//o 'pu)ﬂz.vz‘

By Lemma 8 the only u we need consider are p=(p—1,0), (0, p—1),
(p—1,1), or (1, p—1). We compute M(i),¥,) by using Lemma 7. Multi-
plying out Y, as a linear combination of s(v) for the above values of p



CARTAN INVARIANTS OF A CHEVALLEY GROUP 399

and computing Mult(s(py), s(B)s(v)) we see that the values are 0 unless
< B except for the following cases:

(1) p=(p—1,0),v=(p—1,2p—-2), f=y=(1,2).
(2) p=0,p—1),v=02p=-2,p—1), f=y=(2,1).
(3) u=(p—1,0),v(2p—2,0), f=y=(2,0).
4) p=(0,p—1),v=(0,2p-2), f=7=(0,2).
(5) u=(p-10),v=(0,p-1), p=y=(0, 1)
(6) n=(©0,p—1),v=(p—10), f=y=(0,1).
(7) u=(p—1,0),v=(Lp), f=y=(0,1)
(8) n=(0,p—1),v(p, 1), f=y=(1,0).
(9) p=(,p-=1),v=(p—11), =(0,1), y=(1,0)
(10) p=(-11,v=(1,p-1), f=(1,0),y=(0,1).
The multiplicity of s(py) in cases (1)-(6) is one and it is two in cases
(7)-(10). The coefficient of s(v) is one in cases (1), (2), (7), and (8) and it
is two in the others. Thus the only part of B contributing to the trace of

B"P® is indexed by ((1,0), (1, 1)), ((0, 1), (2, 1)), ((1,0), (2,0)), ((0, 1),
(0, 2)), ((1,0), (0, 1)), and ((0, 1), (1,0)) and is equal to

K ]

4 4

Computing B"P!? gives the formula for its trace as stated in the lemma. ||
Lemma 16, Assume p2=S.
(¥, W) =4+2.2" 46"

Proof. The inner product is equal to the trace of C"P(Y where C is the
matrix indexed by X* x X+ x X whose (8, B3, B3)— (71, 72, ¥3) entry is

Z m(‘l’OZp(”))ﬂh71’”(’/’0117("))172,rzm('[’# W/‘-)lﬁ, 73"

A, pu#0
Au#E(p—1p
By Lemma 10, the only u or 2 we need consider are either (p—1,0),
0, p—1), (p—1,1), or (1, p—1). Again we use Lemma 7. Multiplying out
the various i, as linear combinations of s(v) for the values of x and 2
given above and computing Mult(s(py), s(f)s(v})), we see that the values
are 0 unless y < B except for the following cases:

431/150/2-10
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(l) I‘=)-=(P—' 1, 0)1 V=(2P_2’ 0)1 B=y=(2:0)
(2) p=2=(0,p—1),v=(0,2p-2), f=y=(0,2).
(3) I‘=(P—1, 0): ;'=(Os P— l)s V=(O, pP— 1)’ ﬁ=y=(0’ 1)
4) p=0,p—-1),2=(p—1,0), v=(p—1,0), f=y=(1,0).
(5) u=2=(p—-10)v=(p—1L p—1), f=y=(1,1).
(6) ,ll=).=(0, P—l), V=(P_ 13 pP— 1)’ ﬁ=y=(1’ 1)
(7) p=y=(p—10),v=(0,0), f=y=(0,0).
(8) u=21=(0,p—1), v=(0,0), f=y=(0,0).
9) p=y=Q1,p—1),v=(0,0), f=y=(0,0).
(10) l’='}’=(P— 1: l): V=(Oa O)’ ﬁ=y(0, 0)
The mul'tiplicity of s(py) in each case is one. The coefficient of s(v) is one
in cases (1), (2), (5), and (6); it is 2 in cases (3} and (4); and it is 3 in cases
(7)~(10). Thus the only part of C which will contribute to Tr(C"P!") is
indexed by
((1,0), (0, 1), (2,0))
((0, 1), (1, 0),(0, 2)),
((1,0), (0, 1),.(0, 1)),
((0, 1), (1, 0), (1, 0)),
((0, 1), (0, 1), (1, 1)),
((1,0), (1,0), (1, 1)),
((0, 1), (0, 1), (0, 0)),
and
((1,0),(1,0), (0, 0)).
This part of C is equal to

1

33
3 3

Computing C"PL” gives the formula for its trace as stated in the lemma. ||
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THEOREM 4. If p=T then Cyo=a"+b"+6"—2.8", where a and b are
as in Lemma 13. If p=5 then

Clo=a"+b"+6"—2.8"4+2"+(=2)" if p=1
=a" B 62812 (=2 p#L
Proof. This follows from formula (6) using Lemmas 13-16. |

Remark. The cases p=2 and p=3 can also be handled by the above
mecthod. (Cheng [6] has done the case p=2.) The computation for p=2
differs from other p because the formula for @ is different. The case p=3
is similar to the case for general p but there are additional s(v) to be
considered in Lemmas 13, 15, and 16, which makes the resulting matrices
more complicated.
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