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INTRODUCTION

Consider a finite Chevalley group G(p") defined over a field of p”
elements, p a prime. The projective indecomposable characters in charac-
teristic p are indexed by the p"-restricted weights. If a weight A is
p-restricted, it is also p"-restricted. If @, , is the corresponding projective
indecomposable character of G(p"), we can ask how the decomposition of
®, , into ordinary irreducible characters varies with n.

The ordinary irreducible characters are obtained from the
Deligne—Lusztig characters. In this paper we will show how to write the
Deligne—Lusztig characters in terms of what we call a p-adic coding, so
that we can answer the above question. We will show how to associate with
each component of the p-adic coding a matrix, so that the trace of the
product of the corresponding matrices gives the multiplicity of the corre-
sponding character in @, .

To avoid some technical complications we shall assume here that we are
in the generic case, so that all the Deligne—Lusztig characters occurring in
the decomposition of @, , are irreducible. We shall also assume that @, ,
can be expressed as a tensor product of G(p)-projective characters raised
to a power of the Frobenius. However, the methods can be extended to
non-generic cases; we shall deal with this elsewhere.

In fact, our result is a general one, and we apply it to decompose any
projective character which can be expressed as a tensor product of G(p)-
projective characters raised to a power of the Frobenius. The results apply
to twisted groups as well, and illustrate the relationship between the
decomposition numbers in the twisted and untwisted case.

We apply our method to determine the decomposition of @, , for
SL,(p") and SU,(p"), A a generic weight for SL,(p). We also show how
generic Cartan invariants of G(p") can be calculated using our methods,
and again apply this to SL;(p") and SU(p™).
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590 LEONARD CHASTKOFSKY

Our method works when p is a large enough prime, although it can be
extended to work for all primes.

1. PRELIMINARIES

Let G be a semi-simple simply connected algebraic group, defined over
k, the algebraic closure of a finite field F, of characteristic p. Denote the
Frobenius automorphism by Fr. Let 7 be an automorphism of the Dynkin
diagram, and let F = Fr" o7 be the induced automorphism of G. Denote
the finite group of fixed points of F on G by G(p")..

Let T be a maximal torus of G, split and defined over [,. Let
X = X(T) be the weight lattice. Let X,. be the subset of p"-restricted
weights, consisting of those elements of X whose coordinates in terms of
the fundamental dominant weights lie between 0 and p" — 1. Let p be
half the sum of the positive roots.

The irreducible p-modular characters of G(p"), are indexed by X ..
For A € X, let Xp()\) be the corresponding p-modular irreducible, and
let @, , be the character of its projective cover. In the generic case, these
characters have a nice tensor product property: (see [1, 2]). If A is written
p- adlcally, A=Xp /\k, with each Ay p-restricted, then &, =@, =
I, &5, where ®, = ®, , is the projective cover of x,(A;) as a kG(p)
character Moreover each ®,, is divisible by the Steinberg character for
G(p), which we denote by St. Thus we can write ®, =St @(A,) and
D, , = St, - T, (A" " where St, =TT, St™" is the Stelnberg character
for G( p”),T

Let W be the Weyl group of G. For A € X, let s(A) = L, e(A’) the sum
over distinct A’ in the W-orbit of A.

In [1], a formula is given for expressing ¢(A) as a linear combination of
the s(A), modulo a knowledge of the characters x,(A). Thus in the generic
case, we can write a projective 1ndecomposable character of G(p"), as
D =St, Ty Tycy, a (Ms(MF", where a, is a function from the p-
restrrcted weight lattice X , to Z.

The ordinary irreducible characters are obtained from the
Deligne—Lusztig characters. We shall use Jantzen’s notation for these
characters (see [4]). Let w € W and let n,, € N,(T) be a representative of
the coset wT. There is an element g, € G such that g, 'Fg, =n,. Let
T, =g,Tg," . If A € X, we have a homomorphism from 7,, N G( p”)w - k*
given by ¢ — )\(g;ltgw), and consequently one also from T, N G(p")_ to
C*, which we denote by 6. (We use the same embedding of roots of unity
as we do in relating Brauer characters to ordinary characters.) This gives
rise to a Deligne—Lusztig character R;(6) of G(p"),, and we denote
eger Ry (0) by R(w, A). (R(w, A) depends on n and 7 but we shall
suppress this in the notation.)
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We have an action of W X X on itself given by (w, )" —
(owmo 'L, A + (p" — owmo ™ Yv). We have R(w, A) = R(y, w) if and
only if (w, A) and (y, u) are conjugate under this action.

2. P-ADIC CODING OF DELIGNE-LUSZTIG
CHARACTERS

To analyze the decomposition numbers, we will be considering
Deligne—Lusztig characters R(w, A) with A = Y25 p“w, A, A, € X, It
turns out that what is important for the analysis is how w, is related to
Wwi.,- We therefore introduce an association between n-tuples
o> 2z Ly 15 22 1 5L gy 20D with w; € X and z; € W and pairs
(w, A), with w € W and A € X, which we call a p-adic coding.

In the following definition, subscripts are to be read modulo 7, so a
subscript of —1 is understood to be the same as n — 1.

DEFINITION 2.1, Let [y, 2,1 € X, X W for k=0,...,n — 1. For
O<k<n-—-2letw, =z, ,z, 5 z,.Lety=2z,_ ,z, 5 zyz,_,. Let
A=p" g + Xi20 piwipy. Define  x(Upgs 2, B[, ps 2,0k 5
[y, 20D = Ry, V). We call x([ g, z,_ 1] 5[ iy, 2D a p-adic coding for
R(y, M.

The following proposition shows how to get a p-adic coding, given a
Deligne—Lusztig character.

PropoSITION 2.2. Let A € X and suppose we can write A =

10 P Wiy with py, € X,. For 0 <k <n —2, let z; = w! w,, and
let z,_, = wy'lymw,_m'. Then R(y, A) = xU uy, z,_15;
[/-Ln_la Zn_z]a"'Q[MlaZo])-

Proof. By definition,

X([ 1o zue1 b5l 1oy 20]) ZR(U7pn_1lJ‘n—l + 2 ptuy ,U«k)a

where
Up = Zp-2 7" 2k
= (Wn_—llwn—Z)(Wn_—IZWn—S) (Wk_-il—lwk)
=ww, for0<k<n-—-2,
and

_ -1 -1
V=2, 9 2021 = Wyt YTW, T .

Now apply (w,,0) to (v, p" 'w,_, + X p*u, p), via the action de-
scribed at the end of Section 1. We get R(v, p" 'u,_, + X p*u, w,) =
Rw,_wmw, ym™ Y p" " tw, i,y + L p*w,_juppue). But
w,_waw, i m ' =yand w,_u, =w, for 0 <k <n — 2, so the latter is

equal to R(y, A), as claimed.
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For purposes of analyzing how R(w, A) behaves in characteristic p, it is
also useful to write A as ¥ p*w, w,, with w, “small.” Accordingly, we
introduce the following notation.

Let Vf/a , be the extended affine Weyl group, i.e., the semi-direct
product of W in its action on R ® X with translations by elements of pX.
Let C, be the fundamental domain for W, , in this action which is
contained in X and contains the origin. Then every element of A € X
can be written as A = pA’ + 7A” with A" € C,,, '’ € X, and T € W.

PROPOSITION 2.3.  Let X = X}Z§ p*y; Ay, with each A, € X,,, and write
A =pN + 1, X as above. Let y € W. For 0 <k <n—2, let w, =
Tet 1Ves1 Ve and let w,_y =75 yg ymy, m= ' Let pg,...,p,_; €C,
and zy,...,z, | € W. Assume Xi| + w, X} is conjugate under the Weyl
group to an element of C, for all k. Then R(y,\) has p-adic coding
XUz, 11 50 o, 20D if and only if there exist vy, vq,...,0,_, €W
such that for 0 <k <n—2, z; = v;'w,nv,_, and p, = v ' (N, +
w N, while z,_, = v, w,_mT,_w,_,m ' and p,_, = v, (Xj +
W7, ).

The subscripts, as usual, are to be read modulo n.

Proof.

n—1
R(y, by p"yk)\k)
k=0

n—1
=R|y, X p*yi(pX, + Tk/\,ll))
k=0

n—1
=R(y,p Yy i Xy 1+ X PkYka(/\/l/c + 1 e e A ) +y070)\/z,7)
k=1

n—1

=Ry, p"Yy 1 Xy g+ 2 PN+ W N y)
k=1

+yoTo Xy + (p" _)”T)(_ynl)\/nﬂ)

n—1
= R(ya Z PkYka(X/,c + Wi Ap_y)
k=1

+y070(/\l[,) + T()lyolyﬂ-ynll\lnl))

n—1
= R(ya 2P Vm (N + wy X))+ yomo(Xp + Wn—17TXn—1))‘
k=1
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For 0 <k <n — 2, let w, be the element of X* conjugate to X}, +
w, A, and let v, be an element of W such that v, w, = X, + w X,. Let
w,_ be the element of X* conjugate to A, + w,_,wX,_, and let v, _, be
an element of W such that v,_, w,_; = Xy +w,_ 7\, _,.

Then R(y, N) = R(y, X021 pXyimve_ 1 + YoToUu_1 My—1)- By 2.2, this has
p-adic coding

X([ [URESES-ME i [N THEPIS- AP EEEE | P«oazo])’

where z, = v 'n L vl omioe, = vitwemo,_,, for 1<k <n -2,
while z, = vy 'r7 'y YyoTov, -1 = vy 'WeTov,_, and z,_, =
U T . P ARSUMEPY DR Y NESUMEPY

Thus R(y, A) has the p-adic coding given in the statement of the
proposition, if and only if the values of w, and z, are as stated there. This

proves the proposition.

Remark. A p-adic coding for a given R(y, A) is certainly not unique.
For example, if the W-stabilizer of w, is non-trivial, then there is a choice
of v, in the proof of 2.3, so there is a corresponding choice for z,. Indeed,
it is easy to see that if wu, = w,, then

X([ /"Ln—l’zn—l]; SN | Mk?zk]; [ “‘k—l’zk—l]; | M()’Zo])

is equal to

X([ P15 Zuo1 s sl s zew ] [ /-Lk—l’w_lzk—l];"' 5[ Mo’zo])-

3. DECOMPOSITION OF PROJECTIVE CHARACTERS

Methods for determining the projective indecomposable characters of
the groups we are considering are given by Jantzen [4], and the author [1].
The results there allow us to express a projective indecomposable charac-
ter as a linear combination of characters of the form Sz, - s(A) (provided
we know the decomposition of a Weyl module into irreducibles). These
can be expressed in terms of Deligne—Lusztig characters using the follow-
ing theorem of Humphreys [3]:

THEOREM 3.1 (Humphreys). Let A € X. Then |Stab,,(M|St, - s()) =
r,cw ROw, D).

We now assume that we have a projective character ® which can be
written as ® = Sz, - 12 Liex, a,(Ds(V)F", where a, is a function
from X, to Z. Humphreys’ theorem allows us to decompose this character
into Deligne—Lusztig characters. To determine the decomposition num-
bers, we need to determine the multiplicity with which a given
Deligne—Lusztig character occurs.
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We will now define the matrices, the product of whose traces will give
the decomposition numbers.

DEFINITION 3.2. Let u € X*, z € W. Suppose a: X, — Z is a function
from X, to the integers. Define a matrix M,( u, z) indexed by W X X as
follows. The (v, A") — (y, v") entry of M (u, z) is ¥ a(A), where the sum
is over A € X, such that A = pA" + 7A" for some A’ € X+ T€ W, and
there exists w € W with w=y (v +wX)and z =y 'wro.

Our results will apply when for each A for which a,()) is non-zero and
A=pA + 7" with A" € C A" is far enough away from the upper
boundary of C We state thlS in the following condition:

Condition 3.3. ® = St, - T, X)c x, a,(M)s(V)F such that if a,(A) and
a,_ () are both non-zero (subscrlpt 'modulo n), and we write A = pA’ +
7 A" and u =pp’ + 7, u” as in Section 2 then A" + wu' is conjugate
under W to an element of C,, not lying on the upper boundary of ép.

We can now state our main results. We first assume that we are in the
untwisted case.

THEOREM 3. 4 Assume m = 1. Suppose ® is a projective character, with
O =8t TI}Z) 5, X, a (Ns(NF satisfying Condition 3.3. Also assume
that every Delzgne—Lusztzg character occurring in the decomposition of ®
is irreducible. Let jwg,..., 1, 4 EC and zy,...,z,_, € W. Then the
multiplicity of the Deligne— Lusztig character with p-adic coding
XUty 1s 2115l g 20D in @ is equal to Tr(TT;Z) M, iy, 2.

Proof. Expanding the product TT}Z} ¥, o 4+ a,(MDs(A)" gives

n—1

by nak(Ak)s(pkAk)a

(Ags--s Ay E(X,)" k=0
which is equal to
n—1

b l_Iak()\k)s

oo Ay DE(X, ) k=0

n—2
PN+ Y X PkYk/\k)-

k=0 y,eW

We decompose this using Humphreys’ theorem 3.1. Since we are assuming
that the Deligne—Lusztig characters occurring are irreducible, all the
weights occurring have trivial stabilizer. We get

n—1 n—2
¢ = by [la(A)St,s|p" Ao+ X X PkYk)\k)
(Ags--os Ay DEX" k=0 k=0 y,eWw

n—1 n—2
= Z nak(Ak)R(y,Pn_l)‘n—1+ Zpk)’k)‘k)-

(Ags---» Ay e(x,)r k=0 k=0
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Now by 23, xUp,_1 2,11 = 5[ o> 20D is a p-adic coding for
R(y, p" ,_, + £ p*y, A,) if and only if there exist v_,,vy,0,...,0,_,
e W,withv_, =v,_, and

zp = v 'wmo for all k,

e =0 (N + Wi dy) for0<k<n-—2,
and
Bt =0, 3 (Xg +w, X, ),

where w, = 71,y y, for 0 <k<n—2 and w,_, = 7,'y;'y. Now
for a given sequence Ag,...,A,_;, as (¥, ¥ps.-.,¥,_,) ranges over
w", so does (wgy,w;,...,w,_). Thus the multiplicity of
Xy 15 2ol o5l s 20D in @ is equal to L TT, a,(A,), the sum over all
sequences U_i,Vg,Uy,--.,U,_4 € W with v_;, =v,_, and sequences
Nos Af, ..., X with X = AJ, such that there exist X, A},..., X,_; € X7;
Tos TiseevsTyo13 WosWiseoosW,_1 € W, with A, = pX, + 7, X} and u, =
M (Nyy + Wiy and z, = v 'wyro_ for 0 <k <n — 1. Thus by
definition of M, (u,, z,), the multiplicity is equal to

0 1 -1
L il
where the sum is over a, ay,..., @, | € W X X*, and where m{), is the

a — B element of M, (w,, z,). But this is precisely equal to the trace of
the matrices as stated.

We now generalize the theorem so that it applies to twisted groups as
well. We need to define another matrix to account for the twisting by .

DEFINITION 3.5.  Let M_ be the permutation matrix indexed by W X X*
whose (w,v,) — (y,v,) entry is 1 if y = 7ww™! and v, = 7y, and 0
otherwise.

THEOREM 3.6. Suppose ® = St, 1/ Tiex, a, (Ms(DF is a projec-
tive character of G(p"), satlsf}/mg the same conditions as in 3.4. Let
Kos -5 My—y € C, and zy,...,z, 1 € W. The multiplicity of the
Deligne—Lusztig character with p-adic coding x([ p,_ 1, z,_11; =3[ po» 2D is
Tr(nz;g Mak( /“l‘k’ Zk)Mﬂ' Man, 1( /“l‘n—19 Zn—l))'

Proof.  As in the proof of 3.4, we have

n—1 n—2
¢ = )y [Ta(XM)R|y, " Aoy + X Py de |
(Ag,--, Ao DEXT k=0 k=0

3, Y0se s Yu)EWN
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By 23, xU ps,_ 1>z, 1L+ 5[ o> 20D is a p-adic coding for R(y, p" A, _,
+ Y p*y, A if and only if there exist v_,v,,...,0,_, € W with v_, =
v, ;andfor0 <k <n-—2

n—1

_ -1
Zp = U WiTklUk—
_ =1 " ' :
and w, = v '(X ., + w, X)), while

2y = Ut Wy T, Uy T

and w, =X, +w,_ X, _,, where w, = 7, L, y; Ly, forO<k<n-—2
and w,_, = 75 'y, 'y. Thus the multiplicity of x([ i,_1, z,_ 1L ;[ o> 20D
in ® is equal to Y II, a,(A,) where the sum is over sequences
UV_ 1, Ve U,y €W with v_| =v,_,, and sequences A,
1o N, AL e X' with X = X}, such that there exist Ap,..., A,_,
N eXt, Ty Ty 13Ty Wose--sW,_1 €W with A, = pX, + 7, X} for 0
<k <n-1and

My _Ukl(/\k-H + Wi Ay),

— -1 , _n.
Zp = Up WiTilrsq forO0 <k<n-—2;
1 n ’ _
Mop—1 _Unfl()\n +wn71)\77)7 Zn-1 _UnflwnflTwUﬂﬂ
_ —1 _ —1 r "o o_ "
T, = TT,_|T ", U, = TU,_,T °, N, =T\, _q, A= 7N, _.

Thus by definition of M, (u,, z;), the multiplicity is equal to

(ORI (n—=2) ™ (n=1)
Zm“mﬂl ap, ay T, a3, @ ﬂmﬂﬂ-aarlflmunflaﬂﬂ’
where the sum is over ag, ,...,q,_,a o, ; € WX X", and where

m, is the a — B element of the matrix M, (., z) and m7 5 is the
a — B element of the matrix M_. But this is equal to the trace of the
matrices as stated.

Remark. We need the condition of smallness on the X} (Condition 3.3)
because a Deligne—Lusztig character may be represented by more than
one p-adic coding. If w, = v; '(X; + w, X}) lies in an alcove above C the
corresponding Deligne—Lusztig character may be equal to one whose
p-adic coding has the corresponding component inside C,,. The multiplicity
would not be given correctly. If w, lies on a lower boundary, we can also
have different codings representing the same character. (See the remark at
the end of Section 2.) However, each coding is accounted for, since v, is
allowed to range over all of Stab,,(u,) in the proof of the theorem. Thus
the multiplicity is correctly given in this case. The only problem which
could arise would be if the stabilizer of every w, were non-trivial, when
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there would be a choice of v, for every component. However, the
corresponding Deligne—Lusztig character would not be irreducible, and we
are assuming it is. We will discuss this situation elsewhere when we
consider non-generic cases.

Note that the theorem applies to the situation described in the Introduc-
tion.

_Suppose p is large enough and v is deep enough in the interior of a
W, ., p alcove of X, and let @, be the projective cover of the corresponding
1rredu01ble G( Y, character Then by the results of [1, 2] we can write

=St,IT1Z0 X, a, (Vs(VF, where a,()) = a()) is the same for all
k > 0. Here StZaO()Os()\) is the restriction to G(p) of the projective cover
of the u,, — T module with highest weight A while StXa,(1)s(A) for & > 1
is the restriction to G(p) of the projective cover of the trivial u, — T
module. Also, A" is small whenever a,(A) is non-zero. For k = 0 we can
ensure this by taking A deep enough in the interior of a W alcove. For
k > 1, this follows from the fact that A" is either con]ugate under the
affine Weyl group W, , to p, or to p + w{ where w €w and { has all
components in terms of the fundamental weights equal to or less than
one (see [1]).

COROLLARY 3.7.  Assume p is large enough and that v is deep enough in
the interior of a W , alcove contained in X,,. Let ®, , be the character of the
pr0]ectwe cover of the correspondmg irreducible G( p"). module. Write
®, = St,o,I1;21 o, where ¢, = Licx, @ oDs(N) and ¢, =
ZAE X, a( /\)s(/\) Then the multiplicity of ([ wy, 20] s z,-4) in
D, is equal to

n—2
Tr Mau( MO’ZO)IE]M(J( ) Zk)MwMa( My —15 anl) .

4. DECOMPOSITION NUMBERS OF SL.(p") AND SU,(p")

We will apply the results of the previous section to the groups SL;(p")
and SU,(p") for large enough p. We will consider a weight sufficiently
deep in the interior of the W, , alcove C of SL;(p) and determine the
decomposition of the pr0]ectlve mdecomposable ®, of SLy(p") and
SU,(p™). Similar computations apply to weights in other W ., p alcoves.

The weight lattice X is isomorphic to Z* X Z*. The Weyl group W is
isomorphic to S; and is generated by o, and o, where these elements act
on X via o(r,s) = (—=r,r +s) and o,(r,s) = (r + s, —5).

Let W, , be the ordinary affine Weyl group, that is, the semidirect
product of W with translations by elements of p times the root lattice.



598 LEONARD CHASTKOFSKY

There are two W, ,-alcoves in X,. The top alcove consists of (r,s) in X,
with 7 + s > p — 1, while the bottom alcove consists of those with r + s <
p—1

If v is in the bottom W,  alcove of X,, then ¢, = (s(v + p) + s(pp +

a’p
ao(v + pITFZ1(s(p) + s(pp + oy p))". Thus we have

o =11 Y a(A)s()™

where ay(M) =1 if A=v+p or pp+ oy)(v + p), and is equal to 0
otherwise, and for k > 1, a,(A) = 1if A = o or pp + o, p, and is equal to
0 otherwise.

Thus for k > 1, if a,(A,) is non-zero then A, = X} + 7, A}, with X, = 0,
=1, A, =p or X, =p, 7, =gy, X, =p. If a,(),) is non zero then
Ay = Ay + 19Ay with X;=0, 7p=1, A" =v+p or X, =p, 1) = 0y,
Ay = v+ p.

We will now determine the matrices M, ( u, z). We will see that the only
entries which contribute to a non-zero trace are those with indices whose
W component corresponds to 1, oy, or o,. The only non-zero rows
correspond to indices with X* component p for kK > 0 and v + p for
k = 0. The only non-zero columns correspond to indices with X* compo-
nent p for0 <k <n —2and v+ p for k =n — 1. We will only give the
portion of M, (s, z) corresponding to these rows and columns. The order
will correspond to 1, oy, o,.

We first consider M, (pu, 2).

PROPOSITION 4.1. With the abouve notation,

M, (v+p,w) <

M,(v+p+wp,wo,) <

M,(v+p+wp,woo,) <

O = O OO = —_ = =
SO OO oo o
SO0 OO O0O oo o

and

0 0 0
M,(v+p+wp,wo,o) © (() 0 0), forallw e W.
1 0 0

M,(p,2) is O for all other p € X*, z € W.
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Proof If M,(p,z) is non-zero then p = y N +wX') and z =
y~wrov for some w € W, where \” = v + p and either A’ =0, 7= 1, or
A = p, 7= 0,. We then get an entry in the row corresponding to v and
column corresponding to y. Since we are assuming that v + p is deep
enough in C,, y must be the identity, so all columns bu the first are 0. If
AM=0and =1, then uw= v+ p and z = wv. For any v, as w ranges
over W, so does z. This gives the values for M, (v + p, z). If A’ = p and
T= 0y, we have u = v+ p + wp and z = wo,v. Taking v = 1, o, and
o, give the remaining matrices.

We now consider M, (u, z) for k > 0.

PROPOSITION 4.2.  With the above notation, for k > 0 we have

1 0 0

M,(2p.0) < [0 0 0

0 0 O

0 0 O

M,(2p,0000) |1 0 0
0 0 O

0 0 O

M,(2p,0,00) © (0 0 0
1 0 0

1 0 O

M,((0,3),0,0,) < |0 0 0
0 1 0

0 0 O

M, ((0,3),005) < [0 1 0
0 0 0

0 1 0

M, ((0,3),50) < |0 0 0
1 0 0

0 0 0

M, ((0,3),0) < [1 0 0
0 0 O

1 0 0

M,((3,0),010,) © |0 0 1
0 0 O
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Mak((3,0), o,0) ©

M, ((3,0), 0y) ©

Mak((3, 0),0,) <

Mak( P 0-10-2) <«

M, (p,o01) ©

Mak( P, UO) <

Mak( P, 0-1) <

Mak( p, 0-2) <«

M,(p,1) &

Mak(O, 1) &

e T e R S S S S T T e T S e S S e e e G S S = T T W e W e R e T S e M e W e Wi
O = O oo O OO O -0 O O = O o O O SO = OO O o O O o O O
-0 O o O O SO = O oo O -0 O SO = o O O OO O OO = _o O

M,(u,2) is O for all other non-zero p € X", z € W. There are also
non-zero M, (0,w) for other w € W, whose values we omit.

Proof. 1f M, (u, z) is non-zero then
pw=y (X +w\)
and z =y~ 'wro for some w € W, where A" = p and either A’ =0, 7= 1

or A’ = p, 7= 0,. We then get an entry in the column corresponding to y
and row corresponding to v.
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If A'=0,7r=1,then y =1, u = p, and z = wo. For any v, we get all
z € W as w ranges over W. This gives an entry of 1 in the first column of
M, (p, z) for each z € W.

If ' =p, 7= 0, then u =y '(p+ wp) and z =y~ 'wa,v. The follow-
ing table gives the possibilities (blank entries signify the same value as in
the previous row);

w p+ wp y 73 v z
1 2p 1 2p 1 0y
aq 710,
) 0,0,
oy 0,3) 1 0,3) 1 0,0,
oy P
) Ty
o 0,3) 1 oy
aq 710,
) 0,0,
o, 3,0) 1 3,0) 1 010,
41 Ty
) T
o, 3,0) 1 oy
aq 710,
) 0,0,
g0, (-1,2) o) p 1 010,
gy Ty
) T
0,04 2,-1 o, p 1 0,0,
aq 03
) 0]
ay 0 ! 0 v 1

In the last row, y can be any element of W, but we only choose to give
the one that is the same as v ™!, so that z is always the identity.

Putting together all of the above gives the values for M, (u, z) stated in
the proposition.

From the computations in the proof of 4.2, we see that there is a
non-zero entry in M, (, z;) only in a row corresponding to 1, oy, o,
except when ( u,, z,.) = (0, 1). Since not all components can be of this type,
we are indeed justified in ignoring all rows except those corresponding to
these three elements.

PropoOSITION 4.3.  If 7 # 1, then
1 0 0

M,o |0 0 1
0 1 0
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Proof. We have 1" = 1. If (r, 5) € X,

o (r,s) = ’770'17771(7',5‘) = mo(s,r) = w(—s,r +5)

(r+s,—s5) =o0y(r,s),

S0 0" = 0,
M 3 (—
Similarly 0" = 0.

We now have by 3.6

THEOREM 4.4. With notation as above, the multiplicity of
X oy 2oL 5l py— s 2,1 D in @, is equal to

n—2
Tr(klj[(]Mak( Mo 5 Zk)M'n'Mag( I"Lnlznl))’

where the M, are given in 4.1 and 4.2 and

1 0 0
=(o 0 1 if 7 1,

0 1 0

while M = identity matrix if = 1.

Remark 1. When a Deligne—Lusztig character has a p-adic coding with
component w, = (0,3) or (3,0), it will have more than one such coding.
This corresponds to the fact that there is a choice of y = 1 or o, (resp.
y =1 or o,) in the proof of 4.2, in these cases. Thus when making an
inventory of the characters appearing in &,, we must take this into
account. We can choose a component of type [(0,3), o, a,] or [(0,3), o],
but not both; of type [(0,3), o,] or [(0,3), o,0,], but not both; of type
[(3,0), o,0,] or [(3,0), 7,1, but not both; of type [(3,0), o] or [(3,0), o, 7],
but not both.

Similarly, we get multiple representations of a Deligne—Lusztig charac-
ter with a component of type [0,w]. As noted above, we will always
represent such a character with a component of [0, 1].

Remark 2. 1t is not hard to see that 4.3 holds, not only for v € ép, but
for any v deep enough in the interior of any W 2, p alcove contained in the
bottom W, ,-alcove of X,. In the definition of the decomposition of
Ay = Ay + 70 X, we can relax the requirement that X € C and allow it to
be in any particular W, , alcove contained in the bottom W, -alcove, and
all the computations above will be valid.

Similar computations apply to » in the upper W, ,-alcove.
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THEOREM 4.5.  Suppose v is in_the top W, ,-alcove of X,, and deep
enough in the interior of a W, ,-alcove. Then the multiplicity of
XA o> 2oL 5Ly 1, 2, 1D in @, considered as a character of G(p™),, is
Tr(T1RZ5 M, (e, 2OM M, (1,2, 1)), where M, (y, z,) are as in
41 and 4.2 for 1 <k <n — 1, while

1 0 0
M, (mo»2) = |1 0 0
1 0 0

if wy= v+ p and z is any element of W, and is 0 otherwise.

5. CARTAN INVARIANTS

We will show that our methods can also be used to calculate Cartan
invariants. To do so we need to assume that we have resolved any
ambiguities due to the fact that p-adic codings of Deligne—Lusztig charac-
ters may not be unique. We shall assume that we have a complete listing of
all the irreducible ordinary characters occurring in a projective indecom-
posable character ®, and each such character is represented exactly once
in the p-adic coding.

We now assume that we have 2 projective indecomposable characters
®, and ®,, and that for each k we have a subset ., of X* X W such that
{xWros 2oL - L 15 2 Dl g 2] €3 gives a complete simultane-
ous listing, without repetition, of the Deligne—Lusztig characters appearing
in both ®, and ®,. With the assumptions on ®, and @, in Section 3, the
multiplicity of the character X([ tos Zols sl 1z,—1D in @, for i = 1,2,
can be written as Tr(]_[k o Mo, i L, 2IOM M, (g5 2,-1)), where
®, = St,[1xa; k(/\)s(/\)F’ Write M, (p,z) = M, (,u, z) for k =0,.
n—ZandMn (p,z2)=M_M, (,u,z)

Let ¢(®,, D,) be the Cartan invariant corresponding to @, and ®,, i.e.,
the number of times the irreducible kG(p")_ character correspondlng to
®, occurs in ®,. We have the following formula for ¢(®,, ,):

THEOREM 5.1. With the above notation, c(®,, ®,) =
Tr(T17Z) Lopnes My (1, 2) @ My (p, 2)).

Proof. The Cartan invariant is equal to the inner product (®,, ®,), so
it is given by the sum of products of decomposition numbers. We have

¢, = Z Tr(l_l k(Mk’Zk))
(s 20)s -+ (15241
(i 2 ES

X x([ o> zols 3l sy —1> 2,1 ])-
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Thus
(P, d,) = )y Tr(]._.[Ml,k( Mkazk))
(MO;Z(]);"';(I“Lnfl’znfl) k
(I-"/ozk)e'%c

X Tr( 1:[M2,k( M5 Zk))

=Tr([[ X M, (p,z)|Tr I[1 X M, (p,z)
k (u,2) (u,2z)
€% S

= Tr( IT X M (w2 oM, (u, z)) as required.
k (u,2)e%,

We apply this result to compute the generic Cartan invariants c¢(®,, ®,)
for v € X, for SL;(p") and SU,(p™).

THEOREM 5.2.  Suppose v is in the bottom alcove of SL,(p) and suffi-
ciently deep in the interior of a W, ,-alcove. Then the Cartan invariant
c(®, ,,®, ) of SLy(p") or SUs(p") is equal to the coefficient of x" in the

series expansion of 12x(1 — 4x) /(48x? — 18x + 1).
Proof. By 4.1, the matrices

1 0 0 1 0 0 0 0 O 0 0 0
1 0 O0f, |0 O Of, |1 0 0], and 0 0 0f,

1 0 0 0 0 O 0 0 O

—_
)
o

each occur as M, (u, z) for 6 pairs (u, z). Thus

12
6
6
6
Y M (mz2)@M,(pnz) =12 ;
(n, )€, _, 6
6
6
12



DECOMPOSITION AND CHEVALLEY GROUPS 605

where omitted entries in the 9 X 9 matrix are 0. Call this matrix M. By
4.2, the following 12 matrices occur as Mak( w,z)forl <k<n-—1:

1 0 0 1 0 0 1 0 0 1 0 0
1 0 0f, 1 0 1, 1 0 0}, 1 1 0f,
1 0 0 1 0 0 1 1 0 1 0 1
1 1 0 1 0 1 1 0 0 1 0 0
1 0 0], 1 0 0], 0 1 0f, 0 0 0,
1 0 0 1 0 0 0 0 1 0 1 0
1 0 0 1 0 0 0 0 O 0 0 O
0 0 1/, 0 0 0f, 1 0 0}, 0 0 O0f.
0 0 O 0 0 O 0 0 O 1 0 0

The first 10 occur once each while the last 2 each occur for two
M(p, z). As explained before, when w = (0,3) or (3,0) we must make a
choice for z. Here we are choosing the pairs [(0,3), o, 0], [(0,3), 0,1,
[(3,0), oy0,], [(3,0), 0,1, and omitting [(0, 3), o,], [(0,3), oy, ], [(3,0), 7y ],
and [(3,0), o, oy 1.

We also take [0, 1] but omit [0,w] for w # 1. This gives for 1 <k <
n—1,

Y M, (w,z)®M,(p,z)=
(u, )€,

AN N O
e e e N S N
—_ = = =N N
N R NP RN ==
SO OO NVNODOO -
SOOI OD OO OO
—_ N RN e
SN ODOoODOoODOoDOoO OO
NOODODNNDOO O =

Call this matrix M®,
First consider the case when = is the identity. By 5.1, ¢(®, ,,®, ) =
Te(MP(M®)"~1). A computation using Mathematica shows that this
trace is equal to (2/1D[(33 + 5V33)a” "' + (33 — 5/33)B" '] where «
=9+ 33 and B =9 — V33 (see the Appendix). An elementary compu-
tation gives the generating function stated in the theorem.
Now consider the case of SU;(p"). Then
c(P

v,n?’

®, ) = Tr(M(gz)(M@))”’ZM,?)M@)),

where M® denotes M, ® M. Let S be the set of 12 matrices given
above as occurring as M, (u, z), and let S, be the set of four matrices
occurring as M, ( u, z). First note that multiplication of the elements of §
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on the left by M_ gives the same set of matrices as multiplying S on the
right by M_. Next note that multiplying on the left by M, permutes S,,.

Thus we get c(®d, W) = Tr(M(z)(M(z))”’zM(z)M @) =

Tr(M(z)(M(z))”f lM(2)) = Tr(M(Z)M(Z)(M(Z))n* h = Tr(M(z)(M(z))” b,
Thus the Cartan invariant is the same as for SL,(p™).

THEOREM 5.3.  Suppose that v is in the top W, ,-alcove of SL;(p) and
sujﬁczently deep in the interior of a W palcove. The Cartan invariant
c(®, ,,, ) of SLy(p") or SU; (p”) is equal to the coefficient of x" in the

series expanszon of 6x(1 — 2x)/(48x% — 18x + 1).

( 10 o)

1 0 0

1 0 0

occurs 6 times as M, (u, z). Thus X, ,)c o, M, (p,2) ® M, (p, 2) is the
9 X 9 matrix with entries of 6 in the first column, and all other entries 0. A
similar Mathematica computation as in 5.2 gives the trace equal to
1133 + 7V33)a”" ! + (33 — 7V/33)B"~']. This gives the result.

Proof. The matrix

6. CONCLUSION

It is possible to get much more information about the decomposition
numbers using the description we have given. In particular, we can give a
formula for the number of times a given integer k occurs as a decomposi-
tion number for a projective indecomposable ®. We will give the details
elsewhere.

APPENDIX

We give here the Mathematica calculation for Tr(Méz)(M @)r=1) cited
above. It is equal to X7_, b;A/(uw/), ; where (by,...,by)" is the first
column of M{®;v, is the lth elgenvector of M®, written as a column
vector; A, is the ith eigenvalue of M?; and [w,,...,w,] is the inverse of
the matrix [v, ..., vyl

rl =={10,1,1,1,1,0,1,0, 1}
r2 = 1{6,2,2,1,0,0,1,0,0}

r3 = {6,2,2,1,0,0,1,0,0}
=1{6,1,1,2,0,0,2,0,0}
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r5:=1{81,1,1,2,0,1,0,2}
6 =1{6,1,1,1,0,2,1,0, 0}
7 =13

8 =1{6,1,1,1,0,0,1,2,0}

9 = {8,1 1 1,2,0,1,0,2}

m = {rl, r2, r3,14,15,16,17,18, 19}

¢ := Eigenvectors[m]

d := Inverse[Transposelc]]

b :={12,6,6,6,12,6,6,6,12} .

Simplify[Sum[b[[j]] = (Eigenvalues[mDI[[i])) n)
((Transpose[{c[[i]}1{d[[]IDI[1, jID, {i, 1, 9}, {j, 1, 9}]]

607

3 3
6(9 — V33)" — 10\/5(9—\/@)"+6(9+ V33)" + 10\/H(9+\/§)"
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