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Abstract

Let G be a simple algebraic group over C, or ]Fp wherep is good. Sepy = Lie G. Givenr e N
and a faithful (restricted) representationg — gl(V), one can define a variety of nilpotent elements
N p(g) = {x € g: p(x)" =0}. In this paper we determine this variety whens an irreducible
representation of minimal dimension or the adjoint representation.

0 2004 Elsevier Inc. All rights reserved.

1. Introduction

1.1. LetG be asimple algebraic group scheme defined Byeandg = Lie G with pth
power map| p]. Early work in the 1980s, by Jantzen [8], Friedlander and Parshall [4,5],
and subsequent results by Suslin, Friedlander and Bendel [17,18] can be used to show
that the spectrum of the cohomology ring for the first Frobenius kerdétiH k) can
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Chastkofsky, Bobbe Cooper, G. Michael Guy, Jo Jang Hyun, Jerome Jungster, Graham Matthews, Nadia Mazza,
Daniel K. Nakano, and Kenyon Platt (fmore information, see Section 6).
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be identified with the restricted nullcon¥i(g) := {x € g: x[?! = 0}. In concrete terms,
this algebraic variety can be identified wihset of matrices where each matrix in the set
when multiplied by itselfp times is zero. Even though the algebraic varigfy(g) plays
a crucial role in the cohomology theory foestricted Lie algebras, only recently has a
concrete description of this variety been given via orbit closures. Carlson, Lin, Nakano and
Parshall [1] have computed the restricted nullcone in the case when the underlying field
has good characteristic. The description of the restricted nulldérig) is given as the
closure of a certain Richardson orbit. In particular, the restricted nullcone is an irreducible
variety. The underlying methods employed in [1] heavily relied on a conjecture of Jantzen
on the support variety of Weyl modules [10] which was verified by Nakano, Parshall and
Vella [15].

Now assume thaf; is a simple algebraic group over anbitrary algebraically closed
field k. Let M (g) be the set of nilpotent elementsdnThe varietyN (g) is often referred
to as the (ordinary) nullcone. The computation of the restricted nulicone motivates us to
formulate a more general problem. L&t G — GL(V) be a faithful representation df.
The derivative of¥, p: g — gl(V), is a faithful (restricted) representationgfDefine

Nip(@ ={xeg p(x)"=0}.

ThenW; ,(g) is an algebraic variety contained j¥{(g) which is invariant under the ac-
tion of G. Since there are only finitely mang-orbits onA\ (g), it is reasonable to try to
describeV,. ,(g) as the union of closures @f-orbits. We note that if the characteristic of
the field isp > 0, thenp is a restricted representation (i.e(x?)) = p(x)? for all x € g).
Consequently,

Np,p(g) =N1(Q).

The general varietie/,. ,(g) might be relevant in the future investigation of the cohomol-
ogy for the quantum groups at roots of unity and for affine Lie algebras.

Our method in approaching this problem involves extending ideas used in the work of
Nakano and Tanisaki [16] on realizing orbit closures as support varieties. In that paper the
authors show how to compute orbit closuregitV) after intersecting witly. For fields
of characteristic zero, one can then use the Jacobson—Morozov theorem, weighted Dynkin
diagrams, as well as the knowledge about the characters of irreducible representations to
calculate these vatiies. In characteristip > 0 one has to be more careful, and use tables
givenin [11,12] as a replacement for the Jacobson—Morozov theorem.

The main results in this paper are the computatio’Vpf (g) whenp is an irreducible
representation of minimal dimension or the adjoint representatignvdiien the charac-
teristic of the field is either zero or a good prime. Whgis a classical Lie algebra (i.e.,
the root system is of typd,, B;, C; or D;), the minimal dimension representation is the
standard matrix representation of the Lie algebra on column vectors. For these algebras the
results on the minimal representation and the adjoint representation are presented in Sec-
tion 3. Our results for the exceptional Lie algebras are given in Section 4. As a corollary
of our work, when the characteristic of the fieldgsone can set = p to recover all the
calculations of the restricted nullcone in [1]. It should be noted that the computations in
this paper do not make use of the verification of the Jantzen conjecture.
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2. Intersections
2.1. Notation

Let G be a simple algebraic group defined over an algebraically closedfiekt 7 be
amaximal torus o&;. The root systen® with respect to the paiiG, T) is identified with a
subset of the set of weighi&(7). Let @™ be a set of positive roots with the negative roots
being denoted by ~. The set of simple roots determined &y is A = {a1, ..., a;}. Our
convention is to use the ordering of simple roots given in [9] following Bourbaki.

Throughout this paper we will always assume thais a good prime ford or zero.

A list of good primes is provided below.

@ of type A;, all primes;

@ of type B, Ci, Dy, p = 3;

@ of type Ee, E7, F4, G2, p > 5;
@ oftypeEs, p > 7.

Let W be the Weyl groupk be the Coxeter number f@, and{w;: 1 <i < ¢} be the
fundamental dominant weights.JfC A thenletP; = L; x U; be the parabolic subgroup
determined by with Levi factorL ;. Setu; = LieU,.

Let A(g) be the variety of nilpotent elements gfwhich is often called the nullcone.
The groupG acts onN (g) via conjugation andV'(g) has finitely manyG-orbits [13].
Furthermore, the nullcone is an irreducible variety of dimension equdi to

Whenk is an algebraically closed field and the characteristic is a good prime the clas-
sification and structures of these orbits coincide with the orbit theory for complex simple
Lie algebras (see [2,3,7]). f € A thenG - uy is a closed, irreducible subvariety 6f(g)
and there exists a unique dense opgorbitin G - u;. Orbits which arise in this way are
the Richardson orbits ip.

2.2. Let G be a simple algebraic group over an algebraically closed fiel&et
g=LieG. Let¥:G — GL(V) be a faithful finite-dimensional representation®f The
derivativep = d¥ : g — gl(V) is also a faithful finite-dimensional representationgof
with N =dimV. The goal of this section is to describe the intersection of a nilpotent orbit
of gl(V) (or its closure) withg.

Since there are finitely man§ orbits on A (g), we can letS := {z1,z2,...,z:} be a
set of orbit representatives 6f on A/(g). There are two partial orderings related to orbit
closures that we need introduce. First, ifc, y € S thenx < y ifand only if G- x € G - y.
The other ordering of relevance is the dominance ordering on partitioNsd&nhoted by
<. If A is a partition of N then letO;, be the orbit inA (gl(V)) having Jordan blocks of
sizex as an orbit representative. We hag € O, ifand only if u <. Forz € S, lete(z)
be the partition ofV corresponding to the orbit containipgz) € N (gl(V)).

Forr € N, setN,(gl(V)) = {x € gl(V): x" = 0}. We note that under the identification
of g with p(g), we have

Nep(@ =g NN (gl(V)). (2.2.1)
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Now suppose thai: g — gl(V) factors ap = ¢ o, wherep : gl,,, (k) — gl(V) is a faithful
representation fagl,, (k) and: : g — gl,,, (k) is a Lie algebra monomorphism. Note that this
condition means that the action gfon V can be extended to an action gf, (k) on V.
Then it follows that under the identification gfin gl,, (k) under: one has

Noep(@) = g NN g (al, (K)). (2.2.2)

This formula will be useful when we study these nilpotent varieties for the adjoint repre-
sentations for classical Lie algebras.

2.3. We first show what happens when we intersect orbit&g((V)) with g.
Proposition. Letz € S andu be a partition ofN whereN =dimV.

(@) If u ¢ {e(z1), €(z2), ..., €(z)} thenO, Ng=0.
(b) Oc(r) ﬂgZUjelG‘Zj wherel = {j: e(z;) = €(2)}.

Proof. (a) Lety € O, N g. Theny is conjugate tor, under GL(V). Moreovery € N (g)
S0y is conjugate unde6 to somez; wherej =1,2,...,t. Hencez; is conjugate tox,
under GL(V), andr;, = x(z;). It follows thatu = €(z;) for somej, which contradicts our
hypothesis. Consequentlty,, N g =¢.

(b) The setO.(;) N g is G-stable, so

OE(Z)OQ=UG-Z1'

iel

for somel C §. But from part (a) we have seen thatit O ;) N g thene(z) = €(z;) for
somej. So this condition completely characterizes O

2.4. The problem of intersecting closures of orbits\i(gl(V)) with g is more delicate.
We need to take into account the dominance ordering and the ordering on orbitg)n
For this purpose, we introduce two indexing sets. Firsk (8 = {e(z;): j=1,2,...,t}.
Foru - N set

2(n) ={y = N: y is maximal with respect tel such thaty € €(S) andy < u}.
Furthermore, fo = N let

M(y)={j: z; is maximal with respect tes such that; € S ande(z;) <y }.

Proposition. Let 4 = N whereN =dimV and O,, be the corresponding orbit igl(V).
Then

6Mﬂg= U U G-zj.

yeR(p) jel(y)
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Proof. First observe that

OuNg= ( U Oo> ng=J@.no= (J ©:no.
odp odu odu: o€e(S)
The last equality follows by Proposition 2.3(a). Now
U (Oaﬂg)=< U Oa>ﬂg§( U @)mgz U (©,ng).
odu: oee(S) odu: oee(S) ye2(w) Y€1)
On the other hand,

U @yﬂgz( U @V>ﬂg§6Mﬂg.

y€2(1) ye2(pn)

This shows tha®, Ng =, co(,) Oy No-
Next we need to analyz8, N g wherey € ¢(S). From Proposition 2.3, we have

(T)ymg:<UOo>ﬂg: U(Ooﬂg)z U[ U G‘Zij|
oy oy oceX~ie)(o)

whereX ={o €€(S): o dy}landY(o) ={i: €(z;) =0}. Since@, N g is closed, we can
express the last union as

Ul Uca|-Uez o

ceX“ie)(o) JE(y)

3. Classical groups
3.1. Partitions

Let G be a classical group with underlying irreducible root system of typeB;, C;,
or D;. SetN =1+ 1 (respectively 2+ 1, 2, 2I) when® is of type A; (respectivelyB;, C;,
Dy). For classical groups, the nilpotent orkat® parameterized by certain partitions\of
If X = A (respectivelyB, C, D), let Px(N) be the set of partitions ¥ parameterizing
the set of nilpotent orbits fad; (respectivelyB;, C;, D;). A precise description dPx (N)
[3, Theorems 5.1.2-5.1.4] is given as follows.

Pa(N): all partitions ofN.

Pg(N): partitions of N such that even parts occur with even multiplicity.
Pc(N): partitions of N such that odd parts occur with even multiplicity.
Pp(N): partitions of N such that even parts occur with even multiplicity.
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A very even partitioiin Pp(N) is a partition ofN with only even parts. Fox € Px (N),
let O, be the corresponding nilpotent orbit withe following additional proviso in the
case of typeD. When @ is of type D, for very even partitions., there are two orbits
corresponding td.. The two orbits will be denoted b@! and O!!. Finally, for a given
X =B,C,orDif A € P4(N), letry € Px(N) denote theX-collapse ofr. The partition
given by theX-collapseiy is the unique maximal partition i?°x (N) dominated byx
[3, Lemma 6.3.3].

3.2. Minimal representation

For classical simple algebraic groups, one has a realization of these groups via matrices
which preserve certain symmetric and skew symmetric forms. One also has a standard
representation for these groups given by the action of the group on column vectors. This
irreducible representation is the minimal dimensional nontrivial representati@n fohe
standard representation induces an embeddingg— gl(V), where dimV :=N=1[1+1
(respectivelyN = 21 + 1, N = 2/, N = 2I) for type A, (respectivelyB;, C;, D;). For
0<r < N,expressV =dr+swhere0<s <r—1,andseby , = (r¢,s), and forr > N
setiy., = (N).

The following result shows that whemis the standard representation, the closed sub-
variety V. ,(g) is an irreducible variety in type4,, B;, or C;. An explicit description of
this variety is also provided below.

Theorem. Let G be a simple algebraic group of classical type amthe the minimal rep-
resentation.

(a) If @ is of typeA then\;. ,(g) = O, , -
(b) If @ is of typeX whereX is B or C then\;. ,(g) = Oy, )y -
(c) If @ is of typeD then

(i) Nio(@) =O@y,)x When(iy,,)x is not very even

(i) Npp(g)= 5{AN1)X ] 6(1){N,r)x when(iy,,)x is very even.
Proof. Seti := Ay, = (r¢,s) to be the partition withi parts of size- and one part of
sizes. Thena is maximal in the dominance ordering of partitions\ofvhich have parts of
size at most. First assume thab is type A. The varietyVN; ,(g) in this situation consists
of matrices with Jordan block sizes at mestTherefore ;. ,(g) = O,

Now assume that; has typeB, C, or D. For the sake of notation (in this proof), for

A €PA(N), let (’)f[(v) be the corresponding nilpotent orbitgi(V). Since theX-collapse
Ax is the unique maximal partition iRx (N) dominated by., we have by Proposition 2.4,

08V ng= |J Gz (3.2.1)
JE(Ax)

SinceN,. ,(g) = g NN, (gl(V))), one can use the computation in typealong with the
formula above to deduce thaf. ,(g) = (5“ as long as.x is not very even in typ®. In
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the case thaty is very even in typeD, we can conclude using the same reasoning that
M,p(g) = O)ILX U Oi; O

3.3. Adjoint representation, characteristic zero

In this subsection we determiné. ,(g) when the characteristic éfis zero anc is the
adjoint representation, using a tensor-product realization of the adjoint representation.

Theorem. Letg be a classical Lie algebra of typ€ = A, B, C, or D over an algebraically
closed fieldk of characteristid). Let p be the adjoint representation gf Let N be the di-
mension of the standard representatiogoBiven a positive integef, seta = | (r +1) /2],
andi=2xiyq.

(@) If X = A or C, thenN, ,(g) = Oy,

(b) If X =B or D andr > 2N — 1, then\; ,(g) = O

(c) If X = B or D andr is odd withr < 2N — 3, write N — (a+ 1) =d'(a — 1) + s’ where
0<s <a—1,andlet =(a+1 (a— 17, s). Then\; ,(g) = 05, UO;, .

(d) If X =B or D andr is even withr <2N — 2, write N — (a + 1) = d'a + s’ where
0<s <a,andlet\’ = (a +1,a?,s"). Then\V,. ,(g) = @A;.

In our notation, if. is very ever(in type D) thenO,, = O}, U O}/

Proof. We first do the computation fayl(V), after extending the adjoint representation
from g to gl(V). We then apply (2.2.2) to the embeddipng~ gl(V), along with the col-
lapse argument in (3.2.1), to obtain the theorem for general clagsical

Assume first thag = gl(V) with dimV = N. Itis well known that the adjoint represen-
tation ofg is naturally isomorphic t&/ ® V* whereV* = Hom, (V, k) is the contragredient
(dual) module.

Let x € g be a nilpotent matrix, corresponding to the partitior= (u1,..., u;) = N.
Givenv € V, w € V* we have

X (v @w) :Z <}Z>xkv®xrkw. (3.3.1)

k=0

Thenx e NV, ,(g) ifand only if x" (v @ w) =0 forallve V,w € V*.

Choose a Jordan basis f@rwith respect toc, and index the basis vectors corresponding
to the largest g1 x 1) block asvo, v1 = xvo, . .., v, -1 = x*171vg wherex*1vg = 0.
The largest Jordan block afacting onv* has Jordan basis; = (~1)'v% _; ;, 0<i <
u1 — 1. Clearly (3.3.1) is 0 for alb, w if and only if it is O for v = vg, w = wg. When
v = vg, w = wg, the terms in the sum in (3.3.1) are linearly independent (or 0); thus every
term must be 0. Thus for ea&h(0 < k < r), eitherxfvg = 0 or x"“*wg = 0; equivalently,
maxk, r —k) > n1. The key termig = ug — 1, in the sense that if the condition is satisfied
for this k, then it is satisfied for all larger and smaller So the condition is reduced to
simplyr — (u1 — 1) > pa;i.e.,u1 < (r +1)/2. There is evidently a uniqgue maximal (with
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respect toQ) partition u of N satisfying this condition. Set = min(|(+ + 1)/2], N) and
n=2xina- ThenN; ,(g) = 6#- Note that the answer is the same fice s[(V) because, as
g-module,V @ V*Zk @ g.

IntypesB, C, andD, the natural representatidnof g is self-dual (becausgpreserves
a nondegenerate bilinear form &), so the adjoint representatignoccurs as a summand
of V ® V. Assumeg is of typeC (respectivelyB or D). Using the fact thag preserves a
skew-symmetric (respectively symmetric) form, and following through the identifications
of gl(V) with V ® V* and of V* with V', one finds thag corresponds t62(V), the degree
2 symmetric algebra ol (respectivelyA2(V), the degree 2 exterior algebra &1). Thus
p can be realized as the standard actiop of S2(V) (respectivelyA2(V)). Note that this
action lifts togl(V). Thus it suffices to determine the ordenilpotent elements for the
actionp of gl(V) on S2(V) (respectivelyA2(V)), and then intersect with.

Consider first the obvious representatipof gl(V) on $%(V). Letx € gl(V) be nilpo-
tent, corresponding to a partitign - N. The action ofx” on (V) is again given by
(3.3.1), where now, w € V. Let o, ..., v,,—1 again be the portion of a Jordan basis for
V corresponding to the largest blockafThenx € N, 4(gl(V)) if and only if (3.3.1) is O
whenv = w = vg. In this case, (3.3.1) becomes

L2
x" (v ® V) = Z 2 d xkv0®xr_kv0+5r,e\,en g xv0 ® x" %y, (3.3.2)
P k r/2

wheres, evenis 1 if r is even and O otherwise. The terms written are all linearly independent
(if they are nonzero), se € NV, 4(gl(V)) if and only if 41 < (r + 1)/2. This condition
characterizes a unigue maximal partitior= Ay , as before. This completes the proof in
typeC.

Assume now thad is the representation @fi(V) on A%(V). Letx = xu € gl(V) be
a nilpotent element corresponding to a partitiot+- N, and letuvo, ..., v,,—1 as above
be the portion of a Jordan basis fércorresponding to the1 x w1 block of x. Also let
wo, . . ., wyu,—1 be the portion of the Jordan basis forcorresponding to the, x w2 block
of x. Thenx € N, 4(gl(V)) if and only if

r

O=ux"-(voAwo) =) <l’;>xkv0/\xr_kw0 (3.3.3)
k=0

and

O:xr'(vo/\vl)zzc;

k=0
L5]

:kg[(;) _ (r+;_k)]xkvomr+lkuo. (3.3.4)
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The terms in (3.3.3) are linearly independent or 0, so eitheruy or r — k > uo, which
reducesto — (u1 — 1) > uo;i.e.,

w1+ pr <r+1. (3.3.5)

The terms in (3.3.4) are linearly independent or 0, and the difference of binomial coeffi-
cientsis never0,sp; <r+1-[r/2];i.e,

p1< | (r+3)/2]. (3.3.6)

Whenr is odd, there may be two maximal partitionsof N which satisfy (3.3.5) and
(3.3.6). Thefirstis\y , wherea = (r + 1)/2 as above. The second, (which only occurs
whenr < 2N —3), hasy)=(r+3)/2=a+1.WriteN —(a+ 1) =d'(a—1) ++
with0<s' <a—1.Thenu' =(@a+1, (a — 14§y =N (as in (c) of the statement of the
theorem).

Assumer is even. We will show there is a unique maximal partitiensatisfying
(3.3.5) and (3.3.6). Whetr 4+ 2)/2 > N we are forced to takee1 < N <r/2=a, and
thenu = Ay 4. Assuming(r + 2)/2 < N, we may takeu; = (r + 2)/2=a + 1. Write

— @+l =da+s With0<s <a.Thenu=(a+1,a?,s")=1\" (as in (d) of the
statement of the theorem). (Note thatz> Ay ,. For instance, when is small enough,
V= (r+2)/2,(r/2%,5) = An.a = ((r/2¢*1, s +1). The situation for larget is sim-
pler.) This completes the verification of the theorem in typeend D. O

We remark that there are instances in the previous theorem Wher@) is reducible
and has three irreducible components. Consider the Pasehere N = 8 andr = 3.
Theni = (24) and)’ = (3, 1%). Sincex is very even and. € Pp(8) we haveNs, (@) =

Ol U O U 0(3’15).

4 4

3.4. Adjoint representation, prime characteristic

We now use the tensor-product techniques of the previous subsection to determine
N, »(g) when the characteristic @fis a primep andp is the adjoint representation. The
issue that we need to deal with is that certsinomial coefficients are now zero kn First,
we need a lemma describing binomial coefficients upon reduction mgdulo

Lemma. Let p be primen e N, n € Z,, and assume™ < r < p"*1,

@) P|(pk)f0r0<k<p

(b) pT(]V() fOI’2" mr < 2n+lpm’ k=2npm.

©) pt[() = (] for2npm <r<2nipm — 2, k=2"p™m,

) pt[(}) = (,"y)] forr =2+1pm — 1 or 2¢F1p™ whenk =2"p™ + Land p # 2.

Proof. The general fact weaed is the following: ifr = ap™ + b with 0< b < p™, and
k =cp™ +d with 0 < d < p™ then (}) is congruent to(¢ )( ) modulo p. This can be
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seen by looking at the identitgx + 1) = (x?" + 1)%(x + 1)® overF, and comparing
coefficients ofck = (xP")x9.

(a) We haver =1,b=0,c=0andd =k, sop divides(Z). (b) This is a special case
of the more general statement that = cp™ < r < p"** thenp does not divid}). One
can use the fact that< a < p andd = 0. (c) To computg,” ,), note thatd = p™ — 1
andb < p™ —1s0(,",) is zero modulop. Use (b) to see tha) is nonzero modulg.

For part (d), there are two casesrl= 21 p™ — 1 then(}) is congruent to—(2"+2,1f1)

. n+1__ . .
and(,",) is congruent tc(2 +2n 1). Sincer < p™*1 it follows that 21 — 1 < p and these
binomial coefficients are nonzero moduyto Their difference is twice the first one, which

is still nonzero modulg. For the second case when= 2"*1p", (,’() is zero modulop
. n—+1
and(,”,) is congruenttq?, ) modulop. O

The theorem below gives a concrete descriptioVdf,(g) for a classical Lie algebra
over an algebraically closed field of characterigtis 0 wherep is the adjoint representa-
tion.

Theorem. Letg be a classical Lie algebra oftyp€ = A, B, C, or D over an algebraically
closed fieldk of characteristicp > 0, wherep is a good prime fog. Let p be the adjoint
representation o andstd :g <— gl (k) the standard representation.

(@) Whenl <r < p, N, ,(g) is the union of the closures of the orbits given by the same
partitions as in characteristic zero.
(b) Whenp™ <r < p"*t1, m >0,

M,p(g) = Np"’,p(g) ZNp’",Std(g) = @()LNypm)x' (3.4.1)

Proof. Let V be a vector space ovérof dimensionN. In view of Section 2, it suffices to
consider the representation@{ V) on vV ® V* for X = A, on $%(V) for X = C, and on
A?%(V) for X = B, D. (Inall but the first case, we are assumjng 2, so the identifications
of the adjoint representation in the previous subsection remain valid in character)stic
Let x € gl(V) be nilpotent, associated to the partitioi- N.

Let ¢ be the representation @f(V) on V ® V*. Then¢(x") is given by (3.3.1). As
in characteristic zero, choose a Jordan basis/farith respect tax, labelled as before.
Theng (x") =0 if and only if every term inc” - (vo ® wo) is zero. In characteristip, this
may happen becauﬁ’g) may be 0 ink. However, when X r < p this does not occur, and
the analysis is identical to that in characteristic zero, with the answer given by the same
partition(s)u.

Suppose that = p™, m > 0. All the binomial coefficients{”:) =0forO<k < p™, so

n mn n
xP" - (vo ® wo) = xP vo ® wo + vo @ x¥ wo,

which is zero if and only ifp™ > p1. Thusp = Ay . This verifies the last two equalities
in (3.4.1) (whenx = A).
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Assume thatp™ < r < p™*+1 and choose: > 0 such that 2p™ < r < 2'1p™. We
will show that;. ¢ (gl(V)) = Nau m ¢ (gl(V)). By induction onr, this will verify the first
equality in (3.4.1), and thus prove the theorem (in tyf)eSinceD is obvious, it remains
to checkC. Letx € N, 4(gl(V)) and consider the term e - (vo ® wo) with k = 2" p™
(recall (3.3.1)):

r n o m _on,m
(2" m)xz P v @ x" 2'p wo =0.
p

By the lemma, the binomial coefficient is not zero. Since 2" p™ < 2"+1pm — 21 pm —
2" p™, we must have 2p™ > p1. This provesry € Non,m ,(g), and hence the inclusion
Ny (gl(V)) C Nonpm 4(gl(V)).
ConsiderX = C and let¢ be the representation gf(V) on S2(V), with p > 2, and
with notation as in characteristic zero. Thetx") = 0 if and only if every term of (3.3.2)
is zero. When < p, the conditions are the same as in characteristic zero (because none of
the binomial coefficients are zero). Wheg= p™, (3.3.2) reduces to

1 1
xP" - (vo ® vo) = 2v0 ® X7 wo,

which is zero if and only ifp™ > p1. Thusp = Ay =, and this verifies the last two equal-
ities in (3.4.1) forX = C. A similar argument to the one given in the previous paragraph
shows that\V;. 4 (gl(V)) = Nanpm 4(gl(V)) when 2 p™ < r < min(2'1pm, pm+1 — 1.
One needs to look at the terin=r — 2" p™ in (3.3.2).

Finally, let X = B or D and let¢ be the representation gf(V) on A2(V), with p > 2.
Theng (x") = 0ifand only if (3.3.3) and (3.3.4) hold. When< p, the resulting conditions
on u are identical to the charactditszero results, which proves (a).

Whenr = p™ we get

mn 1 1 mn
P vo Awo+voAxP wo=0=x""vg A xvg+voAxP Tlug,

which is true if and only ifp™ > u1. Thusp = Ay, ,», and this verifies the last two equal-
ities in (3.4.1) forX = B or D.

Assume 2p™ < r < min(2"+1pm pm+l — 1) We wish to show thatV, 4 (gl(V)) =
Nonym (gl(V)). Since we need to focus on the higher of the powers of (3.3.4) (that
being the “factor” which must be 0), let us rewrite (3.3.4) as

r+1
x" - (voAv) = Z [(Z) — (k i 1>j| xR A x" T K. (3.4.2)

k=52

Whenr < 2#1pm — 1, the termk = 2" p” occurs in the sum, and its coefficient is non-
zero by the lemma, so we deduce thap? > u1, as desired. When= 2"+1p” — 1 or
2't1pm the termk = 2" p™ + 1 occurs, and its coefficient is nonzero, so we deduce that
N.p(@l(V)) C Nonpymi1.4(gl(V)). But we have already shown (inductively shthat the
latter set equald/>: ,m 4(gl(V)), So we are done. O



730 University of Georgia VIGRE Algebra Group / Journal of Algebra 280 (2004) 719-737

3.5. Adjoint representation, via roots and Jacobson—Morozov

In this subsection we present an alternate method to coriguség) when the char-
acteristic ofk is 0, g is classical, ang is the adjoint representation, using roots and the
Jacobson—Morozov theorem.

Embedg — gl(V), with dimV = N via the standard representation. Let gli(V)
be nilpotent. As usualy corresponds to a partitiopn = (1, ..., us) = N. Using the
Jacobson—Morozov theorem, belongs to a standarel,-triple whose semisimple ele-
menth, € s[(V) is a diagonal matrix, with diagonal block8(u1), ..., D(u;), where
D(u;) =diagpw; — 1, ni — 3, ..., —ui +3, —u; + 1) [3]. In fact, the semisimple element
of the slp-triple in g corresponding ta has aW-conjugatesz in the dominant chamber,
with diagonal entries a permutation of those:f in the following form:

diagas, ..., a1y1), ar>--->a41>0 intypeA,,
P diag0,as,...,qa;, —a1,...,—a;), ai1>--->a >0 intypeB,
k) diagay, ..., a;, —azi, ..., —a), a1>---z2aq >0 intypeCy,

diag(as, ..., qa;, —az1, ..., —ap), a1 >---=a—1>|aql intypeD;.

The weighted Dynkin diagram associatedcts obtained by applying the simple roots
to E,L [3], and thus thesl>-weights of the adjoint representation @fre obtained by ap-
plying all the roots td?u (together with! copies of the weight O coming froffy). When
these weights are organized into irreducible representatiosis,dhe dimensions of these
irreduciblesl>-modules form the partition(x) = (A1, ..., A,) F dimg corresponding to
the nilpotent elemenp (x) in the adjoint representation. In particulag, = 1 + ao(fzﬂ),
whereag is the highest root of. Write roots in terms of the standasgdbasis of*.

Intype A;, a0 = €1 — &1+1, SOao(hy) = (1 — 1) — (=1 + 1) =2u1 — 2 andr; =
2u1—1. Nowp(x)" =0« A1 <r & u1 < (r+1)/2. Thisis the same condition as the one
obtained in Section 3.3, so we get the same maximal partitionwherea = | (r +1)/2].

Next let us consider typ&;. Thenag = 2¢1, SO ao(ﬁu) = 2(u1 — 1) and again
A1 =2p1 — 1< r. As before, there is a uniqgue maximal partitipn= 1y , satisfying
this fcondition. ThusV;. ,(g) = (5,%, whereuc is theC-collapse ofu as in Section 3.1.

Assume now that is of type B; or D;. The highest root isg = ¢1 + ¢2. We have

_ 2u1—1, if po=pa,
)\1=1+ot0(hﬂ)= 2u1—2, if uo=pu1—-1, (8.5.1)
2u1—3, ifpp<pur—2;

in the first and second cases(/,,) = u2 — 1, whereas in the third case(h,,) = u1 — 3.

We now apply the computation given in (3.5.1) in conjunction with the condition that
A1 < r. Whenr is odd, there may be two possible maximal partitionsf N which satisfy
this condition (arising from the first and third cases of (3.5.1)). The fivstis. The second
(which only occurs when < 2N — 3), is theA’ defined in Theorem 3.3(c).

Whenr is even, we get a unigue maximal partitiarsatisfying (3.5.1), arising from the
second case. Whern> 2N, i = Ay 4; otherwisep = A as defined in Theorem 3.3(d).
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4. Exceptional groups

In this section we will provide tables listing the orbit closures which desckibg(g)
for exceptional groups in good characteristics. The first column consists of a list of or-
bits. The remaining columns indicate the characteristic of a field under consideration. The
column labelled “other” corresponds to those fields which have characteristic O or a good
prime which is not listed separageThe cell values provide thes for which\;. ,(g) is the
orbit closure of the orbit(s) listed in that row. For example: for tyfaewith o a minimal
representation,

Ng ,(Ee) = O(Ds(a1)) forp#7 and

Ng)p(Ee) = O(Ee(ag)) forp=7.

Here O(X) denotes the orbit corresponding to the Bala—Carter 1&abéh the tables, we
have also indicated bg) the non-Richardson orbits which arise. The even orbits can be
read off from the table in [2] and the odd Richardson orbits are listed in [6].

In order to obtain these results for exceptional groups we use the tables given in [11] on
unipotent elements along with work of [14] to make the transition to nilpotent elements.
Recall that for a faithful representatign g < gl(V), we haveN,. ,(g) = g NN, (gl(V)).

For p a minimal dimensional representation or the adjoint representation, given a nilpotent
elementv in g, one can read off the ceespondingartitioni.(x) of N :=dimV in [11]. We

can then invoke Proposition 2.4 by comparingdioeninance ordering with the ordering on
orbit closures given by the Hasse diagrams (see [2, pp. 439-445]) for exceptional groups
to expressV;. ,(g) as a union of orbit closures.

4.1. Minimal representation

We first consider the minimal dimensional irreducible representations for the excep-
tional groups. FoEg there are two irreducible representations of minimal dimension. They
are dual to one another, but sink& ,(g) = N ,+(g), wherep* is the dual representation
of p, it suffices to consider only one of them. For the minimal dimensional representations
N, »(g) is irreducible except in four cases involving orfly and E7:

TypeEs: N7,(9) = O(As+ A1) UO(Ds) for p#5,7.

TypeE7: N7,(9) = O(As+ A2) UO(Dsg) forp #7,
Ni1,(g) = O(Ds + A1) UO(Ag) for p #11,
Ni7,5(g) = O(Ee) U O(E7(az)) for p 17,13,

The tables below describ¥.. ,(g) whenp is a minimal dimensional representation and
g is an exceptional Lie algebra. The conventions are explained at the beginning of Sec-
tion 4.
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TypeEg
Orbits other p=13 p=11 p=7 p=5
1 1 1 1 1 1
Aq (%) 2 2 2 2 2
Ap 3 3 3 3 3
Ap+2A1 4 4 4 4 4
Dy(ay) 5-6 5-6 5-6 5-6
Ag+Aq 5-7
Ag+Ajq, Dy 7 7 7
Ds(aq) 8 8 8 8
Eg(a3) 9-10 9-10 9-10 7-10 9-10
Dsg 11-12 11-12 11-12  11-12
Eg(a1) 13-16 11-16  13-16 13-16
Eg 17+ 13+ 17+ 17+ 17+
TypeE7
Orbits other p=23 p=19 p=17 p=13 p=11 p=7 p=5
1 1 1 1 1 1 1 1 1
Aq (%) 2 2 2 2 2 2 2 2
Ao 3 3 3 3 3 3 3 3
Ap+3A1 4 4 4 4 4 4 4 4
Dy(ay) 5 5 5 5 5 5 5
Az+ A+ Aq 6 6 6 6 6 6 6
Ag+ A 5-6
Ag+ Ao, Dy 7 7 7 7 7 7 7
Ds(a) + Aq 8 8 8 8 8 8 8
Eg(a3) 9 9 9 9 9 9 9
E7(as) 10 10 10 10 10 10 10
Ag 7-10
D5+ A1, Ag 11 11 11 11 11 11 11
E7(as) 12 12 12 12 12 12 12
Eg(a1) 13-15 13-15 13-15  13-15 13-15 13-15
E7(a3) 16 16 16 16 11-16 16 16
Eg, E7(a3) 17 17 17 17 17 17
E7(ap) 18-21 18-21 18 13-21  18-21 18-21 18-21
E7(a1) 22-27 22 17-27  22-27  22-27 22-27 22
E7 28+ 23+ 194 28+ 28+ 28+ 28+ 23+
Type Fy
Orbits other p=13 p=7
1 1 1 1 TypeGo
A1 () 2 2 2 Orbits  other
Ao 3 3 3
= 1 1
A2: Aq (%) 4 4 4 A1 (%) 2
4(az) 5-6 5-6 5-6 Golay) 36
B3 7-8 7-8 G a
Fa(ap) 9-10 9-10 7-10
Fy(ay) 11-16 1112 11-16
Fy 17+ 13+ 17+




[
Type Eg %.
Orbits other p=53 p=47 p=43 p=41 p=37 p=31 p=29 p=23 p=19 p=17 p=13 p=11 p=7 @,
1 1-2 1-2 1-2 1-2 1-2 1-2 1-2 1-2 1-2 1-2 1-2 1-2 1-2 1-2 gh
2A7 (%) 3 3 3 3 3 3 3 3 3 3 3 3 3 3 o)
441 (%) 4 4 4 4 4 4 4 4 4 4 4 4 4 4 8
245 5 5 5 5 5 5 5 5 5 5 5 5 5 5 %
2A5 +2A1 (%) 6 6 6 6 6 6 6 6 6 6 6 6 6 6 <
Da(ay) + Az 7 7 7 7 7 7 7 7 7 7 7 7 7 @
2A3 (%) 8 8 8 8 8 8 8 8 8 8 8 8 8 m
Ag+Ar+Ar 9 9 9 9 9 9 9 9 9 9 9 9 9 p=
Ap+ A3z (%) 10 10 10 10 10 10 10 10 10 10 10 10 10 o
Eg(a7) 11-12 11-12 11-12 11-12 11-12 11-12 11-12 11-12 11-12 11-12 11-12 11-12 o
Ag+ A 13-14 13-14 13-14 13-14 13-14 13-14 13-14 13-14 13-14 13-14 13-14 7—1?
D7(ap) 15 15 15 15 15 15 15 15 15 15 15 5
A7 (%) 16 16 16 16 16 16 16 16 16 16 16 =
Eg(bg) 17-18 17-18 17-18 17-18 17-18 17-18 17-18 17-18 17-18 17-18 15-18
Eg(ag) 19-22 19-22 19-22 19-22 19-22 19-22  19-22 19-22 19-22 11-22 19—2§
D7 (%) 22 S
Eg(as) 23-26 23-26 23-26 2326 2326 23-26 23-26  23-26 13-26 23-265
Eg(byg) 27-28 27-28 27-28 27-28 27-28 27-28 27-28 27-28 23-28 27128
Eg(as) 29-34 2934 29-34 29-34 29-34 29-34 29-30 17-34  27-34 29-34 29-3%
Eg(a3z) 35-38 35-38 35-38 35-38 35-38 35-36 19-38 35-38 35-38 35-38v
Eg(ap) 39-46 39-46 39-46 3942  39-40 23-46 35-46 39-46 39-46 394
Eg(ay) 47-58 47-53 29-58 47-58 39-58 47-58 47-58 47-58 47-48
Eg 59+ 53+ 47+ 43+ 41+ 37+ 31+ 59+ 594+ 59+ 59+ 594+ 594+ 49+

€/ 1£/-6T. (¥002) DaPe
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4.2. Adjoint representation

We first remark that the adjoint representationfigrcoincides with the minimal dimen-
sional (nontrivial) irreducible representation. Wheis the adjoint representatiai;. ,(g)
is irreducible for exceptional Lie algebrasat but 2 cases. Again these cases occutgn

andEy.

Type Es: ./\/5,p(g) =0(2A2) UO(A2 +2A1) for p #£5.
TypeE7: N5’p(g) =0(A2+3A1) UO(2A5) for p#£5.

The tables below describ¥;. ,(g) for g an exceptional Lie algebra andthe adjoint rep-
resentation. FoEg, the reader is referred back to the previous section for the table.

TypeEg
Orbits other p=19 p=17 p=13 p=11 p=7 p=5
1 1-2 1-2 1-2 1-2 1-2 1-2 1-2
2A1 3 3 3 3 3 3 3
341 (%) 4 4 4 4 4 4 4
245, Ap+2A1 5 5 5 5 5 5
2A2 + A1 (%) 6 6 6 6 6 6
Dy(ag) 7-8 7-8 7-8 7-8 7-8
Ag+Aq 9-10 9-10 9-10 9-10 9-10 5-10
Eg(a3) 11-14 11-14 11-14 11-12 7-14  11-14
Ds 15-16  15-16 15-16 15-16
Eg(a1) 17-22  17-18 11-22 1522 17-22
Eg 23+ 194 17+ 13+ 23+ 23+ 23+
TypeE7
Orbits other p=23 p=19 p=17 p=13 p=11 p=7 p=5
1 1-2 1-2 1-2 1-2 1-2 1-2 1-2 1-2
(3A1)” 3 3 3 3 3 3 3 3
4A1 (%) 4 4 4 4 4 4 4 4
Ay +3A1, 245 5 5 5 5 5 5 5
2A2 + A1 (%) 6 6 6 6 6 6 6
Az+ A+ Aq 7-8 7-8 7-8 7-8 7-8 7-8
Ag+ A 9-10 9-10 9-10 9-10 9-10 9-10 5-10
E7(as) 11-12 11-12 11-12 11-12 11-12 11-14
Ag 13-14 13-14 13-14 13-14 7-14
E7(as) 15-16  15-16 15-16 15-16 15-16
Eg(a1) 17-18  17-18 17-18 15-18 17-18
E7(a3) 19 19 11-22  19-22 19-22
E7(ap) 20-25 20-22 13-26 23-26 23-24
E7(a1) 26-27 17-34 27-34  23-34 27-34

E7 28-35 23- 19+ 35+ 35+ 35+ 35+ 25+
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Type Fy
Orbits other p=19 p=17 p=13 p=11 p=7 p=5
1 1-2 1-2 1-2 1-2 1-2 1-2 1-2
A1 (%) 3 3 3 3 3 3 3
A1+ A7 (%) 4 4 4 4 4 4 4
Ap+ A7 (%) 5 5 5 5 5 5
Ap+ A1 (%) 6 6 6 6 6 6
Fa(az) 7-10  7-10 7-10 7-10 7-10 5-10
Faag) 11-14  11-14  11-14  11-12 7-14  11-14
Fa(ay) 1522 15-18 15-16 11-22  15-22 15-22
Fy 23+ 194 17+ 13+ 23+ 23+ 23+
TypeGo
Orbits  other p=7
1 1-2 12
Aq (%) 3 3
A1(x) 4 4
Go(ay) 5-10 5-6
Go 114 7+
5. Applications

5.1. Let G be a simple algebraic group scheme okewhere the characteristic @f
is p > 0. The maximal ideal spectrum of the cohomology ringf ¢61, k) can be iden-
tified with the restricted nullcon&/1(g). The following results give a precise description
of M1(g) in terms of closures of orbits. For the classical groups, one can use the parti-
tion labelling in order to describe the restricted nullcone closures as the closure of certain
Richardson orbits. Givel > 0, expressV =dp + s where 0< s < p — 1 and recall that
An,p = (p?,s) F N. The first result is an immediate consequence of Theorem 3.2.

Theorem. Let G be a simple classical algebraic group ovemwherechark = p > 0 is
good.

(a) If @ is of typeA; thenNi(g) = 0, -
(b) If @ is of typeB; thenN1(g) = Oy, 1 ,)5-
(c) If @ is of typeC; thenN1(g) = Oy ). -
(d) If @ is of typeD; thenN1(g) = Oy ) p-

5.2. The following theorem provides a description of the restricted nullcone for excep-
tional Lie algebras. These results are easily deduced by setting and using the tables
in Sections 4.1 or 4.2.
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Theorem. Let G be an exceptional algebraic group wighgood. Then

(@) If @ is of typeEe thenN1(g) = O(X) whereX = Eg (p > 13), Eg(a1) (p = 11),
Es(az) (p=7), Aa+ A1 (p=5).

(b) If @ is of typeE7 thenN1(g) = O(X) whereX = E7 (p > 19), E7(a1) (p = 17),
E7(a2) (p=13), E7(a3) (p=11), Ae (p=7), Aa+ A2 (p =5).

(c) If @ is of typeEsg then N1(g) = O(X) whereX = Eg (p > 31), Es(a1) (p = 29),
Eg(az) (p = 23), Eg(az) (p = 19), Eg(as) (p = 17), Eg(as) (p = 13), Es(ae)
(p=11) Ae+ A1 (p=T7).

(d) If @ is of typeF4 thenNi(g) = O(X) where X = F4 (p > 13), Fa(ay) (p = 11),
Fa(az) (p=T7), Fa(az) (p =5).

(e) If @ is of typeG, thenN1(g) = O(X) whereX = G2 (p > 7), G2(a1) (p =5).
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