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1. Introduction

1.1. Let G be a simple algebraic group over an algebraically closed fieldk of char-
acteristicp > 0 and letg be the (restricted) Lie algebra ofG with pth power map[p].
The maximal ideal spectrum of the cohomology ring of the restricted enveloping al
Maxspec(H2•(u(g), k)) can be identified with the varietyN1(g) = {x ∈ g: x[p] = 0}. When
the characteristic of the field is a good prime, this variety was first described as the c
of a certain Richardson orbit by Carlson, Lin, Nakano and Parshall [4]. Their method
the techniques developed by Nakano, Parshall and Vella [23] which involved the ve
tion of a conjecture of Jantzen on the support varieties of Weyl modules. More recen
[30] the authors investigated a more general question. Letρ be a finite-dimensional rep
resentation ofg which is realized as the derivative of a representation ofG. For r � 0,
set

Nr,ρ(g) = {
x ∈N (g): ρ(x)r = 0

}
,

whereN (g) is the variety of nilpotent elements ofg. The varietyNr,ρ(g) is aG-invariant
subvariety ofN (g). Since there are finitely manyG-orbits onN (g), one can ask, how ca

1 The members of the UGA VIGRE Algebra Group are David J. Benson, Philip Bergonio, Brian D.
Leonard Chastkofsky, Bobbe Cooper, G. Michael Guy, Jeremiah Hower, Markus Hunziker, Jo Jang
Jonathan Kujawa, Graham Matthews, Nadia Mazza, Daniel K. Nakano (nakano@math.uga.edu), Keny
and Caroline Wright.
0021-8693/$ – see front matter 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2004.12.023
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this variety can be expressed as a finite union of orbit closures. The authors dete
Nr,ρ(g) whenρ is either a minimal dimensional irreducible representation or the ad
representation ofg and the characteristic of the fieldk is a good prime relative to th
underlying root system ofg. The methods used did not involve the machinery in [23]
one can easily recover all the calculations in [4] by settingr = p.

One of the main objectives of this paper is to determine the restricted nullconeN1(g)

over fields of bad characteristic. SinceN1(g) ∼= Maxspec(H2•(u(g), k)), the determination
of N1(g) for bad primes is a key step in the study of support varieties for restricte
algebras. We have recently used our determination ofN1(g) to calculate support varietie
of Weyl modules over fields of bad characteristic [31]. Our results should also be u
in the investigation of support varieties of nonrestricted representations forg (see [10,
Theorem 4.2]).

We will invoke the general strategy that was established in [30] by providing des
tions of the varieties of both unipotent and nilpotent elements of orderr in g when the
characteristic of the underlying field is a bad prime. Letρ be a finite-dimensional repre
sentation ofG and letU(G) be the variety of unipotent elements inG. One can define
subvarietyUr,ρ(G) of U(G), which is analogous toNr,ρ(g), by letting

Ur,ρ(G) = {
x ∈ U(G):

(
ρ(x) − 1

)r = 0
}
.

An analog of the restricted nullcone for the unipotent variety would beU1(G) = {x ∈
U(G): xp = 1}. We will refer to this as therestricted unipotent variety. Since there are
finitely many unipotent classes it is also reasonable to try to describeUr,ρ(G) as a finite
union of closures of such classes.

For good primes, there exists aG-equivariant isomorphism betweenU(G) andN (g).
McNinch [19] has shown that, under mild hypotheses onG, the Bardsley–Richardso
isomorphism restricts to give aG-equivariant isomorphism betweenU1(G) andN1(g).
In particular, there are bijective correspondences between nilpotent orbits inN (g) (re-
spectivelyN1(g)) and unipotent classes inU(G) (respectivelyU1(G)) over fields of good
characteristic.

From our computations ofNr,ρ(g) andUr,ρ(G), we setr = p to obtain concrete de
scriptions of the restricted nullconeN1(g) and the restricted unipotent varietyU1(G) for
bad primes. Our results in conjunction with work in [4] demonstrate that these varieti
indeed irreducible for all primes, thus answering an old question posed by Friedland
Parshall [9, (3.4)].

Furthermore, in this process, we establish a remarkable fact: there is an order p
ing bijection between the nilpotent orbits inN1(g) and unipotent classes inU1(G) for all
primes. This is quite surprising because for bad primes the total number of nilpotent
in N (g) and unipotent classes inU(G) are often different (see [5, §5.11]). Computatio
methods were essential for obtaining these results.

The paper is organized as follows. After the notation for the paper is introduce
look atNr,ρ(g) andUr,ρ(G) whereρ is the standard representation for classical sim
groupsG in Section 2. The results in this section will use early work of Großer [
Hesselink [12] and Spaltenstein [25,26] who determined the nilpotent orbits and uni
classes and their closure orderings in this setting. In Section 3, we determineUr,ρ(G)
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whereρ is the minimal or adjoint representation andNr,ad(g) for the exceptional groupsG.
The computations forUr,ρ(G) use the tables in [16,17] which list the Jordan block s
on the images underρ of unipotent classes. For the computations ofNr,ad(g), we first
need explicit orbit representatives forN (g). A complete set of representatives was
available in the current literature so we constructed representatives by hand and v
them by using computer calculations. We have made our complete set of nilpoten
representatives available in Section 5. Once these representatives were determi
wrote a program in MAGMA [1,2] to determine Jordan block sizes. This data is g
in Section 6 and complements Lawther’s previous calculations. Using the informat
Sections 2 and 3, explicit descriptions ofN1(g) andU1(G) are given in Section 4 whe
p is bad. For exceptional groups, the orbit closure relations in these varieties are g
Section 7.

1.2. Notation

Let G be a simple algebraic group defined overk (see [5, 1.11]). We will not distinguis
G in terms of its isogeny class in this paper because this will not have any bearing
discussion of nilpotent orbits and unipotent classes. LetT be a maximal torus ofG. The
root system associated to the pair(G,T ) is denoted byΦ and identified with a subset o
the set of weightsX(T ). Let Φ+ be the corresponding set of positive roots andΦ− be the
set of negative roots. The set of simple roots determined byΦ+ is ∆ = {α1, . . . , α�}. The
Weyl group corresponding toΦ is W . We will use throughout this paper the ordering
simple roots given in [14] following Bourbaki.

In this paper we will always assume thatp is a bad prime forΦ. A list of bad primes is
provided below.

• Φ of typeAl , no primes;
• Φ of typeBl , Cl , Dl , p = 2;
• Φ of typeE6, E7, F4, G2, p = 2,3;
• Φ of typeE8, p = 2,3,5.

Setg = LieG. LetN (g) be the variety of nilpotent elements ofg, which is often called
the nullcone. The groupG acts onN (g) via the adjoint action andN (g) has finitely many
G-orbits. The nullcone is an irreducible variety of dimension equal to|Φ|. The unipotent
variety inG is denoted byU(G). Whenk is an algebraically closed field and the char
teristic is a good prime the classification and structures of these orbits coincide w
orbit theory for complex simple Lie algebras (see [5,6,15]). If the characteristic of the
is bad then the number of unipotent classes inU(G) and nilpotent orbits inN (g) need not
coincide. The unipotent classes were determined in [12,21,22,24–26,29] and the ni
orbits were determined in [12,13,26–28]. The definitions ofNr,ρ(g), N1(g), Ur,ρ(G), and
U1(G) were provided in Section 1.1.

We should remark that one can identifyN1(g) = Np,ρ(g) (respectivelyU1(G) =
Up,ρ(G)) if the representation satisfies the conditionN (g) ∩ kerρ = {0} (respectively
U(G)∩ kerρ = {1}). These conditions will hold for the representations that we are co
ering in the paper.
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2. Classical groups and Lie algebras

In this section we consider nilpotent and unipotent orbits forG = Sp(N) orO(N) where
chark = 2, which is the only bad prime for typesB, C and D. The groupO(N) is a
disconnected algebraic group whenN is even. The connected component of the iden
in O(N) is denotedSO(N). (This is the convention of Hesselink [12] and Spaltens
[26], researchers in nilpotent orbits in characteristic two. We have chosen to maintai
notation, rather than the (perhaps more standard) notationΩ(N) preferred by researche
in finite groups.) Note that this definition ofSO(N) differs from the conventional definitio
as the set of orthogonal matrices of determinant one.

2.1. Nilpotent orbit closures

The nilpotent orbits ing have been classified by Hesselink [12]. They are paramet
by pairs consisting of a partitionµ of N and anindex functionχ : I → Z, whereI is the
set of (nonzero) parts ofµ. The partition gives, as usual, the sizes of the Jordan block
any representative of the orbit. The fact that extra data (the index function) is nee
specify an orbit means that, in contrast to the situation in good characteristic (asid
the very even case for typeD), two nilpotent elements ofg having the same Jordan for
need not be in the sameG-orbit.

There is a one-to-one correspondence between nilpotent orbits and pairsµ, χ satisfying
the following conditions. Writen(m) for the multiplicity ofm ∈ I as a part inµ.

(2.1.1) (1) Form > l in I , χ(m) � χ(l) andm − χ(m) � l − χ(l).
(2) ForG = Sp(N) andm ∈ I :

(a) 0� χ(m) � m/2;
(b) χ(m) = m/2 if n(m) is odd.

(3) ForG = O(N) andm ∈ I :
(a) m/2 � χ(m) � m;
(b) χ(m) = m if n(m) is odd;
(c) {m ∈ I : n(m) is odd} = {i, i − 1} ∩ N for somei ∈ Z.

If I = {m1 > m2 > · · ·}, Hesselink displays the pairµ, χ as asymbol

µχ = (
m1

n(m1)
χ(m1)

,m2
n(m2)
χ(m2)

, . . .
)
.

The inclusion relations between nilpotent orbit closures (theHasse diagram) have been
worked out by Großer [11] forSp(N), and by Spaltenstein [26] forO(N), who presents
these orderings in a unified way, as follows.

If µ is any finite sequence, set|µ| = ∑
i µi . If µ, λ are sequences with|µ| = |λ|, extend

with zeros if necessary so they have the same length, and writeµ � λ if
∑

j�i µj �∑
j�i λj for all i (a partial order extending the usual dominance order on partition

now µ is a partition ofN (written as usual with parts nonincreasing), letµ∗ be the dual
partition ofN , with partsµ∗

i = #{j : µj � i}. LetP be the set of pairs(α,β) of partitions
such that|α| + |β| = n; assumeα andβ have the same length (by extending with zeros
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necessary). For(α,β) ∈ P , let α
∫

β = (α1, β1, α2, β2, . . .). For (α,β), (α′, β ′) ∈ P , write
(α,β) � (α′, β ′) if α

∫
β � α′ ∫ β ′.

Let HX denote the set of Hesselink pairs(µ,χ) for typeXn (whereX ∈ {B,C,D} is
the underlying root system for the groupG). There is an injective mapτX :HX → P with
τX(µ,χ) = (α,β) defined as follows.

If X = B, there is a uniquej for whichµ∗
j is odd. Then

αi =
{

χ(µ2i ) − 1, if 2i < µ∗
j ,

χ(µ2i ), if 2i > µ∗
j ,

βi =
{

µ2i − χ(µ2i ) + 1, if 2i < µ∗
j ,

0, if 2i > µ∗
j .

SupposeX = C. DefineJ = {i: χ(µi) = µi/2}, J0 = {i: i /∈ J andµ∗
µi

is even}, J1 =
{i: i /∈ J ∪ J0}. Then

αi =
{

χ(µ2i−1), if 2i − 1∈ J ∪ J0,

µ2i−1 − χ(µ2i−1), if 2i − 1∈ J1,

βi =
{

χ(µ2i ), if 2i ∈ J ∪ J1,

µ2i − χ(µ2i ), if 2i ∈ J0.

Finally if X = D then

αi = χ(µ2i ), βi = µ2i − χ(µ2i ).

If O′ andO areG-orbits, writeO′ � O if O′ ⊆ O. Write O(µ,χ) for the nilpotent
orbit associated to the pair(µ,χ) ∈HX .

Theorem (Großer, Spaltenstein). LetG = Sp(N) or O(N) be of typeX ∈ {B,C,D}. Let
(µ′, χ ′), (µ,χ) ∈HX . ThenO(µ′, χ ′) � O(µ,χ) if and only ifτX(µ′, χ ′) � τX(µ,χ).

Remark. WhenN is even, certainO(N) orbits split into two-equidimensional orbits fo
SO(N), specifically, those having all parts and multiplicities even andχ(µi) = µi/2 for
all i [12, Proposition 5.4]. WheneverO � O′ areO(N) orbits consisting of twoSO(N)

orbits, there exists anO(N) orbit O′′ which does not split, satisfyingO � O′′ � O′ [26,
4.1]. This means that theSO(N) poset may be deduced from theO(N) poset.

2.2. The varietiesNr,min(g)

In this subsection we characterize, in terms of nilpotent orbit closures, the va
Nr,ρ(g) = {x ∈ N (g): ρ(x)r = 0}, whenρ is the minimal irreducible representation. N
tice thatρ is faithful, so it certainly satisfies the conditionN (g) ∩ kerρ = {0} mentioned
at the end of Section 1.2.

Theorem. Let G = Sp(N) or O(N) be of typeXn whereX ∈ {B,C,D}. Let g = Lie(G)

and let ρ be the minimal irreducible representation ofg. Then for r ∈ N, Nr,ρ(g) =
O(µ,χ) whereµχ is given as follows.



70 University of Georgia VIGRE Algebra Group / Journal of Algebra 292 (2005) 65–99

ts

g

(1) If X = B write n = dr + s with d, s ∈ Z and0� s < r .

µχ =
{

(r2d
r (s + 1)s+1ss), if r � n,

((n + 1)n+1nn), if r > n.

(2) If X = C write 2n = dr + s with d, s ∈ Z and0� s < r . For r � n,

µχ =
{

(rd
	r/2
ss/2), if r or d is even,

(rd−1
(r−1)/2(r − 1)(r−1)/2(s + 1)(s+1)/2), otherwise,

while for r > n,

µχ =


(rr/2(2n − r)(2n−r)/2), if r is even,

((r − 1)(r−1)/2(2n − (r − 1))(2n−(r−1))/2), if r is odd andr > n + 1,

((r − 1)2
(r−1)/2), if r is odd andr = n + 1.

(3) If X = D write n = dr + s with d, s ∈ Z and0� s < r .

µχ =
{

(r2d
r s2

s ), if r � n,

(n2
n), if r > n.

Proof. We will show in each case that ifµ′
χ ′ is a nilpotent orbit parameter with all par

less than or equal tor , then

O
(
µ′, χ ′) � O(µ,χ).

Let

µ′
χ ′ = (

a(1)
c(1)
b(1), a(2)

c(2)
b(2), . . . , a(k)

c(k)
b(k)

)
with a(1) � r and corresponding Spaltenstein pairα′ = (α′

1, . . . , α
′
l ), β

′ = (β ′
1, . . . , β

′
l ); let

α,β be the Spaltenstein pair associated toµχ .
Recall the notationα

∫
β for the (unordered) partition ofn given by(α1, β1, α2, β2, . . .).

Write α
∫
m

β for
∑m−1

i=1 (αi + βi) + αm andα
∫ m

β for
∑m

i=1(αi + βi).

TypeBn. Suppose first thatr � n. It is clear thatµχ = (r2d
r (s + 1)s+1ss) is a nilpotent

orbit symbol, withj = s +1 andµ∗
j = 2d +1 (note thats +1 �= 0). Thus, its correspondin

Spaltenstein pair is given by

αi =
{

r − 1, if i � d,
βi =

{
1, if i � d,
s, if i = d + 1, 0, if i = d + 1.
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Sincea(1) � r it is clear thatα′
1 � r − 1 and thus (sinceα is nonincreasing)α′

i � r − 1 for
all i. Also,α′

i + β ′
i � µ′

2i � r for all i. It is then apparent that

α′ ∫
m

β ′ � α
∫
m

β and α′ ∫ m
β ′ � α

∫ m
β (2.2.1)

for 1 � m � d . If s = 0 thenα
∫ d

β = n. If s �= 0 thenα
∫
d+1 β = n. We knowα′ ∫ β ′ is a

partition ofn, so we see that (2.2.1) holds for allm. It follows thatτB(µ′, χ ′) � τB(µ,χ),
which completes the proof for the caser � n.

Now assumer > n. Then ((n + 1)n+1nn) is a nilpotent orbit symbol, withµ∗
j = 1.

Consequently,α1 = n. Thus our result is immediate.

TypeDn. Again, begin with the caser � n. Observe that(r2d
r s2

s ) is a nilpotent orbit
symbol with its corresponding Spaltenstein pair given by

αi =
{

r, if i � d,

s, if i = d + 1,
βi = 0 for all i.

We haveα′
i = χ ′(µ′

2i ) � r andα′
i + β ′

i = µ′
2i � r whenever 1� i � l. Thus (2.2.1) holds

for 1� m � d . Finally,

α
∫
d+1 β = n while α′ ∫

m
β ′ � n and α′ ∫ m

β ′ � n

for all m. Consequently,τD(µ′, χ ′) � τD(µ,χ), as claimed.
The caser > n follows readily since the nilpotent orbit symbol(n2

n) hasα1 = n.

TypeCn. As before, start withr � n. One sees that each proposedµχ is indeed a nilpoten
orbit symbol. The corresponding sequencesα

∫
β are given as follows:

α
∫

β =


(

r
2, r

2, . . . , r
2, s

2

)
, if r is even,(

r−1
2 , r+1

2 , r−1
2 , . . . , r+1

2 , s
2

)
, if r is odd andd is even,(

r−1
2 , r+1

2 , r−1
2 , . . . , r−1

2 , s+1
2

)
, if r is odd andd is odd.

For each case, if some nonzeroαq or βq is less than	r/2
 then exactly one of the followin
occurs:

(1) αq = s/2 andd is even withq = (d + 2)/2;
(2) βq = s/2 andd is odd whiler is even andq = (d + 1)/2;
(3) βq = (s + 1)/2 andd , r are odd withq = (d + 1)/2.

In each caseαq (respectivelyβq ) is the last nonzero entry inα
∫

β and thusα
∫
q
β = n

(respectivelyα
∫ q

β = n). For the purposes of proving (2.2.1) we may therefore ass
that eachαi andβi which occurs as a summand on the right-hand sides of the inequa
in (2.2.1) is� 	r/2
.
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Fix t ∈ {1,2, . . . , k} and setS := ∑
j<t c(j). We will show that any partial sum o

consecutive terms inα′ ∫ β ′ involving only termsα′
i with µ′

2i−1 = a(t) andβ ′
i with µ′

2i =
a(t), and beginning withα′

(S+2)/2 if S is even (respectivelyβ ′
(S+1)/2 if S is odd), is less

than or equal to the corresponding partial sum of terms inα
∫

β. Putting together severa
such partial sums will verify (2.2.1) for allm.

If c(t) is odd then all the termsα′
i , β ′

i in the partial sum equalb(t) which is at most
	r/2
, so we get what we want. Now assumec(t) is even. First supposeS is even. Thus the
terms involved are of the formα′

i = b(t) andβ ′
i = a(t)−b(t). Thusα′

i � 	r/2
 � αi , while
α′

i + β ′
i � r = αi + βi . Since in our alternating sum we start with anα′

i this case is proved
Now supposeS is odd. Thus we getβ ′

i = b(t) andα′
i = a(t)− b(t). Thusβ ′

i � 	r/2
 � βi ,
while β ′

i + α′
i+1 � r = βi + αi+1. Since in our alternating sum we start with aβ ′

i we have
verified this case.

Finally assumer > n. Then in each caseα1 is as large as possible for orbit symbo
with parts of size at mostr , while α1 + β1 = n. This completes the proof.�
2.3. Orbit closures in the restricted nullcone

Our primary interest is in the restricted nullcone,N1(g) = {x ∈ g: x2 = 0} (since
chark = 2): in [31] we investigate support varieties of Weyl modules, which areG-
invariant subvarieties ofN1(g). For this reason, we will focus on the Hasse diagram
nilpotent orbits contained inN1(g). We give below the closure order relations betwe
these orbits, in terms of their Hesselink parameters. Although this can be deduced fr
Großer–Spaltenstein theorem above, we give an elementary, self-contained proof
may be of some independent interest.

We will constantly use the elementary fact thatf is a continuous function if and onl
if f (A) ⊂ f (A) for any subsetA of the domain off . For example, ifO is any set of
matricesx satisfyingx2 = 0, theny2 = 0 for ally ∈ O in the Zariski topology. In particular
for N1(g), it suffices to consider partitions all of whose parts are at most 2. As an
application of the fact, supposeA is an infinite subset of the fieldk (recallk is algebraically
closed sok is infinite). If f :A → B is a continuous function, thenf (t) ∈ B for all t ∈ k,
since the only closed subsets ofk are either finite or all ofk.

Theorem. Assume(2s
γ ,1N−2s

η ) and (2r
δ,1N−2r

η ) are symbols parametrizing nilpotent o
bits for G (wheres, r, γ, δ, η ∈ N ∪ {0}, and η must be 0(respectively1) if G = Sp(N)

(respectivelyO(N))). ThenO(2s
γ ,1N−2s

η ) � O(2r
δ,1N−2r

η ) if and only ifs � r andγ � δ.

Before giving the proof, we need to give more details of how the index function ar
We first treat the caseG = Sp(N). Following Hesselink, letV be anN -dimensional

vector space overk equipped with a nondegenerate bilinear formβ satisfyingβ(v, v) = 0
for all v ∈ V ; thenN must be even.G is the group of automorphisms ofV leavingβ

invariant. Fixx ∈ g with x nilpotent. For eachi ∈ N∪{0} define a quadratic formαi :V →
k by αi(v) = β(xi+1v, xiv). The index functionχ :N → Z is defined by

χ(m) = min{i � 0: αi |ker(xm) ≡ 0}. (2.3.1)
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In particular, ifx2 = 0 thenα1 ≡ 0, and

χ(2) =
{

0, if α0 ≡ 0,

1, otherwise.
(2.3.2)

We take the matrix ofβ to be

J =


1

1

. .
.

1


so thatx ∈ g ⇔ xtJ = Jx ⇔ JxtJ = x. The matrixx′ := JxtJ is obtained fromx by
transposing across the antidiagonal, sox ∈ g if and only if x is symmetric about the antid
agonal.

Proof of Theorem (Symplectic case). AssumeG = Sp(N), whereN = 2n is even. Note
thatx ∈ g has Jordan form corresponding to the partition(2r ,1N−2r ) if and only if x2 = 0
and rkx = r . We will takex to have the block form

x = x(C) =
(

0 C

0 0

)
(2.3.3)

whereC = (cij ) is n × n andC′ = C. Thenx2 = 0, and it is an easy calculation to sho
thatα0(v) = c1nv

2
2n + c2,n−1v

2
2n−1 + · · · + cn1v

2
n+1. By (2.3.2),χ(2) = 0 if and only if all

antidiagonal entries ofC are 0. IfA1, . . . ,Aq are square matrices whose dimensions s
to n, write

anti(A1, . . . ,Aq) =


0 A1

A2

. .
.

Aq 0

 . (2.3.4)

For t ∈ k put I2(t) = ( 1 t
0 1

)
.

Taking C = C(t) = anti(t,1r−1,0n−r ), then x(C(t)) corresponds to the symb
(2r

1,1N−2r
0 ) if t �= 0, and to(2r−1

1 ,1N−2(r−1)
0 ) if t = 0. Thus

O
(
2r−1

1 ,1N−2(r−1)
0

) ⊂ O
(
2r

1,1N−2r
0

)
.

Recall that the symbol(2r
0,1N−2r

0 ) only occurs whenr is even. Supposer = 2l � 2.
TakeC = C(t) = anti(I2(t), I

l−1
2 ,0n−2l ). Then rkx(C(t)) = r for all t ∈ k, andχ(2) = 0

if and only if t = 0. This shows

O
(
2r ,1N−2r

) ⊂ O
(
2r ,1N−2r

)
.
0 0 1 0
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Similarly, takingC = C(t) = anti(tI2, I
l−1
2 ,0n−2l ) gives

O
(
2r−2

0 ,1N−2(r−2)
0

) ⊂ O
(
2r

0,1N−2r
0

)
.

Finally, if β(xv, v) = 0 for all v ∈ V and all x ∈ B ⊂ MN(k), and if y ∈ B, then
β(yv, v) = 0 for all v ∈ V , by continuity. This shows thatχ(2) cannot increase on clo
sures, and completes the proof of the theorem forSp(N). �

For the orthogonal case, letV be anN -dimensional vector space overk, equipped with a
quadratic formα and a bilinear formβ satisfyingβ(v,w) = α(v+w)−α(v)−α(w) for all
v,w ∈ V . ThenO(N) is the algebraic group of automorphisms ofV leavingα invariant.
Fix x ∈ g with x nilpotent. For eachi ∈ N ∪ {0} define a quadratic formαi :V → k by
αi(v) = α(xiv). The index functionχ is defined as in (2.3.1). Whenx2 = 0, χ(2) is given
by

χ(2) =
{

1, if α1 ≡ 0,

2, otherwise.
(2.3.5)

We may takeα(v) = v1vN + v2vN−1 +· · ·, so that the matrix ofβ is J whenN is even,
and isJ0 = J − En+1,n+1 whenN = 2n + 1 is odd (Eij the matrix units). A matrixx
belongs tog if and only if β(xv, v) = 0 for all v ∈ V and trx = 0. WhenN is even the
first condition is equivalent tox being symmetric about the antidiagonal, with antidiago
elements all zero. IfN is odd, sayN = 2n + 1, thenx has the block form

x =
A 0 C

w 0 u

B 0 A′

 (2.3.6)

whereA, B, C are n × n, w and u are 1× n, andB and C are symmetric about th
antidiagonal with antidiagonal elements all zero.

Proof of Theorem (Orthogonal case). AssumeG = O(N), first with N = 2n even. Then
the symbol(2r

δ,1N−2r
1 ) only occurs whenr is even, because of condition (3)(c) in t

definition of symbols. So assumer = 2l � 2.
Takingx = x(C) as in (2.3.3), whereC = C(t) = anti(tI2, I

l−1
2 ,0n−2l ), shows

O
(
2r−2

1 ,1N−2(r−2)
1

) ⊂ O
(
2r

1,1N−2r
1

)
.

In order to getα0 �≡ 0, we must have some nonzero entries inx outside the upper-righ
n × n block. Considerx ∈ g having the form

x =
(

0 C
)

+ a(En−1,n + En+1,n+2)

0 0
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last
whereC = anti(C1, bI2) with C1 an (n − 2) × (n − 2) matrix, anda, b ∈ k. Thenx2 = 0
andα0(v) = abv2

n+2. Also rkx = 2+ rkC1 provideda or b is nonzero.

Assumer � 4 so thatl � 2. TakeC1 = anti(tI2, I
l−2
2 ,0n−2l ). With a = b = 1, and

letting t be either nonzero or 0, we obtain

O
(
2r−2

2 ,1N−2(r−2)
1

) ⊂ O
(
2r

2,1N−2r
1

)
.

Similarly, with a = 0, b = 1 we obtain

O
(
2r−2

1 ,1N−2(r−2)
1

) ⊂ O
(
2r

1,1N−2r
1

)
.

Fixing b = t = 1 and lettinga be either nonzero or 0, we obtain

O
(
2r

1,1N−2r
1

) ⊂ O
(
2r

2,1N−2r
1

)
.

Whenr = 2, the first two orbit closure inclusions of this paragraph are trivial, and the
one is obtained in the same way usingC1 = 0.

Next assumeN = 2n + 1 is odd. Letx have the block form (2.3.6), whereA = B = 0
andw = 0. Thenx2 = 0, andα0 ≡ 0 if and only ifu = 0. Let r = 2l � 2.

TakingC = anti(I l
2,0n−2l ), u = (0n−1, t) gives

O
(
2r

1,1N−2r
1

) ⊂ O
(
2r

2,1N−2r
1

)
.

TakingC = anti(tI2, I
l−1
2 ,0n−2l ), u = 0 gives

O
(
2r−2

1 ,1N−2(r−2)
1

) ⊂ O
(
2r

1,1N−2r
1

)
.

TakingC = anti(tI2, I
l−1
2 ,0n−2l ), u = (0n−1,1) gives

O
(
2r−1

2 ,1N−2(r−1)
1

) ⊂ O
(
2r

2,1N−2r
1

)
.

TakingC = anti(I l
2,0n−2l ), u = (t,0n−2,1) gives

O
(
2r

2,1N−2r
1

) ⊂ O
(
2r+1

2 ,1N−2(r+1)
1

)
.

Finally, for N either even or odd, since for fixedv ∈ V , α(xv) is a polynomial in the
entries ofx, it follows that if α(xv) = 0 for all x ∈ B ⊂ MN(k), thenα(yv) = 0 for y ∈ B.
This shows thatχ(2) cannot increase on closures, and completes the proof forO(N). �
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2.4. Unipotent orbits

In this subsection we assumeG is connected; i.e.,G = SO(N) in typeD. (Recall our
convention thatSO(N) is the identity component ofO(N).) The classification of unipoten
classes in characteristic two is provided in [7,8,12,32]. We will use the parametriz
given by Hesselink [12]. The classification is by pairs(µ,χ), analogous to the nilpoten
case. The parameters for unipotent orbits inG, whenG is connected, are as follows. Rec
thatI denotes the set of parts appearing in the partitionµ.

(2.4.1) (1) Form > l in I , χ(m) � χ(l) andm − χ(m) � l − χ(l).
(2) ForG = Sp(N) andm ∈ I :

(a) (m − 2)/2� χ(m) � m/2;
(b) χ(m) = m/2 if n(m) is odd.

(3) ForG = SO(N) andm ∈ I :
(a) m/2 � χ(m) � (m + 2)/2;
(b) χ(m) = (m + 2)/2 if m � 2 andn(m) is odd;
(c)

∑
m∈I n(m) is even ifN is even.

For each pair(µ,χ) satisfying the above conditions, letC(µ,χ) be the correspondin
unipotent class inU(G).

Recall the restricted unipotent variety

U1(G) = {
u ∈ U(G): (u − 1)2 = 0

} = {
u ∈ U(G): u2 = 1

}
.

One of our main results is that there is an order-preserving bijection between theG-orbits
in N1(g) and inU1(G).

Theorem. Let G = Sp(N) or SO(N) with chark = 2. There is an order-preserving bijec
tion between the nilpotent orbits inN1(g) and the unipotent classes inU1(G).

Proof. Since the elementsx ∈N1(g) (respectivelyu ∈ U1(G)) satisfyx2 = 0 (respectively
(u− 1)2 = 0), the associated partitionsµ are precisely those having all parts at most 2.
will show that the same symbols arise in the nilpotent and unipotent case, provided a
are at most 2.

First, the condition (1) is identical in (2.1.1) and (2.4.1). ForG = Sp(N), condition
(2)(a) is equivalent toχ(2) = 0 or 1, χ(1) = 0 in either case, and the conditions (2)
are identical. AssumeG = SO(N). In both (2.1.1) and (2.4.1), condition (3)(a) becom
χ(2) = 1 or 2,χ(1) = 1. In the presence of (3)(a), each condition (3)(b) reduces toχ(2) =
2 if n(2) is odd. And in each case, condition (3)(c) only rules out the possibility thatn(2) is
odd andn(1) is even. Finally, the parameters for the nilpotent and unipotentO(N) orbits
which split into twoSO(N) orbits are the same.

To show that the bijection is order-preserving, it suffices to considerO(N) orbits in
SO(N) (respectivelyso(N)), by Remark 2.1. The closure order relations between nilpo
orbits inN1(g) are given in Theorem 2.3. The closure order relations between unip
classes for classical groups in characteristic 2 were worked out by Spaltenstein [2
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parametrizes the unipotent classes by pairs(λ, ε), whereλ is a partition as usual, an
ε :N → {−1,0,1} ⊂ Z takes the place of Hesselink’s index functionχ . Specifically, letting
n(i) ∈ Z+ be the multiplicity ofi in the partitionλ,

(1) ε(i) = −1 if i is odd or ifn(i) = 0,
(2) ε(i) = 1 if i is even andn(i) is odd,
(3) ε(i) = 1 if i is even,n(i) is even, andχ(i) is the larger of its two possible values (s

(2)(a) and (3)(a) above),
(4) ε(i) = 0 if i is even,n(i) is even, andχ(i) is the smaller of its two possible values (s

(2)(a) and (3)(a) above).

Given a partitionλ of N , let λ∗ be the dual partition ofN defined byλ∗
i = #{j : λj � i}.

Order the pairs(λ, ε) by (λ, ε) � (µ,φ) if and only if, for eachi,

(1)
∑

j�i λ
∗
j �

∑
j�i µ

∗
j (i.e.,λ� µ in the usual dominance ordering),

(2)
∑

j�i λ
∗
j − max(ε(i),0) �

∑
j�i µ

∗
j − max(φ(i),0), and

(3) if
∑

j�i λ
∗
j = ∑

j�i µ
∗
j andλ∗

i+1 − µ∗
i+1 is odd, thenφ(i) �= 0.

If Cλ,ε is the unipotent class parametrized by(λ, ε), thenCλ,ε � Cµ,φ if and only if (λ, ε) �
(µ,φ) [25, Theorem 8.2].

Transferring the ordering on Spaltenstein pairs(λ, ε) into the corresponding orderin
on Hesselink symbols, we obtain the following. Observe that ifλ = (2s ,1N−2s), then
λ∗ = (N −s, s). Condition (1) for(2s

γ ,1N−2s
η ) � (2r

δ,1N−2r
η ) becomess � r . Condition (2)

(with i = 2) becomesγ � δ. The remaining conditions are vacuous. These are the
conditions as in Theorem 2.3. Thus the ordering on unipotent classes inU1(G) corre-
sponds, under our bijection, to the ordering on nilpotent orbits inN1(g). �

3. Exceptional groups and Lie algebras

Let G be an exceptional simple algebraic group. For good primesNr,ρ(g) was com-
puted in [30] for minimal dimensional representations or the adjoint representation.
ρ is the adjoint representation Lawther [18] showed that the Jordan block sizes for
tent elements and corresponding nilpotent element coincide. Therefore, the tables
§4.2] can be used to determineUr,ad(G) for good primes. For minimal dimensional re
resentations Lawther has also shown that the Jordan block sizes coincide except
case whenp = 5 for the regular element inE7. The partition for the unipotent class
(24,22,10) while the partition for the nilpotent element is(232,10). In order to obtain
Ur,min(G) in this situation one can use the table given in [30, §4.1] by replacing 22
spectively 23+) by 22–23 (respectively 24+) in thep = 5 column.

When the primep is bad the tables below describeUr,ρ(G) whenρ is a minimal di-
mensional representation or the adjoint representation. The variety of nilpotent ele
Nr,ρ(g) is also provided whenρ is the adjoint representation. It can be verified by us
a base change argument that these representations satisfy the hypotheses mention
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end of Section 1.2. Note that the adjoint representation forE8 coincides with the minima
dimensional (nontrivial) irreducible representation.

The methods of computation and conventions used in the tables are the same
ones given in [30, §4]. For unipotent classes, the Jordan block sizes for the imageρ

on a unipotent class are given in [16,17]. For nilpotent orbits, we determined the J
block sizes of the image of the orbit representatives under the adjoint representatio
involved using the built-in functions in the MAGMA package (i.e., “StructureConsta
“JordanForm”) [1,2] to construct Chevalley bases for exceptional Lie algebras, and
pute Jordan block sizes.

In more detail, the first step entailed constructing a set of orbit representatives in c
teristic zero. Once we had such a set of representatives they were tested on the com
showing that each one gave rise to a different Jordan block partition. Next, addition
bit representatives for bad primes were obtained using information in the literature [
29]. These were also verified by using computer calculations. Finally, we used MA
to deduce the Jordan block sizes of the image of the adjoint representation on the re
tatives. The Jordan block sizes are provided in Section 6.

In the tables the first column consists of a list of orbits via the Bala–Carter labe
The cell entries provide the values ofr for whichUr,ρ(G) (or Nr,ρ(g)) is the union of the
closures of the orbits listed in that particular row. For example, for the groupE6,

U7,min(G) = C(A4 + A1) ∪ C(D4) whenp = 3, and

N3,ad(g) = O(3A1) whenp = 2.

(As mentioned in Section 7, the closure relations between nilpotent orbits forE7 andE8
have not been completely determined. Thus in those cases, when two or more or
listed in a row, it may happen that one of the orbits lies in the closure of the other.)

TypeE6

Orbits Ur,ρ(G) Ur,ρ (G) Ur,ρ(G) Ur,ρ (G) Nr,ρ(g) Nr,ρ(g)

min min adj adj adj adj

p = 3 p = 2 p = 3 p = 2 p = 3 p = 2

1 1 1 1–2 1 1–2 1
A1 2
3A1 2 2–3 2–3
A2 3

2A2 + A1 3–4 3–6 3–6
D4(a1) 5–6 4–5 7–8 4–7 7–8

D4 6 4–7
A4 + A1 7

A4 + A1,D4 7
D5(a1) 8

D5 8–12 8–15 8–15
E6(a1) 9–14 13–15 9–18

E6 15+ 16+ 19+ 16+ 9+ 16+
l

s
o
n
n

h
p

1
G
p

b
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TypeE7

Orbits Ur,ρ(G) Ur,ρ (G) Ur,ρ (G) Ur,ρ(G) Nr,ρ(g) Nr,ρ(g)

min min adj adj adj adj

p = 3 p = 2 p = 3 p = 2 p = 3 p = 2

1 1 1 1–2 1 1–2 1

A1 2

4A1 2 2–3 2–3

A2,4A1 3

2A2 + A1 3–4 3–6 3–6

D4(a1) 5

A3 + A2 + A1 6 4–5 7–8 4–7 7–8

D4 + A1 6

D4 + A1, (A3 + A2)(2) 4–7

A4 + A2,D4 7

A4 + A2,D4 + A1 7

D5(a1) + A1,A5 + A1 8

E7(a4) 8–12 8–15

E6(a1) 9–14 13 9–18

D6, (A6)(2) 8–15

E7(a3) 14–15

E6 15 9–18

E6,E7(a3) 16–17

E7(a2) 18–19 19–26 19–26

E7(a1) 20–25 16–25 16–31

E7 26+ 26+ 27+ 32+ 27+ 16+

TypeF4

Orbits Ur,ρ(G) Ur,ρ(G) Ur,ρ(G) Ur,ρ (G) Nr,ρ(g) Nr,ρ(g)

min min adj adj adj adj

p = 3 p = 2 p = 3 p = 2 p = 3 p = 2

1 1 1 1–2 1 1–2 1

A1 2

A1 + Ã1 2 2–3 2–3

A2 3

A1 + Ã2 3–4 3–6 3–6

F4(a3) 5–6 4–5 7–8 4–7 7–8

B3 7–8 6–7 4–7

F4(a1) 9–14 8–15 9–18 8–15 8–15

F4 15+ 16+ 19+ 16+ 9+ 16+
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TypeE8

Orbits Ur,ρ(G) Ur,ρ(G) Ur,ρ (G) Nr,ρ(g) Nr,ρ(g) Nr,ρ(g)

min/adj min/adj min/adj min/adj min/adj min/adj

p = 5 p = 3 p = 2 p = 5 p = 3 p = 2

1 1–2 1–2 1 1–2 1–2 1
2A1 3 3
4A1 4 2–3 4 2–3

2A2 + 2A1 3–6 3–6
D4(a1) + A2 7 7

2A3 8 4–7 8
D4 + A2, (A3 + A2)(2) 4–7

A4 + A3 5–10 5–10
E8(a7) 11–12 11–12
A6 + A1 13–14 13–14
D7(a2) 15 15

A7 16 8–15 16
D7, (A6)(2), (D5 + A2)(2) 8–15

E8(b6) 17–18 9–18 17–18
E6 + A1, (A7)(3) 9–18

E8(a6) 19–22 19–22
E8(b5) 19–22 19–22
E8(a5) 23–24 23–26 23–24 23–26
E8(a4) 16–31
E8(a1) 25–50 27–54

E8 51+ 55+ 32+ 25+ 27+ 16+

TypeG2

Orbits Ur,ρ(G) Ur,ρ (G) Ur,ρ(G) Ur,ρ (G) Nr,ρ(g) Nr,ρ(g)

min min adj adj adj adj

p = 3 p = 2 p = 3 p = 2 p = 3 p = 2

1 1 1 1–2 1 1–2 1
A1 2
Ã1 2 2–3 2–3

G2(a1) 3–6 3–5 3–8 4–7 3–8
G2 7+ 6+ 9+ 8+ 9+ 4+

4. Applications

4.1. Restricted unipotent varieties

The following two theorems provide a description of the restricted unipotent varie
simple connected algebraic groups when the characteristic of the field is a bad prime
results are easily deduced by settingr = p for Ur,ρ(G) and using the results in Sections
and 3.
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(A) LetG be a simple classical connected algebraic group overk wherechark = 2.

(i) If Φ is of typeBl thenU1(G) = C(2l
2,11).

(ii) If Φ is of typeCl thenU1(G) = C(2l
1).

(iii) If Φ is of typeDl thenU1(G) = C(2l
2).

(B) LetG be an exceptional algebraic group withp a bad prime.
(i) If Φ is of typeE6 thenU1(G) = C(X) whereX = 2A2+A1 (p = 3), 3A1 (p = 2).

(ii) If Φ is of typeE7 thenU1(G) = C(X) whereX = 2A2+A1 (p = 3), 4A1 (p = 2).
(iii) If Φ is of typeE8 thenU1(G) = C(X) whereX = A4 + A3 (p = 5), 2A2 + 2A1

(p = 3), 4A1 (p = 2).
(iv) If Φ is of typeF4 thenU1(G) = C(X) whereX = A1 + Ã2 (p = 3), A1 + Ã1

(p = 2).
(v) If Φ is of typeG2 thenU1(G) = C(X) whereX = G2(a1) (p = 3), Ã1 (p = 2).

4.2. Restricted nullcones

In a similar way using our computations ofNr,ρ(g), we can determineN1(g) over fields
of bad characteristic.

Theorem.

(A) LetG be a simple classical connected algebraic group overk wherechark = 2.

(i) If Φ is of typeBl thenN1(g) = O(2l
2,11).

(ii) If Φ is of typeCl thenN1(g) = O(2l
1).

(iii) If Φ is of typeDl thenN1(g) = O(2l
2).

(B) LetG be an exceptional algebraic group withp a bad prime.
(i) If Φ is of typeE6 then N1(g) = O(X) whereX = 2A2 + A1 (p = 3), 3A1

(p = 2).
(ii) If Φ is of typeE7 then N1(g) = O(X) whereX = 2A2 + A1 (p = 3), 4A1

(p = 2).
(iii) If Φ is of typeE8 thenN1(g) = O(X) whereX = A4 + A3 (p = 5), 2A2 + 2A1

(p = 3), 4A1 (p = 2).
(iv) If Φ is of typeF4 thenN1(g) = O(X) whereX = A1 + Ã2 (p = 3), A1 + Ã1

(p = 2).
(v) If Φ is of typeG2 thenN1(g) = O(X) whereX = G2(a1) (p = 3), Ã1 (p = 2).

4.3. The previous two theorems show thatU1(G) andN1(g) “coincide” for G excep-
tional. TheG-orbits in these two varieties also coincide (see Section 7 for Hasse diag
Combining this with our results for classical groups, we can now state the following r

Theorem. Let G be a connected reductive algebraic group over an algebraically clo
field of characteristicp > 0. There exists a one-to-one correspondence between unip
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orbits inU1(G) and nilpotent orbits inN1(g) which respects the closure ordering of orbi
This correspondence also respects dimensions of unipotent classes and nilpotent o

Proof. For good primes, this is established via the computations in [30]. (This can
be deduced from [19, Theorem 35].) For bad primes, the correspondence is giv
Theorems 4.1(A), 4.2(A) for the classical groups and Theorems 4.1(B), 4.2(B) fo
exceptional groups. The inclusion relations are checked in Theorem 2.4 for the cla
groups and case by case in Section 7 for the exceptional groups. Furthermore, o
verify directly that the orbit correspondence respects dimensions of unipotent class
nilpotent orbits. �

We should also remark that under the correspondence in the preceding theore
Jordan block sizes for the unipotent classes inU1(G) and the nilpotent orbits inN1(g)

coincide for the adjoint representation whenG is an exceptional group. This can be ve
fied by using [16,20] and the tables in Section 6. In general forU andN the Jordan block
sizes need not coincide. For example whenΦ = G2, p = 3, the partition for the regula
unipotent classC(G2) for the adjoint representation is(11,3) whereas the partition for th
corresponding regular nilpotent orbitO(G2) is (9,3,2). This leads one to conjecture th
there might be aG-equivariant isomorphism betweenU1(G) andN1(g) for all primes. For
good primes such an “exponential” map has been constructed in [3]; and as rema
the introduction, [19] shows that the Bardsley–Richardson map restricts to give aG-equi-
variant isomorphism in the opposite direction. An interesting problem would be to d
mine if such a map exists for bad primes.

In [23], it was shown thatN1(g) is irreducible and the closure of a Richardson o
when the characteristic of the field is good. Our results also show thatN1(g) is an irre-
ducible variety even for bad primes. However, it is not true thatN1(g) is the closure of a
Richardson orbit (e.g., whenΦ is of typeG2 andp = 2).

5. Orbit representatives

In this section, we provide orbit representatives for exceptional Lie algebras over
braically closed fields of all characteristics. Throughout, the conventions in [16] w
used. IfX is the Bala–Carter label for the orbit in characteristic zero thenX(p) will denote
the new orbit that arises. For the unipotent classes such representatives can be foun
21,22,24,29]. After asking several experts in the field we were amazed to learn tha
explicit representatives for nilpotent orbits were not available in the literature. Sinc
were interested in using such representatives for computation purposes, we wanted
the orbits represented in the simplest form possible. For this purpose we have attem
choose representatives which are consistent with the Bala–Carter labeling whenev
sible. Several sources we used to construct representatives include [13,16,22,28,
hope that making such a list available will be useful for future computational purpos

We should make the reader aware of several places in the literature which are pe
to our results. First, in [6, p. 78], the algorithm for providing the orbit representativ
D4(a1) in D4 is slightly misleading. In the case of typesB andD one may not be abl
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he
to

orbit

inally,

king
to simply take a sum of root vectors inC+. If one does this for the example given t
Jordan block size for this representative is(5,13) instead of(5,3). Rather, one needs
take a generic sum of root vectors inC+. The orbit representative forD4(a1) that needs
to be taken is obtained by deleting one of the summands. Second, in [22] for the
E8(a7) (in Mizuno’s notation 2A4), the rootα47 does not exist as a root ofE8. This root
is used as part of his description of the unipotent class representing this orbit. F
the representatives for the nilpotent orbits(A3 + A2)

(2) in E7 andE8 and(D4 + A2)
(2)

in E8 are not explicitly given in [13]. We constructed these representatives by loo
at the orbits given byO(42

3,22
2) in D6 (embedded intoE7 andE8) andO(52

4,22
2) in D7

(embedded intoE8).

TypeE6

Orbit Representative

E6 xα1 + xα2 + xα3 + xα4 + xα5 + xα6

E6(a1) xα1 + xα3 + xα5 + xα2+α4 + xα3+α4 + xα6

D5 xα2 + xα3 + xα4 + xα5 + xα6

E6(a3) xα3+α4+α5 + xα2+α4 + xα1 + xα1+α3 + xα6 + xα5+α6

D5(a1) xα2 + xα3 + xα5 + xα6 + xα3+α4 + xα4+α5

A5 xα1 + xα3 + xα4 + xα5 + xα6

A4 + A1 xα1 + xα2 + xα3 + xα4 + xα6

D4 xα2 + xα3 + xα4 + xα5

A4 xα1 + xα3 + xα4 + xα5

D4(a1) xα2 + xα3 + xα5 + xα3+α4 + xα4+α5

A3 + A1 xα1 + xα3 + xα4 + xα6

2A2 + A1 xα1 + xα2 + xα3 + xα5 + xα6

A3 xα1 + xα3 + xα4

A2 + 2A1 xα1 + xα2 + xα3 + xα6

2A2 xα1 + xα3 + xα5 + xα6

A2 + A1 xα1 + xα3 + xα5

A2 xα1 + xα3

3A1 xα1 + xα4 + xα6

2A1 xα1 + xα4

A1 xα1

{0} 0

TypeG2

Orbit Representativep � 3 Representativep = 2

G2 xα1 + xα2 xα1 + xα2

G2(a1) xα2 + x2α1+α2 xα1 + x2α1+α2

(Ã1)(3) xα2 + xα1+α2

Ã1 xα1 xα1

A1 xα2 xα2

{0} 0 0
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TypeE7

Orbit Representative

E7 xα1 + xα2 + xα3 + xα4 + xα5 + xα6 + xα7
E7(a1) xα1 + xα3 + xα3+α4 + xα2+α4 + xα5 + xα6 + xα7
E7(a2) xα1 + xα2 + xα3 + xα2+α4 + xα4+α5 + xα5+α6 + xα6+α7
E7(a3) xα1 + xα2+α4 + xα3+α4 + xα2+α4+α5 + xα2+α3+α4+α5 + xα5+α6 + xα7

E6 xα1 + xα2 + xα3 + xα4 + xα5 + xα6
E6(a1) xα1 + xα3 + xα5 + xα2+α4 + xα3+α4 + xα6

D6 xα2 + xα3 + xα4 + xα5 + xα6 + xα7
E7(a4) xα1 + xα2+α3+α4 + xα3+α4+α5 + xα2+α4+α5 + xα4+α5+α6 + xα3+α4+α5+α6 + xα6+α7
D6(a1) xα2 + xα3 + xα5 + xα6 + xα7 + xα3+α4 + xα4+α5
D5 + A1 xα1 + xα2 + xα3 + xα4 + xα5 + xα7
(A6)(2) xα1+α3+α4 + xα3+α4+α5 + xα2+α3+α4 + xα2+α4+α5 + xα5+α6 + xα6+α7 + xα4+α5+α6+α7

A6 xα1 + xα3 + xα4 + xα5 + xα6 + xα7
E7(a5) xα1+α3+α4 + xα2+α3+α4 + xα1+α3+α4+α5+α6 + xα2+α4+α5 + xα4+α5+α6

+ xα5+α6+α7 + xα3+α4+α5+α6
D5 xα1 + xα2 + xα3 + xα4 + xα5

E6(a3) xα3+α4+α5 + xα2+α4 + xα1 + xα1+α3 + xα6 + xα5+α6
D6(a2) xα2 + xα3 + xα5 + xα7 + xα3+α4 + xα4+α5 + xα5+α6 + xα6+α7

D5(a1) + A1 xα1 + xα2 + xα3 + xα5 + xα7 + xα3+α4 + xα4+α5
A5 + A1 xα1 + xα2 + xα4 + xα5 + xα6 + xα7

(A5)′ xα1 + xα3 + xα4 + xα5 + xα6
A4 + A2 xα1 + xα2 + xα3 + xα4 + xα6 + xα7
D5(a1) xα1 + xα2 + xα3 + xα5 + xα3+α4 + xα4+α5
A4 + A1 xα1 + xα3 + xα4 + xα5 + xα7
D4 + A1 xα2 + xα3 + xα4 + xα5 + xα7
(A5)′′ xα2 + xα4 + xα5 + xα6 + xα7

A3 + A2 + A1 xα1 + xα2 + xα3 + xα5 + xα6 + xα7
A4 xα1 + xα3 + xα4 + xα5

(A3 + A2)(2) xα7 + xα2+α3+2α4+2α5+2α6+α7 + xα5 + xα2+α4+α5 + xα4 + xα3
A3 + A2 xα1 + xα3 + xα4 + xα6 + xα7

D4(a1) + A1 xα2 + xα3 + xα5 + xα3+α4 + xα4+α5 + xα7
D4 xα2 + xα3 + xα4 + xα5

A3 + 2A1 xα1 + xα2 + xα4 + xα5 + xα7
D4(a1) xα2 + xα3 + xα5 + xα3+α4 + xα4+α5

(A3 + A1)′ xα1 + xα3 + xα4 + xα6
2A2 + A1 xα1 + xα2 + xα3 + xα5 + xα6

(A3 + A1)′′ xα2 + xα5 + xα6 + xα7
A2 + 3A1 xα1 + xα2 + xα3 + xα5 + xα7

2A2 xα1 + xα3 + xα6 + xα7
A3 xα1 + xα3 + xα4

A2 + 2A1 xα1 + xα3 + xα5 + xα7
A2 + A1 xα1 + xα3 + xα5

4A1 xα1 + xα2 + xα5 + xα7
A2 xα1 + xα3

(3A1)′ xα1 + xα4 + xα6
(3A1)′′ xα2 + xα5 + xα7

2A1 xα1 + xα4
A1 xα1
{0} 0
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TypeE8 (I)

Orbit Representative

E8 xα1 + xα2 + xα3 + xα4 + xα5 + xα6 + xα7 + xα8

E8(a1) xα1 + xα2 + xα2+α4 + xα3+α4 + xα5 + xα6 + xα7 + xα8

E8(a2) xα1 + xα2 + xα3 + xα2+α4 + xα4+α5 + xα5 + xα6 + xα6+α7 + xα8

E8(a3) xα1+α3 + xα2+α4 + xα3+α4 + xα4+α5 + xα3+α4+α5 + xα5 + xα6 + xα7 + xα8

E8(a4) xα1+α3 + xα2+α4 + xα3+α4 + xα4+α5 + xα3+α4+α5 + xα5 + xα6 + xα6+α7 + xα7+α8

E7 xα1 + xα2 + xα3 + xα4 + xα5 + xα6 + xα7

E8(b4) xα1+α3 + xα2+α3+α4 + xα3+α4+α5 + xα2+α4+α5 + xα4+α5+α6 + xα5+α6+α7 + xα7 + xα8

E8(a5) xα1+α3 + xα2+α3+α4 + xα3+α4+α5 + xα2+α4+α5 + xα4+α5+α6 + xα2+α4+α5+α6

+ xα6+α7 + xα7+α8

E7(a1) xα1 + xα3+α4 + xα2+α4 + xα5 + xα6 + xα7

E8(b5) xα1+α3+α4 + xα2+α3+α4 + xα1+α3+α4+α5 + xα2+α4+α5 + xα4+α5+α6

+ xα2+α3+α4+α5+α6 + xα5+α6+α7 + xα8

(D7)(2) xα2+α3+α4 + xα4+α5+α6 + xα5+α6+α7 + xα3+α4+α5 + xα2+α4+α5

+ xα6+α7+α8 + xα1 + xα1+α2+α3+2α4+2α5+α6

D7 xα2 + xα3 + xα4 + xα5 + xα6 + xα7 + xα8

E8(a6) xα1+α3+α4 + xα1+α2+α3+α4 + xα1+α3+α4+α5 + xα2+α3+α4+α5 + xα4+α5+α6

+ xα1+α2+α3+α4+α5+α6 + xα6+α7 + xα7+α8

E7(a2) xα1 + xα2 + xα3 + xα2+α4 + xα4+α5 + xα5+α6 + xα6+α7

E6 + A1 xα1 + xα2 + xα3 + xα4 + xα5 + xα6 + xα8

(D7(a1))(2) xα1+α3+α4+α5 + xα1+α2+α3+α4 + xα2+α3+2α4+α5 + xα7+α8 + xα5+α6

+ xα6+α7 + xα4+α5+α6+α7+α8 + xα1+α2+2α3+3α4+2α5+α6

D7(a1) xα2 + xα3 + xα5 + xα6 + xα7 + xα8 + xα3+α4 + xα4+α5

E8(b6) xα1+α2+α3+α4 + xα1+α3+α4+α5 + xα2+α3+α4+α5 + xα3+α4+α5+α6

+ xα2+α4+α5+α6 + xα4+α5+α6+α7 + xα7+α8 + xα6+α7+α8

E7(a3) xα1 + xα2+α4 + xα3+α4 + xα2+α4+α5 + xα2+α3+α4 + xα5 + xα5+α6 + xα7

E6(a1) + A1 xα1 + xα3 + xα5 + xα2+α4 + xα3+α4 + xα6 + xα8

(A7)(3) xα1+α3+α4+α5 + xα1+α2+α3+α4 + xα2+α3+2α4+α5 + xα5+α6+α7 + xα6+α7+α8

+ xα3+α4+α5+α6 + xα2+α4+α5+α6 + xα4+α5+α6+α7+α8

A7 xα1 + xα3 + xα4 + xα5 + xα6 + xα7 + xα8

D7(a2) xα2 + xα3 + xα5 + xα7 + xα8 + xα3+α4 + xα4+α5 + xα5+α6 + xα6+α7

E6 xα1 + xα2 + xα3 + xα4 + xα5 + xα6

D6 xα2 + xα3 + xα4 + xα5 + xα6 + xα7

(D5 + A2)(2) xα1+α3+α4+α5+α6 + xα3+α4+α5+α6+α7 + xα1+α2+α3+α4+α5 + xα2+α3+α4+α5+α6

+ xα2+α4+α5+α6+α7 + xα2+α3+2α4+α5 + xα7+α8 + xα6+α7+α8

D5 + A2 xα1 + xα2 + xα3 + xα4 + xα5 + xα7 + xα8

E6(a1) xα1 + xα3 + xα5 + xα2+α4 + xα3+α4 + xα6

E7(a4) xα1 + xα2+α3+α4 + xα3+α4+α5 + xα2+α4+α5 + xα4+α5+α6 + xα3+α4+α5+α6 + xα6+α7

A6 + A1 xα1 + xα3 + xα4 + xα5 + xα6 + xα7 + xα8

D6(a1) xα2 + xα3 + xα5 + xα6 + xα7 + xα3+α4 + xα4+α5

(A6)(2) xα1+α2+α3 + xα3+α4+α5 + xα2+α3+α4 + xα2+α4+α5 + xα5+α6

+ xα6+α7 + xα4+α5+α6+α7

A6 xα1 + xα3 + xα4 + xα5 + xα6 + xα7
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TypeE8 (II)

Orbit Representative

E8(a7) xα1+α2+α3+α4+α5 + xα2+α3+α4+α5+α6 + xα2+α3+2α4+α5+α6
+ xα1+α2+α3+2α4+α5+α6 + xα3+α4+α5+α6+α7 + xα1+α2+α3+2α4+α5+α6+α7
+ xα1+α2+α3+2α4+α5+α6+α7+α8 + xα4+α5+α6+α7+α8

D5 + A1 xα1 + xα2 + xα3 + xα4 + xα6 + xα7
E7(a5) xα1+α3+α4 + xα2+α3+α4 + xα1+α3+α4+α5+α6 + xα2+α4+α5 + xα4+α5+α6

+ xα5+α6+α7 + xα3+α4+α5+α6
E6(a3) + A1 xα3+α4+α5 + xα2+α4 + xα1 + xα1+α3 + xα6 + xα5+α6 + xα8

D6(a2) xα2 + xα3 + xα5 + xα7 + xα3+α4 + xα4+α5 + xα5+α6 + xα6+α7
D5(a1) + A2 xα1 + xα2 + xα3 + xα5 + xα3+α4 + xα4+α5 + xα7 + xα8

A5 + A1 xα1 + xα3 + xα4 + xα5 + xα6 + xα8
A4 + A3 xα1 + xα2 + xα3 + xα4 + xα6 + xα7 + xα8

D5 xα1 + xα2 + xα3 + xα4 + xα5
E6(a3) xα3+α4+α5 + xα2+α4 + xα1 + xα1+α3 + xα6 + xα5+α6

(D4 + A2)(2) xα3 + xα4 + xα5 + xα6 + xα8 + xα2+α3+2α4+2α5+2α6+2α7+α8 + xα2+α4+α5
D4 + A2 xα2 + xα3 + xα4 + xα5 + xα7 + xα8

A4 + A2 + A1 xα1 + xα2 + xα3 + xα5 + xα6 + xα7 + xα8
D5(a1) + A1 xα1 + xα2 + xα3 + xα5 + xα3+α4 + xα4+α5 + xα7

A5 xα1 + xα3 + xα4 + xα5 + xα6
A4 + A2 xα1 + xα3 + xα5 + xα6 + xα7 + xα8
A4 + 2A1 xα1 + xα2 + xα5 + xα6 + xα7 + xα8
D5(a1) xα1 + xα2 + xα3 + xα5 + xα3+α4 + xα4+α5

2A3 xα1 + xα3 + xα4 + xα6 + xα7 + xα8
A4 + A1 xα1 + xα3 + xα4 + xα5 + xα7

D4(a1) + A2 xα2 + xα3 + xα5 + xα3+α4 + xα4+α5 + xα7 + xα8
D4 + A1 xα2 + xα3 + xα4 + xα5 + xα7

A3 + A2 + A1 xα1 + xα2 + xα3 + xα5 + xα6 + xα7
A4 xα1 + xα3 + xα4 + xα5

(A3 + A2)(2) xα7 + xα2+α3+2α4+2α5+2α6+α7 + xα5 + xα2+α4+α5 + xα4 + xα3
A3 + A2 xα1 + xα3 + xα4 + xα6 + xα7

D4(a1) + A1 xα2 + xα3 + xα5 + xα3+α4 + xα4+α5 + xα7
A3 + 2A1 xα1 + xα3 + xα4 + xα6 + xα8
2A2 + 2A1 xα1 + xα2 + xα3 + xα5 + xα6 + xα8

D4 xα2 + xα3 + xα4 + xα5
D4(a1) xα2 + xα3 + xα5 + xα3+α4 + xα4+α5
A3 + A1 xα1 + xα3 + xα4 + xα6
2A2 + A1 xα1 + xα3 + xα5 + xα6 + xα8

2A2 xα1 + xα3 + xα5 + xα6
A2 + 3A1 xα1 + xα2 + xα3 + xα5 + xα7

A3 xα1 + xα3 + xα4
A2 + 2A1 xα1 + xα3 + xα5 + xα7
A2 + A1 xα1 + xα4 + xα5

4A1 xα1 + xα4 + xα6 + xα8
A2 xα1 + xα3
3A1 xα1 + xα4 + xα6
2A1 xα1 + xα4
A1 xα1
{0} 0
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Orbit Representative

F4 xα1 + xα2 + xα3 + xα4

F4(a1) xα1 + xα2 + xα2+α3 + xα3+α4

F4(a2) xα1+α2 + xα2+2α3 + xα4 + xα3+α4

(C3)(2) xα4 + xα1+α2+α3 + xα2+2α3 + xα1+2α2+2α3+2α4

C3 xα2 + xα3 + xα4

B3 xα1 + xα2 + xα3

F4(a3) xα2 + xα1+α2 + xα2+2α3 + xα1+2α2+4α3+2α4

C3(a1)(2) xα1+α2 + xα2+2α3+α4 + xα1+α2+2α3+2α4 + xα1+2α2+4α3+2α4

C3(a1) xα2 + xα4 + xα2+2α3

(Ã2 + A1)(2) xα1+α2+α3 + xα2+2α3+α4 + xα1+α2+2α3+2α4 + xα1+2α2+2α3

Ã2 + A1 xα1 + xα3 + xα4

(B2)(2) xα1+α2 + xα1+α2+2α3 + xα2+2α3+2α4

B2 xα2 + xα3

A2 + Ã1 xα1 + xα2 + xα4

Ã2 xα3 + xα4

(A2)(2) xα1+2α2+2α3 + xα1+α2+2α3+2α4

A2 xα1 + xα2

(Ã1)(2) xα1+2α2+3α3+2α4 + x2α1+3α2+4α3+2α4

A1 + Ã1 xα1 + xα3

Ã1 xα3

A1 xα1

{0} 0

6. Jordan blocks

We provide below the Jordan block sizes of ad(x) for x a nilpotent element in an ex
ceptional Lie algebrag whenp is a bad prime. Lawther [16,17] computed this informat
for unipotent elements for the minimal and adjoint representations for exceptional g
for all primes.

For good primes the nilpotent orbits and the unipotent classes are in bijectiv
respondence. Under this bijection, Lawther has also shown that the Jordan bloc
for the unipotent classes and the nilpotent orbits coincide for the adjoint repre
tion. Consequently, our computations in conjunction with Lawther’s results com
the determination of the Jordan block sizes on the adjoint representation for exce
Lie algebras for all primes. Furthermore, our work shows that the Jordan block
for corresponding unipotent and nilpotent classes need not coincide in bad chara
tic.
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TypeE6

Orbit Prime Partition

E6 3 (96,83)

2 (164,42,32)

E6(a1) 3 (96,83)

2 (162,112,82,42)

D5 3 (95,84,1)

2 (88,42,32)

E6(a3) 3 (93,82,64,33,2)

2 (88,42,32)

D5(a1) 3 (93,82,64,32,22,1)

2 (82,74,52,42,34,14)

A5 3 (93,74,62,32,2,13)

2 (88,26,12)

A4 + A1 3 (9,82,7,62,53,36,1)

2 (84,62,52,44,24)

D4 3 (92,77,3,18)

2 (418,32)

A4 3 (9,75,53,35,14)

2 (82,74,52,42,34,14)

D4(a1) 3 (7,62,56,39,12)

2 (412,38,16)

A3 + A1 3 (7,62,53,46,34,22,14)

2 (416,26,12)

2A2 + A1 3 (324,23)

2 (416,26,12)

A3 3 (7,55,48,3,111)

2 (412,38,16)

A2 + 2A1 3 (323,24,1)

2 (410,32,216)

2A2 3 (323,2,17)

2 (416,114)

A2 + A1 3 (322,22,18)

2 (48,36,210,18)

A2 3 (321,115)

2 (42,318,116)

3A1 3 (313,214,111)

2 (238,12)

2A1 3 (38,216,122)

2 (232,114)

A1 3 (3,220,135)

2 (222,134)

{0} 3, 2 (178)
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TypeE7

Orbit Prime Partition

E7 3 (273,94,82)

2 (166,152,2,15)

E7(a1) 3 (27,19,173,94)

2 (166,152,2,15)

E7(a2) 3 (19,173,97)

2 (164,134,42,32,2,1)

E7(a3) 3 (19,17,152,112,93,62,32)

2 (162,152,94,84,2,1)

E6 3 (913,82)

2 (164,134,42,32,13)

E6(a1) 3 (913,82)

2 (162,132,112,92,82,52,42,1)

D6 3 (19,162,15,11,102,92,62,3,13)

2 (814,72,2,15)

E7(a4) 3 (911,82,62,32)

2 (814,72,2,15)

D6(a1) 3 (911,74,3,13)

2 (88,74,64,26,15)

D5 + A1 3 (911,74,3,13)

2 (812,54,42,32,2,1)

(A6)(2) 2 (814,72,2,15)

A6 3 (911,74,3,13)

2 (814,72,17)

E7(a5) 3 (99,7,62,53,36)

2 (812,54,42,32,2,1)

D5 3 (97,88,16)

2 (812,54,42,32,13)

E6(a3) 3 (95,82,68,38)

2 (812,54,42,32,13)

D6(a2) 3 (99,315,17)

2 (88,74,64,27,13)

D5(a1) + A1 3 (95,74,66,37,13)

2 (84,72,64,54,46,32,26,1)

A5 + A1 3 (99,316,22)

2 (88,74,64,27,13)

(A5)′ 3 (95,74,66,37,13)

2 (88,74,64,26,15)

A4 + A2 3 (93,7,68,53,312)

2 (86,72,54,412,13)

D5(a1) 3 (93,84,72,66,34,24,14)

2 (82,76,58,42,36,19)

A4 + A1 3 (9,82,73,64,55,42,38,22,12)

2 (84,72,64,54,46,32,26,1)

D4 + A1 3 (92,84,75,64,32,24,110)

2 (430,32,2,15)

Orbit Prime Partition

(A5)′′ 3 (99,315,17)

2 (84,712,2,115)

A3 + A2 + A1 3 (7,68,53,321)

2 (430,32,2,15)

A4 3 (9,77,59,37,19)

2 (82,76,58,42,36,19)

(A3 + A2)(2) 2 (430,32,2,15)

A3 + A2 3 (7,68,5,44,318,13)

2 (430,32,17)

D4(a1) + A1 3 (7,66,54,44,316,16)

2 (424,34,210,15)

D4 3 (92,713,3,121)

2 (430,32,17)

A3 + 2A1 3 (7,64,57,44,311,26,16)

2 (424,34,211,13)

D4(a1) 3 (7,62,512,315,19)

2 (420,312,117)

(A3 + A1)′ 3 (7,62,57,410,36,26,19)

2 (424,34,210,15)

2A2 + A1 3 (343,22)

2 (424,34,210,15)

(A3 + A1)′′ 3 (7,515,310,121)

2 (420,312,2,115)

A2 + 3A1 3 (342,17)

2 (414,36,229,1)

2A2 3 (342,17)

2 (420,312,117)

A3 3 (7,57,416,3,124)

2 (420,312,117)

A2 + 2A1 3 (337,28,16)

2 (414,36,228,13)

A2 + A1 3 (334,28,115)

2 (410,314,218,115)

4A1 3 (328,214,121)

2 (263,17)

A2 3 (333,134)

2 (42,330,135)

(3A1)′ 3 (319,226,124)

2 (262,19)

(3A1)′′ 3 (327,152)

2 (253,127)

2A1 3 (310,232,139)

2 (252,129)

A1 3 (3,232,166)

2 (234,165)

{0} 3, 2 (1133)
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TypeE8 (I)

Orbit Prime Partition

E8 5 (258,242)

3 (277,262,3,22)

2 (168,158)

E8(a1) 5 (258,242)

3 (277,262,3,22)

2 (168,158)

E8(a2) 5 (256,242,202,52)

3 (275,262,202,92,3)

2 (168,158)

E8(a3) 5 (254,242,222,152,102,32)

3 (273,202,184,94,82,3)

2 (168,158)

E8(a4) 5 (252,242,202,154,104,52)

3 (27,262,212,182,152,122,92,82,3)

2 (168,158)

E7 5 (254,234,152,102,3,13)

3 (273,194,182,94,82,13)

2 (166,152,148,22,16)

E8(b4) 5 (252,23,21,19,172,152,13,113,72,5,32)

3 (27,202,19,182,173,98,3)

2 (166,152,148,22,16)

E8(a5) 5 (232,21,19,17,153,132,113,102,7,5,33)

3 (232,21,19,17,153,124,112,9,7,5,33)

2 (164,154,128,44,34)

E7(a1) 5 (252,222,19,17,162,15,122,112,7,62,3,13)

3 (27,195,173,98,13)

2 (166,152,148,22,16)

E8(b5) 5 (23,192,173,153,11,104,9,72,5,34)

3 (19,182,173,113,911,7,3)

2 (164,154,128,44,34)

(D7)(2) 2 (162,156,814,72)

D7 5 (23,222,19,162,15,133,122,11,102,7,42,3,13)

3 (23,222,19,162,15,133,122,11,102,7,42,3,13)

2 (824,78)

E8(a6) 5 (192,155,11,108,9,57)

3 (19,182,153,133,99,7,62,33)

2 (162,156,814,72)

E7(a2) 5 (23,19,182,17,162,152,11,104,82,7,42,32,13)

3 (19,182,173,106,97,82,13)

2 (164,144,134,124,42,32,26,12)

E6 + A1 5 (23,182,173,162,15,11,102,93,82,32,24,13)

3 (925,82,3,22)

2 (164,144,134,124,42,32,26,12)

(D7(a1))(2) 2 (162,152,144,94,88,64,22,12)
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TypeE8 (II)

Orbit Prime Partition

D7(a1) 5 (19,172,153,13,113,106,72,54,33,1)

3 (19,172,153,122,114,95,64,34,1)

2 (814,718,110)

E8(b6) 5 (17,153,132,113,106,73,58,32)

3 (925,82,17)

2 (162,152,124,114,86,72,48)

E7(a3) 5 (19,17,162,152,122,112,106,7,62,53,3,22,13)

3 (19,17,162,152,122,112,104,93,64,32,22,13)

2 (162,152,144,94,88,64,22,12)

E6(a1) + A1 5 (17,15,142,132,122,11,104,92,82,7,57,32,22,1)

3 (925,82,3,22)

2 (162,142,132,122,112,102,92,84,62,52,44,24)

(A7)(3) 3 (925,82,3,22)

A7 5 (162,15,133,122,11,102,93,84,7,57,3,13)

3 (925,82,17)

2 (824,78)

D7(a2) 5 (15,142,11,1010,92,515,1)

3 (919,78,35,16)

2 (824,78)

E6 5 (23,177,15,11,97,3,114)

3 (925,82,17)

2 (164,1312,42,32,114)

D6 5 (19,164,15,116,104,64,52,110)

3 (19,164,15,115,104,92,64,3,110)

2 (822,72,68,22,16)

(D5 + A2)(2) 2 (822,72,68,22,16)

D5 + A2 5 (15,132,113,108,9,72,511,35,1)

3 (919,84,64,37)

2 (820,74,412,34)

E6(a1) 5 (17,15,136,11,102,96,7,57,3,18)

3 (925,82,17)

2 (162,136,112,96,82,56,42,18)

E7(a4) 5 (15,13,122,112,108,82,7,510,42,32,22,13)

3 (919,82,74,62,36,13)

2 (822,72,68,22,16)

A6 + A1 5 (133,122,11,102,93,84,75,64,53,42,32,22,13)

3 (919,82,74,62,36,13)

2 (822,72,68,22,16)

D6(a1) 5 (15,124,11,106,94,7,510,35,16)

3 (919,78,35,16)

2 (88,712,612,26,116)

(A6)(2) 2 (822,72,68,22,16)

A6 5 (133,115,93,713,53,35,16)

3 (919,78,35,16)

2 (814,718,110)
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TypeE8 (III)

Orbit Prime Partition

E8(a7) 5 (11,106,93,75,520,35)

3 (914,72,68,56,310)

2 (820,74,412,34)

D5 + A1 5 (15,122,115,104,93,82,510,3,26,16)

3 (915,88,74,3,26,16)

2 (820,64,54,46,32,26,12)

E7(a5) 5 (11,106,9,84,72,62,518,42,33,13)

3 (913,82,7,68,53,46,36,13)

2 (820,64,54,46,32,26,12)

E6(a3) + A1 5 (11,104,93,84,73,62,517,33,24,13)

3 (99,82,616,317,22)

2 (820,64,54,46,32,26,12)

D6(a2) 5 (11,106,84,75,517,44,3,16)

3 (99,74,614,315,110)

2 (812,74,616,212,14)

D5(a1) + A2 5 (11,102,93,86,74,64,510,42,37,24,13)

3 (99,82,616,317,22)

2 (86,710,54,420,38,16)

A5 + A1 5 (11,104,93,82,74,66,513,42,3,24,16)

3 (99,74,614,316,22,13)

2 (812,74,616,212,14)

A4 + A3 5 (548,42)

3 (97,82,76,66,56,46,310,22,13)

2 (810,76,430,32)

D5 5 (15,119,97,510,121)

3 (911,816,121)

2 (820,512,42,32,114)

E6(a3) 5 (11,102,97,77,517,32,114)

3 (99,82,616,316,17)

2 (820,512,42,32,114)

(D4 + A2)(2) 2 (810,72,64,54,424,26,12)

D4 + A2 5 (11,96,714,57,314,18)

3 (98,77,612,316,17)

2 (456,38)

A4 + A2 + A1 5 (546,42,32,22)

3 (93,82,7,618,53,325)

2 (810,72,64,54,424,26,12)

D5(a1) + A1 5 (11,93,86,78,66,53,42,37,210,16)

3 (95,86,74,612,311,28,16)

2 (84,76,68,58,410,36,210,18)

A5 5 (11,102,97,614,59,42,117)

3 (99,74,614,315,110)

2 (88,712,612,26,116)
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TypeE8 (IV)

Orbit Prime Partition

A4 + A2 5 (546,35,13)

3 (93,75,616,53,324,13)

2 (86,710,54,420,38,16)

A4 + 2A1 5 (545,34,24,13)

3 (9,84,73,612,57,44,317,24,14)

2 (86,72,612,54,414,32,216)

D5(a1) 5 (11,9,88,78,68,5,38,28,115)

3 (93,88,76,610,38,28,115)

2 (82,710,520,42,310,124)

2A3 5 (538,412,110)

3 (84,76,64,510,416,36,24,110)

2 (456,38)

A4 + A1 5 (545,3,26,18)

3 (9,82,77,68,59,46,312,26,19)

2 (84,76,68,58,410,36,210,18)

D4(a1) + A2 5 (536,320,18)

3 (7,614,56,342,1)

2 (446,318,110)

D4 + A1 5 (11,86,714,66,32,214,121)

3 (92,86,713,66,32,214,121)

2 (454,32,210,16)

A3 + A2 + A1 5 (532,48,310,210,16)

3 (7,614,53,46,337,22,13)

2 (454,32,210,16)

A4 5 (545,123)

3 (9,711,521,311,124)

2 (82,710,520,42,310,124)

(A3 + A2)(2) 2 (454,32,210,16)

A3 + A2 5 (530,48,313,28,111)

3 (7,612,55,48,334,110)

2 (446,318,110)

D4(a1) + A1 5 (529,46,314,214,19)

3 (7,68,512,46,328,28,19)

2 (440,312,218,116)

A3 + 2A1 5 (525,410,314,214,113)

3 (7,66,511,414,319,212,113)

2 (444,34,228,14)

2A2 + 2A1 5 (518,412,320,220,110)

3 (380,24)

2 (444,34,228,14)

D4 5 (11,726,3,152)

3 (92,725,3,152)

2 (454,32,126)

Orbit Prime Partition

D4(a1) 5 (529,325,128)

3 (7,62,524,327,128)

2 (436,320,144)

A3 + A1 5 (521,416,39,214,124)

3 (7,62,515,418,310,214,124)

2 (440,312,218,116)

2A2 + A1 5 (514,414,323,218,117)

3 (379,22,17)

2 (440,312,218,116)

2A2 5 (514,350,128)

3 (378,114)

2 (428,336,128)

A2 + 3A1 5 (57,414,328,228,117)

3 (370,214,110)

2 (426,36,262,12)

A3 5 (513,432,155)

3 (7,511,432,3,155)

2 (436,320,144)

A2 + 2A1 5 (53,416,327,232,124)

3 (365,216,121)

2 (422,314,252,114)

A2 + A1 5 (5,412,332,232,135)

3 (358,220,134)

2 (414,330,234,134)

4A1 5 (48,328,248,136)

3 (344,240,136)

2 (2120,18)

A2 5 (5,355,178)

3 (357,177)

2 (42,354,178)

3A1 5 (42,327,252,155)

3 (331,250,155)

2 (2110,128)

2A1 5 (314,264,178)

3 (314,264,178)

2 (292,164)

A1 5 (3,256,1133)

3 (3,256,1133)

2 (258,1132)

{0} 5, 3, 2 (1248)
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TypeF4

Orbit Prime Partition Orbit Prime Partition

F4 3 (94,82) (B2)(2) 2 (47,37,13)

2 (162,42,34) B2 3 (7,54,44,3,16)

F4(a1) 3 (94,82) 2 (46,34,25,16)

2 (84,42,34) A2 + Ã1 3 (316,22)

F4(a2) 3 (92,82,62,32) 2 (46,34,28)

2 (84,42,34) Ã2 3 (315,17)

(C3)(2) 2 (84,4,33,23,1) 2 (48,120)

C3 3 (92,74,3,13) (A2)(2) 2 (42,312,18)

2 (84,28,14) A2 3 (315,17)

B3 3 (92,74,3,13) 2 (42,312,18)

2 (410,34) A1 + Ã1 3 (310,28,16)

F4(a3) 3 (7,62,53,36) 2 (224,14)

2 (410,34) (Ã1)(2) 2 (221,110)

C3(a1)(2) 2 (49,33,23,1) Ã1 3 (37,28,115)

C3(a1) 3 (7,62,5,44,33,13) 2 (216,120)

2 (48,28,14) A1 3 (3,214,121)

(A1 + Ã2)(2) 2 (49,33,23,1) 2 (216,120)

A1 + Ã2 3 (316,22) {0} 3,2 (152)

2 (48,28,14)

TypeG2

Orbit Prime Partition

G2 3 (9,3,2)

2 (42,32)

G2(a1) 3 (34,2)

2 (42,32)

(Ã1)(3) 3 (33,22,1)

Ã1 3 (33,15)

2 (26,12)

A1 3 (3,24,13)

2 (26,12)

{0} 3,2 (114)
7. Hasse diagrams

In this section, we provide the Hasse diagram forU1(G) andN1(g) whenΦ is of ex-
ceptional type. The inclusion of closures of unipotent classes over bad characteristics is
given in [21,22,25]. For nilpotent orbits the inclusions of orbit closures are known for bad
characteristics forG2 [29], F4 [13,27],E6 [26]. The situation forE7 andE8 is still unde-
termined. However, by using our computations in Section 6, the new orbits which arise in
these cases are not contained inN1(g). Therefore, the inclusion of orbit closures inN1(g)

will be the same as in characteristic zero.
We should remark that the Hasse diagram forE8 in [5, p. 444] is not correct. Eric

Sommers has pointed out that there should be a line between the orbitsE6+A1 andE8(b6).
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uced

We have also found that there should not be a line betweenD4(a1) andA3, but rather a
line betweenA3 + A1 andA3. These corrections agree with the Hasse diagram prod
by Spaltenstein [25].

2A2 + A1

A2 + 2A1 2A2

A2 + A1

3A1 3A1

2A1 2A1

A1 A1

∅ ∅

Fig. 1.E6 for p = 2 (left) andp = 3 (right).

2A2 + A1

A2 + 3A1 2A2

A2 + 2A1

A2 + A1

4A1 4A1 A2

(3A1)′′ (3A1)′ (3A1)′′ (3A1)′

2A1 2A1

A1 A1

∅ ∅
Fig. 2.E7 for p = 2 (left) andp = 3 (right).
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A4 + A3

A4 + A2 + A1

A4 + A2

A4 + 2A1

A4 + A1 2A3

D4(a1) + A2

A4

A3 + A2 + A1

A3 + A2

D4(a1) + A2

D4(a1) A3 + 2A1

2A2 + 2A1 A3 + A1 2A2 + 2A1

2A2 + A1 2A2 + A1

2A2 A3 2A2

A2 + 3A1 A2 + 3A1

A2 + 2A1 A2 + 2A1

A2 + A1 A2 + A1

4A1 4A1 A2 4A1 A2

3A1 3A1 3A1

2A1 2A1 2A1

A1 A1 A1

∅ ∅ ∅

Fig. 3.E8 for p = 2 (left), p = 3, (center), andp = 5 (right).
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A1 + Ã2

A2 + Ã1

Ã2

A2

A1 + Ã1 A1 + Ã1

(Ã1)(2) Ã1

Ã1 A1 A1

∅ ∅

Fig. 4.F4 with p = 2 (left) andp = 3 (right).

G2(a1)

Ã1 (Ã1)(3)

A1 Ã1 A1

∅ ∅

Fig. 5.G2 for p = 2 (left) andp = 3 (right).

8. VIGRE Algebra Group at the University of Georgia

This project was initiated during 2003–2004 under the Vertical Integration of Res
and Education (VIGRE) Program sponsored by the National Science Foundation (N
the Department of Mathematics at the University of Georgia (UGA). The VIGRE A
bra Group consists of 4 faculty members, 4 postdoctoral fellows and 7 graduate stu
The group was led by David J. Benson, Brian D. Boe and Daniel K. Nakano. The e
addresses of the members of the group are given below.

Faculty:

David J. Benson bensondj@math.uga.edu
Brian D. Boe brian@math.uga.edu
Leonard Chastkofsky lenny@math.uga.edu
Daniel K. Nakano nakano@math.uga.edu



98 University of Georgia VIGRE Algebra Group / Journal of Algebra 292 (2005) 65–99

ject.
ester-

mput. 24

assical

51–75.

old,

ristic 2,

f char-

) 553–

Math.

arakter-

–181.
lds of

.

Postdoctoral Fellows:

Markus Hunziker markus_hunziker@baylor.edu
Jo Jang Hyun jhjo@math.uga.edu
Jonathan Kujawa kujawa@math.uga.edu
Nadia Mazza nmazza@math.uga.edu

Graduate Students:

Philip Bergonio pbergonio@math.uga.edu
Bobbe Cooper bcooper@math.uga.edu
G. Michael Guy guy@math.uga.edu
Jeremiah Hower jhower@math.uga.edu
Graham Matthews matthews@math.uga.edu
Kenyon J. Platt platt@math.uga.edu
Caroline Wright cwright@math.uga.edu

Acknowledgments

We acknowledge the NSF grant DMS-0089927 for its financial support of this pro
We thank Roger Carter, Ross Lawther, Monty McGovern, Eric Sommers and Donna T
man for several useful discussions.

References

[1] W. Bosma, J. Cannon, Handbook on Magma Functions, Sydney University, 1996.
[2] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system I: The user language, J. Symbolic Co

(1997) 235–265.
[3] J.F. Carlson, Z. Lin, D.K. Nakano, Support varieties for modules over finite Chevalley groups and cl

Lie algebras, preprint, 2004.
[4] J.F. Carlson, Z. Lin, D.K. Nakano, B.J. Parshall, The restricted nullcone, Contemp. Math. 325 (2003)
[5] R.W. Carter, Finite Groups of Lie Type, Wiley–Interscience, 1985.
[6] D.H. Collingwood, W.M. McGovern, Nilpotent Orbits in Semisimple Lie Algebras, Van Nostrand Reinh

1993.
[7] R.H. Dye, On conjugacy classes of involutions of the orthogonal groups over perfect fields of characte

Bull. London Math. Soc. 3 (1971) 61–66.
[8] R.H. Dye, On conjugacy classes of involutions of the simple orthogonal groups over perfect fields o

acteristic 2, J. Algebra 18 (1971) 414–425.
[9] E.M. Friedlander, B.J. Parshall, Support varieties for restricted Lie algebras, Invent. Math. 86 (1986

562.
[10] I. Gordon, A. Premet, Block representation type of reduced enveloping algebras, Trans. Amer.

Soc. 354 (2002) 1549–1581.
[11] R. Großer, Degenerationsverhalten nilpotenter Konjugationsklassen klassischer Lie-Algebren in Ch

istic 2, Dissertation, Bonn, 1980.
[12] W.H. Hesselink, Nilpotency in classical groups over a field of characteristic 2, Math. Z. 166 (1979) 165
[13] D.F. Holt, N. Spaltenstein, Nilpotent orbits of exceptional Lie algebras over algebraically closed fie

bad characteristic, J. Aust. Math. Soc. Ser. A 38 (1985) 330–350.
[14] J.E. Humphreys, Introduction to Lie Algebras and Representation Theory, Springer, New York, 1972



University of Georgia VIGRE Algebra Group / Journal of Algebra 292 (2005) 65–99 99

ol. 43,

. Alge-

Comm.

5.

)

th. 547

,

vol. 946,

(1982)

)

iv.

ras I:

print,

Soc. 3
[15] J.E. Humphreys, Conjugacy Classes in Semisimple Algebraic Groups, Math. Surveys Monogr., v
Amer. Math. Soc., 1995.

[16] R. Lawther, Jordan block sizes of unipotent elements in exceptional algebraic groups, Comm
bra 23 (11) (1995) 4125–4156.

[17] R. Lawther, Correction to Jordan block sizes of unipotent elements in exceptional algebraic groups,
Algebra 26 (8) (1998) 2709.

[18] R. Lawther, personal communication, September 2004.
[19] G.J. McNinch, Sub-principal homomorphisms in positive characteristic, Math. Z. 244 (2003) 433–45
[20] G.J. McNinch, Adjoint Jordan blocks, preprint, math.RT/0207001, 2002.
[21] K. Mizuno, The conjugate classes of Chevalley groups of typeE6, J. Fac. Math. Sci. Tokyo 24 (1977

525–563.
[22] K. Mizuno, The conjugate classes of unipotent elements of the Chevalley groupsE7 and E8, Tokyo J.

Math. 3 (1980) 391–461.
[23] D.K. Nakano, B.J. Parshall, D.C. Vella, Support varieties for algebraic groups, J. Reine Angew. Ma

(2002) 15–49.
[24] K. Shinoda, The conjugacy classes of Chevalley groups of typeF4 over finite fields of characteristic 2

J. Fac. Math. Sci. Tokyo 21 (1974) 133–159.
[25] N. Spaltenstein, Classes unipotentes et sous-groupes de Borel, Springer Lecture Notes in Math.,

Springer, 1982.
[26] N. Spaltenstein, Nilpotent classes and sheets of Lie algebras in bad characteristic, Math. Z. 181

31–48.
[27] N. Spaltenstein, On unipotent and nilpotent elements of groups of typeE6, J. London Math. Soc. 27 (1983

413–420.
[28] N. Spaltenstein, Nilpotent classes in Lie algebras of typeF4 over fields of characteristic 2, J. Fac. Sci. Un

Tokyo 30 (3) (1984) 517–524.
[29] U. Stuhler, Unipotente and nilpotente Klassen in einfachen Gruppen und Lie algebren vom TypG2, Indag.

Math. 33 (1971) 365–378.
[30] University of Georgia VIGRE Algebra Group, Varieties of nilpotent elements for simple Lie algeb

Good primes, J. Algebra 280 (2) (2004) 719–737.
[31] University of Georgia VIGRE Algebra Group, Support varieties for Weyl modules over bad primes, pre

2005.
[32] G.E. Wall, On conjugacy classes in the unitary, symplectic and orthogonal groups, J. Aust. Math.

(1963) 1–62.


