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1. Introduction

1.1. Let G be a simple algebraic group over an algebraically closed ftiedfl char-
acteristicp > 0 and letg be the (restricted) Lie algebra &f with pth power mapp].
The maximal ideal spectrum of the cohomology ring of the restricted enveloping algebra
Maxspec¢H?2* (u(g), k)) can be identified with the variety1 (g) = {x € g: x?! = 0}. When
the characteristic of the field is a good prime, this variety was first described as the closure
of a certain Richardson orbit by Carlson, Lin, Nakano and Parshall [4]. Their methods used
the techniques developed by Nakano, Parshall and Vella [23] which involved the verifica-
tion of a conjecture of Jantzen on the support varieties of Weyl modules. More recently, in
[30] the authors investigated a more general questionpllet a finite-dimensional rep-
resentation ofy which is realized as the derivative of a representatioi ofor r > 0,
set

Nip(@) = {x e N(@): p(x)" =0},

whereN (g) is the variety of nilpotent elements gf The varietyV, ,(g) is a G-invariant
subvariety ofA/(g). Since there are finitely marng-orbits onA\/ (g), one can ask, how can
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this variety can be expressed as a finite union of orbit closures. The authors determined
N, ,(g) whenp is either a minimal dimensional irreducible representation or the adjoint
representation off and the characteristic of the fieldis a good prime relative to the
underlying root system af. The methods used did not involve the machinery in [23] and
one can easily recover all the calculations in [4] by setting p.

One of the main objectives of this paper is to determine the restricted nulidpae
over fields of bad characteristic. Sin&& (g) = Maxspe¢H?* (u(g), k)), the determination
of N1(g) for bad primes is a key step in the study of support varieties for restricted Lie
algebras. We have recently used our determinatioNgfy) to calculate support varieties
of Weyl modules over fields of bad characteristic [31]. Our results should also be useful
in the investigation of support varieties of nonrestricted representations feee [10,
Theorem 4.2]).

We will invoke the general strategy that was established in [30] by providing descrip-
tions of the varieties of both unipotent and nilpotent elements of orderg when the
characteristic of the underlying field is a bad prime. pdbe a finite-dimensional repre-
sentation ofG and letl/(G) be the variety of unipotent elementsdh One can define a
subvarietylt. ,(G) of U(G), which is analogous td/;. ,(g), by letting

Uy, (G)={x eU(G): (p(x)—1)" =0}

An analog of the restricted nullcone for the unipotent variety would/bpe5) = {x €
U(G): xP =1}. We will refer to this as theestricted unipotent varietySince there are
finitely many unipotent classes it is also reasonable to try to deskfibeG) as a finite
union of closures of such classes.

For good primes, there exists(zequivariant isomorphism betweéf(G) and A (g).
McNinch [19] has shown that, under mild hypotheses@nthe Bardsley—Richardson
isomorphism restricts to give &@-equivariant isomorphism betweén (G) and N1(g).

In particular, there are bijective correspondences between nilpotent orbWggh (re-
spectivelyN1(g)) and unipotent classes #i(G) (respectively/1 (G)) over fields of good
characteristic.

From our computations ok, ,(g) and,. ,(G), we setr = p to obtain concrete de-
scriptions of the restricted nullcon®1(g) and the restricted unipotent varieti (G) for
bad primes. Our results in conjunction with work in [4] demonstrate that these varieties are
indeed irreducible for all primes, thus answering an old question posed by Friedlander and
Parshall [9, (3.4)].

Furthermore, in this process, we establish a remarkable fact: there is an order preserv-
ing bijection between the nilpotent orbits.ivi; (g) and unipotent classes i (G) for all
primes. This is quite surprising because for bad primes the total number of nilpotent orbits
in A/ (g) and unipotent classes #(G) are often different (see [5, §5.11]). Computational
methods were essential for obtaining these results.

The paper is organized as follows. After the notation for the paper is introduced, we
look at ;. ,(g) andi4. ,(G) wherep is the standard representation for classical simple
groupsG in Section 2. The results in this section will use early work of GroRRer [11],
Hesselink [12] and Spaltenstein [25,26] who determined the nilpotent orbits and unipotent
classes and their closure orderings in this setting. In Section 3, we detelnife)
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wherep is the minimal or adjoint representation ala4(g) for the exceptional groups.

The computations fotf,. ,(G) use the tables in [16,17] which list the Jordan block sizes
on the images undes of unipotent classes. For the computations\§faq(g), we first

need explicit orbit representatives faf(g). A complete set of representatives was not
available in the current literature so we constructed representatives by hand and verified
them by using computer calculations. We have made our complete set of nilpotent orbit
representatives available in Section 5. Once these representatives were determined, we
wrote a program in MAGMA [1,2] to determine Jordan block sizes. This data is given
in Section 6 and complements Lawther’s previous calculations. Using the information in
Sections 2 and 3, explicit descriptions 8% (g) andi/1(G) are given in Section 4 when

p is bad. For exceptional groups, the orbit closure relations in these varieties are given in
Section 7.

1.2. Notation

Let G be a simple algebraic group defined okdsee [5, 1.11]). We will not distinguish
G in terms of its isogeny class in this paper because this will not have any bearing on our
discussion of nilpotent orbits and unipotent classes.lLée a maximal torus of;. The
root system associated to the péit, T) is denoted by? and identified with a subset of
the set of weightsX{ (T'). Let @ be the corresponding set of positive roots dnd be the
set of negative roots. The set of simple roots determine@bys A = {aq, ..., a¢}. The
Weyl group corresponding t& is W. We will use throughout this paper the ordering of
simple roots given in [14] following Bourbaki.

In this paper we will always assume thais a bad prime for®. A list of bad primes is
provided below.

e & of type A;, no primes;

e & oftypeB,, C;, Dy, p=2;

o & oftypeEs, E7, F4, G2, p=2,3;
e & oftypeEs, p=2,3,5.

Setg = Lie G. Let N (g) be the variety of nilpotent elements @fwhich is often called
the nullcone. The grou@ acts on\ (g) via the adjoint action and/(g) has finitely many
G-orbits. The nullcone is an irreducible variety of dimension equaditp The unipotent
variety in G is denoted by/(G). Whenk is an algebraically closed field and the charac-
teristic is a good prime the classification and structures of these orbits coincide with the
orbit theory for complex simple Lie algebras (see [5,6,15]). If the characteristic of the field
is bad then the number of unipotent classed i) and nilpotent orbits iV (g) need not
coincide. The unipotent classes were determined in [12,21,22,24-26,29] and the nilpotent
orbits were determined in [12,13,26-28]. The definitiond&f, (g), N1(g), Uy ,(G), and
U1(G) were provided in Section 1.1.

We should remark that one can identify1(g) = N, ,(g) (respectivelylf1(G) =
U, ,(G)) if the representation satisfies the conditidf(g) N kerp = {0} (respectively
U(G) Nkerp = {1}). These conditions will hold for the representations that we are consid-
ering in the paper.
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2. Classical groupsand Lie algebras

In this section we consider nilpotent and unipotent orbitgfes Sp(N) or O (N) where
chark = 2, which is the only bad prime for type8, C and D. The groupO(N) is a
disconnected algebraic group whahis even. The connected component of the identity
in O(N) is denotedSQ(N). (This is the convention of Hesselink [12] and Spaltenstein
[26], researchers in nilpotent orbits in characteristic two. We have chosen to maintain their
notation, rather than the (perhaps more standard) not&igv)) preferred by researchers
in finite groups.) Note that this definition 8iO(N) differs from the conventional definition
as the set of orthogonal matrices of determinant one.

2.1. Nilpotent orbit closures

The nilpotent orbits irg have been classified by Hesselink [12]. They are parametrized
by pairs consisting of a partition of N and anindex functiony : I — Z, wherel is the
set of (nonzero) parts qf. The partition gives, as usual, the sizes of the Jordan blocks for
any representative of the orbit. The fact that extra data (the index function) is needed to
specify an orbit means that, in contrast to the situation in good characteristic (aside from
the very even case for typR), two nilpotent elements gf having the same Jordan form
need not be in the san@-orbit.

There is a one-to-one correspondence between nilpotent orbits ang paisatisfying
the following conditions. Write:(m) for the multiplicity of m € I as a part inu.

(2.1.1) Q) Form >1lin I, x(m) > x(I) andm — x(m) > 1 — x ().
(2) ForG =Sp(N) andm € I:
(@ 0< x(m)<m/2;
(b) x(m)=m/2if n(m) is odd.
(3) ForG=O(N) andm € I:
(@ m/2< x(m) <m;
(b) x(m)=mif n(m) is odd,
() {mel: n(m)isodd = {i,i — 1} NN for somei € Z.

If I ={m1>my>--.}, Hesselink displays the pair, x as asymbol

= (im0 ).

The inclusion relations between nilpotent orbit closures Kthese diagramhave been
worked out by GroRer [11] foBp(N), and by Spaltenstein [26] fa® (N), who presents
these orderings in a unified way, as follows.

If  is any finite sequence, sigt] =) ; u;. If u, A are sequences witlx| = ||, extend
with zeros if necessary so they have the same length, and writer if 3 ., u; <
ngi Aj for all i (a partial order extending the usual dominance order on partitions). If
now  is a partition of N (written as usual with parts nonincreasing), let be the dual
partition of N, with partsu} =#{j: u; > i}. Let P be the set of pairg, g) of partitions
such thalx| + | 8] = n; assumex and 8 have the same length (by extending with zeros as
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necessary). Fow, ) € P, leta [ B = (a1, B1, a2, B2, ...). For (o, B), (&, B') € P, write
(@,.B) <@, B)ifa B [B.

Let Hx denote the set of Hesselink paiys, x) for type X,, (whereX € {B, C, D} is
the underlying root system for the grodf). There is an injective mapy : Hx — P with
x (i, x) = (a, B) defined as follows.

If X = B, there is a uniqug for which M;‘ is odd. Then

X(p2i) =1, 2 <p?, pai — x(n2i) + 1, 2 <pi,
) x (2, if 2i > y,j, 7o, if 2i > ,u,?.

SupposeX = C. DefineJ = {it x(w;) = pi/2}, Jo={i: i ¢ J andu;,, is even, J1 =
{i:i¢JUJp}. Then

[ x(p2i-1), if2i —1e JUJp,
a {sz—l—x(uzi_l), if2i —1eJq,
| x (2, if 2i € J U Jq,
pi = {Mzz‘ —x(u2), if2ieJo.

Finally if X = D then
a; = x(U2i), Bi = m2i — x(12i).

If @ and© are G-orbits, write®’ < O if @' € O. Write O(u, x) for the nilpotent
orbit associated to the pair, x) € Hx.

Theorem (Grol3er, Spaltenstein)et G = SpN) or O(N) be of typeX € {B, C, D}. Let
(W', x"), (s, x) € Hx. ThenO(', x') < O(w, x) ifand only iftx (i, x") < tx (i, x)-

Remark. When N is even, certairO (N) orbits split into two-equidimensional orbits for
SQ(N), specifically, those having all parts and multiplicities even giid;) = p; /2 for
all i [12, Proposition 5.4]. Wheneve&p < O are O(N) orbits consisting of tw@SQ(N)
orbits, there exists a® (N) orbit @” which does not split, satisfyin@ < 0" < O’ [26,
4.1]. This means that th@Q(N) poset may be deduced from tlig¥ N) poset.

2.2. The varietiesV;. min(g)

In this subsection we characterize, in terms of nilpotent orbit closures, the varieties
N, (@) ={x e N(g): p(x)" =0}, whenp is the minimal irreducible representation. No-
tice thatp is faithful, so it certainly satisfies the conditigvi(g) N kerp = {0} mentioned
at the end of Section 1.2.

Theorem. Let G = Sp(N) or O(N) be of typeX,, whereX € {B, C, D}. Letg = Lie(G)
and let p be the minimal irreducible representation gf Then forr € N, N, ,(g) =
O(u, x) wherep, is given as follows.
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Q) If X=Bwriten=dr+swithd,seZand0O<s <r.

(r?(s + Dypass), ifr<n,
My =

((n+L)p41ny), if r >n.

(2 If X=Cwrite2n =dr +s withd,s € Zand0<s <r.Forr <n,

(rfr/zjss/z), if » or d is even
My =

(r0_3)/20r = Di—ny2(s + Dsy1y2),  Otherwise

while forr > n,

(rrj2(2n — r)2n—ry2), if r is even
py =1 ((r=De-12@n—(r —1)@n-¢-1)/2), ifrisoddand>n+1,
((r=D2% 55, if  is odd andr =n + 1.

@) f X=Dwriten=dr +swithd,seZand0<s <r.

{ (rersSZ), if r <nm,

Uy = .
x (nﬁ), if r >n.

Proof. We will show in each case that ,ii;, is a nilpotent orbit parameter with all parts
less than or equal to, then

o', x') <O, x).
Let
W = (a5 a@55). ... ak)h)
with a(1) < r and corresponding Spaltenstein peie= (o}, ..., ), B = (8], ..., B)); let

«, B be the Spaltenstein pair associategto
Recall the notatior [ g for the (unordered) partition of given by(a1, 81, @2, B2, .. .).

Writea [ g for Y73 e + Bi) + e anda (™ B for T (i + Bi).

TypeB,. Suppose first that < n. It is clear thatu, = (r¥ (s + 1)5415) is a nilpotent
orbit symbol, withj =s+1 anduj = 2d + 1 (note thak + 1 # 0). Thus, its corresponding
Spaltenstein pair is given by

{r—l, ifi <d, {1, ifi <d,
o — o
" s, ifi=d+1 " lo, ifi=d+1
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Sincea(1) <r itis clear tharj <r — 1 and thus (since is nonincreasingy; < r — 1 for
alli. Also, o] + B/ < s, <rforalli. Itis then apparent that

a/fm ,3/ go‘fmﬂ and Ol/fm 13/ <O{fmﬂ (221)

forl<m <d.If s:Othenafd,an. If s # 0 thena [, , B =n. We knowa' [ g’ is a
partition ofn, so we see that (2.2.1) holds for adl It follows thattg(u/, x) < (1, x),
which completes the proof for the case n.

Now assume- > n. Then ((n +1),,1n,) is a nilpotent orbit symbol, witmj. = 1.
Consequentlyy; = n. Thus our result is immediate.

Type D,. Again, begin with the case < n. Observe thatr#s2) is a nilpotent orbit
symbol with its corresponding Spaltenstein pair given by

r, ifi<d,
o = B =0 foralli.

s, ifi=d+1,

We havew; = x' () <r anda; 4+ B! = u), <r whenever K i </. Thus (2.2.1) holds
for 1 <m < d. Finally,

af, . B=n while o[ g'<n and o [P <n

for all m. Consequently;p (1, x') < tp(ui, x), as claimed.
The case > n follows readily since the nilpotent orbit symb@iﬁ) hasa) = n.

TypeC,. As before, startwith < n. One sees that each propogedis indeed a nilpotent
orbit symbol. The corresponding sequenegsp are given as follows:

r r r S 1 1
(5.5 -..535) if r is even
_ r—=1 r+1 r-1 r+1 s : H :
afB=1 (5.5 5. .... 5. %), if r is odd andd is even
r=1 r41 r-1 r—=1 s+1 o i
(55, 52, 5=, ... 55, 552), if ris odd andf is odd

For each case, if some nonzexpor g, is less tharjr/2]| then exactly one of the following
occurs:

(1) ay =s/2 andd is even withg = (d + 2)/2,
(2) By =s/2 andd is odd whiler is even angy = (d + 1)/2;
(3) By =(s+1)/2 andd, r are odd withy = (d 4 1)/2.

In each casey, (respectivelyg,) is the last nonzero entry ia [ 8 and thuse [ B =n
(respectivelyx [ B =n). For the purposes of proving (2.2.1) we may there?ore assume
that eachy; andg; which occurs as a summand on the right-hand sides of the inequalities
in(2.2.1)is> [r/2].



72 University of Georgia VIGRE Algebra Group / Journal of Algebra 292 (2005) 65-99

Fix t € {1,2,...,k} and setS := Zj<tc(j). We will show that any partial sum of
consecutive terms i’ [ B involving only termse; with uf, _; = a(r) andg; with u), =
a(t), and beginning Wlth)zESJrz)/2 if Sis even (respectlvelyiigsﬂ)/2 if S is odd), is less
than or equal to the corresponding partial sum of terms jn3. Putting together several
such partial sums will verify (2.2.1) for ath.

If c(r) is odd then all the terma;, B/ in the partial sum equal(r) which is at most
/2], so we get what we want. Now assunie) is even. First supposgis even. Thus the
terms involved are of the form = b(r) andp; = a(r) —b(r). Thuse; < /2| < «;, while
o) + B] <r =a; + ;. Since in our alternating sum we start with@nthis case is proved.
Now suppose is odd. Thus we get! = b(r) anda. = a(r) — b(r). Thusp; < [r/2] < B,
while g + o/, , <r = B; + a;11. Since in our alternating sum we start witiawe have
verified this case.

Finally assume- > n. Then in each case; is as large as possible for orbit symbols
with parts of size at most, while o1 + 81 = n. This completes the proof.O

2.3. Orbit closures in the restricted nullcone

Our primary interest is in the restricted nullcon®y(g) = {x € g: x% = 0} (since
chark = 2): in [31] we investigate support varieties of Weyl modules, which @re
invariant subvarieties alVi(g). For this reason, we will focus on the Hasse diagram of
nilpotent orbits contained iV1(g). We give below the closure order relations between
these orbits, in terms of their Hesselink parameters. Although this can be deduced from the
GroRer-Spaltenstein theorem above, we give an elementary, self-contained proof, which
may be of some independent interest.

We will constantly use the elementary fact thats a continuous function if and only
if f(A) C f(A) for any subsetA of the domain off. For example, ifO is any set of
matricesr satisfyingx? = 0, theny? = 0 for all y € O in the Zariski topology. In particular,
for N1(g), it suffices to consider partitions all of whose parts are at most 2. As another
application of the fact, suppogkis an infinite subset of the field(recallk is algebraically
closed sc is infinite). If f: A — B is a continuous function, thefi(r) € B for all ¢ € k,
since the only closed subsetskoéire either finite or all ok.

Theorem. Assumeg2s,, 1,71\"2“) and (25, 1{7"—2’) are symbols parametrizing nilpotent or-

bits for G (wheres, r, y,8,n € NU {0}, andn must be Qrespectivelyl) if G = Sp(N)

(respectivelyO (N))). ThenO(25,, 1V=2) < 0(2;, 1)~%) if and only ifs <r andy < 4.
Before giving the proof, we need to give more details of how the index function arises.
We first treat the cas& = Sp(N). Following Hesselink, lelV be anN-dimensional

vector space over equipped with a nondegenerate bilinear fggreatisfyingg (v, v) =0

for all v € V; then N must be evenG is the group of automorphisms &f leaving

invariant. Fixx € g with x nilpotent. For each e NU {0} define a quadratic form, : V —

k by ; (v) = B(xt1v, x'v). The index functiory : N — Z is defined by

x (m) =min{i > 0: «;|kerxm) = 0}. (2.3.2)
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In particular, ifx? = 0 thena; = 0, and

0, ifap=0,

. (2.3.2)
1, otherwise.

x(2)={

We take the matrix op to be

1

1

so thatx € g & x'J = Jx & Jx'J = x. The matrixx’ := Jx'J is obtained fromx by
transposing across the antidiagonalxseg if and only if x is symmetric about the antidi-
agonal.

Proof of Theorem (Symplectic cage AssumeG = Sp(N), whereN = 2n is even. Note
thatx € g has Jordan form corresponding to the partitigh 1V 2" if and only if x2 = 0
and rkx = r. We will takex to have the block form

0 C
x:x(C):(O 0) (2.3.3)

whereC = (¢;j) isn x n andC’ =C. Thenx2 =0, and it is an easy calculation to show
thatao(v) = c1,v3, + c2n-1V5,_1 + -+ + ca1v2 4. By (2.3.2),x(2) =0 if and only if all
antidiagonal entries of are 0. IfAy, ..., A, are square matrices whose dimensions sum
to n, write

0 A1

A2
anti(Ay, ..., Ay) = _ . (2.3.4)
Aq 0

Fort e k putIa(t) = (3 4)-
Taking C = C(r) = anti(r, 1”1, 0""), then x(C(r)) corresponds to the symbol
(25,152 if 1 £0, and to(2; 7%, 1) 720"y if 1 = 0. Thus

0211y c o, 137?).
Recall that the symba(2],, 16V_2’) only occurs when- is even. Suppose =2/ > 2.
TakeC = C(r) = anti(l2(t), 151, 0"=%). Then rkx(C (1)) = r for all t e k, andx (2) = 0

if and only if r = 0. This shows

02, 15~%) c0(23,1577).
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Similarly, takingC = C (1) = anti(t I, I, *,0"~%) gives
-2 4N=-2(r-2) N-2
0(27%. 1, ) CO(26.15~7).

Finally, if B(xv,v) =0 for all v e V and allx € B ¢ My(k), and if y € B, then
B(yv,v) =0 for all v € V, by continuity. This shows that(2) cannot increase on clo-
sures, and completes the proof of the theorenSigv). O

For the orthogonal case, [€tbe anN -dimensional vector space overequipped with a
quadratic formx and a bilinear forng satisfyingg (v, w) = a(v+w) —a(v) —a(w) for all
v,w e V. ThenO(N) is the algebraic group of automorphismsiofleavingea invariant.
Fix x € g with x nilpotent. For eacli € N U {0} define a quadratic formy; : V — k by
a; (v) = a(x'v). The index functiory is defined as in (2.3.1). Wherf = 0, x (2) is given
by

ﬂa=F“ﬁmEQ (2.3.5)

2, otherwise.

We may takex(v) = vivy + vovy—1+ - -, SO that the matrix of is J whenN is even,
andisJo=J — E;y1,41 WhenN =2n 4 1 is odd E;; the matrix units). A matrixy
belongs tog if and only if B(xv, v) =0 for all v € V and trx = 0. WhenN is even the
first condition is equivalent t® being symmetric about the antidiagonal, with antidiagonal
elements all zero. IV is odd, sayN = 2n + 1, thenx has the block form

A 0 C
x=|lw 0 u (2.3.6)
B 0 A

where A, B, C aren x n, w andu are 1x n, and B and C are symmetric about the
antidiagonal with antidiagonal elements all zero.

Proof of Theorem (Orthogonal casg AssumeG = O (N), first with N = 2n even. Then
the symbol(2;, 111\"2’) only occurs wherr is even, because of condition (3)(c) in the

definition of symbols. So assume= 2/ > 2.
Takingx = x(C) as in (2.3.3), wher€ = C(t) = anti(t I, I,~*, 0"=%), shows

0(2272, 11N—2(r—2)) - O(Zg_, 11N72r)‘

In order to getrg £ 0, we must have some nonzero entries ioutside the upper-right
n x n block. Consider € g having the form

0 C
X = 0 0 +a(En—l,n+En+l,n+2)
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whereC = anti(C1, bI2) with C1 an(n — 2) x (n — 2) matrix, anda, b € k. Thenx2 =0
andog(v) = abv,f+2. Also rkx = 2 + rk Cy provideda or b is nonzero.

Assumer > 4 so thatl > 2. TakeC1 = anti(z I, 152, 02y, With @ = b = 1, and
letting ¢ be either nonzero or 0, we obtain

r—2 aN—2(r—2 —-2r
02217 )) CO(2,1777).
Similarly, witha = 0, » = 1 we obtain
027212 ?) c o2, 17 7).
Fixing b =t = 1 and lettingz be either nonzero or 0, we obtain
N—2r N—2r
02,1 77) cO(2.1, 7).

Whenr = 2, the first two orbit closure inclusions of this paragraph are trivial, and the last
one is obtained in the same way usifig= 0.

Next assumeV = 2n + 1 is odd. Letx have the block form (2.3.6), where= B =0
andw = 0. Thenx2 =0, andeg =0 if and only ifu = 0. Letr =21 > 2.

Taking C = anti(Z}, 0"=%), u = (0" 1, 1) gives

0.1 ) c0(z. 15 2).
Taking C = anti(t I, Ié_l, 0"=2), u =0 gives
0(2;72, 11N—2(r—2)) - 0(25_, 11N72r)‘
; o -1 =21y , _ -1 ;
TakingC = anti(tI2, I, -, 0""7), u = (0", 1) gives
o271 Y co(z, 10%).

Taking C = anti(Z}, 0"=%), u = (t,0"~2, 1) gives

O( 53 1{]_\/72”) C 0(224»17 11V—2(r+1))'

Finally, for N either even or odd, since for fixade V, a(xv) is a polynomial in the
entries ofx, it follows that if« (xv) =0 for all x € B C My (k), thena(yv) =0 for y € B.
This shows thaj (2) cannot increase on closures, and completes the prod! fa). O
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2.4. Unipotent orbits

In this subsection we assundgis connected; i.eG = SQN) in type D. (Recall our
convention thaBQ(N) is the identity component ad (N).) The classification of unipotent
classes in characteristic two is provided in [7,8,12,32]. We will use the parametrization
given by Hesselink [12]. The classification is by paifs x), analogous to the nilpotent
case. The parameters for unipotent orbit&irwhengG is connected, are as follows. Recall
that! denotes the set of parts appearing in the partition

(2.4.1) Q) Fom >1inlI, x(m) > x() andm — x(m) =1 — x ().
(2) ForG=SpN)andm e I:
(@) (m—2)/2< x(m) <m/2;
(b) x(m)=m/2if n(m) is odd.
(3) ForG =SQN) andm € I:
@ m/2< x(m) < (m+2)/2;
(b) x(m)=@m+2)/2if m > 2 andn(m) is odd,
(€) X ,,ern(m)is evenifN is even.

For each pain(u, x) satisfying the above conditions, I€{u, x) be the corresponding
unipotent class it (G).
Recall the restricted unipotent variety

U(G) = {u e U(G): (u—1)?=0}={uecl(G): u*=1}.

One of our main results is that there is an order-preserving bijection betweén dhaits
in AM1(g) and inlf1(G).

Theorem. Let G = Sp(N) or SQ(N) with chark = 2. There is an order-preserving bijec-
tion between the nilpotent orbits ik (g) and the unipotent classesin (G).

Proof. Since the elementse N1(g) (respectively: € 141 (G)) satisfyx? = 0 (respectively

(u — 1)2 = 0), the associated partitiopsare precisely those having all parts at most 2. We
will show that the same symbols arise in the nilpotent and unipotent case, provided all parts
are at most 2.

First, the condition (1) is identical in (2.1.1) and (2.4.1). o= Sp(N), condition
(2)(@) is equivalent tg¢(2) =0 or 1, x (1) = 0 in either case, and the conditions (2)(b)
are identical. Assum& = SQ(N). In both (2.1.1) and (2.4.1), condition (3)(a) becomes
x(2)=1or2,x(1) =1. Inthe presence of (3)(a), each condition (3)(b) reducgs2p =
2if n(2) is odd. And in each case, condition (3)(c) only rules out the possibilityttiatis
odd andn (1) is even. Finally, the parameters for the nilpotent and unipafgX) orbits
which split into twoSQ(N) orbits are the same.

To show that the bijection is order-preserving, it suffices to consiigy) orbits in
SQ(N) (respectivelyso(N)), by Remark 2.1. The closure order relations between nilpotent
orbits in NV1(g) are given in Theorem 2.3. The closure order relations between unipotent
classes for classical groups in characteristic 2 were worked out by Spaltenstein [25]. He
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parametrizes the unipotent classes by péirs), where is a partition as usual, and
¢:N— {—1,0,1} C Ztakes the place of Hesselink’s index functipnSpecifically, letting
n(i) € Z+ be the multiplicity ofi in the partitiona,

(1) e@)=-1ifiisoddorifn(i) =0

(2) e@)=11ifiis evenand(i) is odd,

(3) e(i)=1if i isevennu(i) is even, andy (i) is the larger of its two possible values (see
(2)(a) and (3)(a) above),

(4) e@)=0ifiisevenn(i) is even, ang (i) is the smaller of its two possible values (see
(2)(a) and (3)(a) above).

Given a partitionk of N, let A* be the dual partition oV defined byr” =#{j: A; > i}.
Order the pairga, €) by (1, ) < (u, ¢) if and only if, for each,

Q) Z,<, I Z,<1M (i.e.,» < u in the usual dominance ordering),
() X< 2 —maxe(i), 0) >Z]<, w; —max(i), 0), and
@) if Y <in) 3 =2 i< w;iandir gy — i, 4 is odd, thenp (i) #0.

If Cy ¢ is the unipotent class parametrized(ye), thenC; . <C, ¢ ifand only if (A, &) <
(i, @) [25, Theorem 8.2].
Transferring the ordering on Spaltenstein pairse) into the corresponding ordering
on Hesselink symbols, we obtain the following. Observe that # (2°, 1V=%), then
= (N —s,s). Condition (1) for(2},, 1{7" ) < (25, 1,,1\’—2’) becomes < r. Condition (2)
(W|th i = 2) becomes < 8. The remaining conditions are vacuous. These are the same
conditions as in Theorem 2.3. Thus the ordering on unipotent clasde¢s(@) corre-

sponds, under our bijection, to the ordering on nilpotent orbif§ity). O

3. Exceptional groupsand Lie algebras

Let G be an exceptional simple algebraic group. For good priigs(g) was com-
puted in [30] for minimal dimensional representations or the adjoint representation. When
p is the adjoint representation Lawther [18] showed that the Jordan block sizes for unipo-
tent elements and corresponding nilpotent element coincide. Therefore, the tables in [30,
84.2] can be used to determit& a4(G) for good primes. For minimal dimensional rep-
resentations Lawther has also shown that the Jordan block sizes coincide except for one
case wherp = 5 for the regular element it7. The partition for the unipotent class is
(24,22, 10) while the partition for the nilpotent element {83?, 10). In order to obtain
U min(G) in this situation one can use the table given in [30, 8§4.1] by replacing 22 (re-
spectively 23-) by 22-23 (respectively 24) in the p =5 column.

When the primep is bad the tables below describk ,(G) whenp is a minimal di-
mensional representation or the adjoint representation. The variety of nilpotent elements
N0 (g) is also provided whep is the adjoint representation. It can be verified by using
a base change argument that these representations satisfy the hypotheses mentioned at the
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end of Section 1.2. Note that the adjoint representatiorEfocoincides with the minimal
dimensional (nontrivial) irreducible representation.

The methods of computation and conventions used in the tables are the same as the
ones given in [30, 84]. For unipotent classes, the Jordan block sizes for the images of
on a unipotent class are given in [16,17]. For nilpotent orbits, we determined the Jordan
block sizes of the image of the orbit representatives under the adjoint representation. This
involved using the built-in functions in the MAGMA package (i.e., “StructureConstants,”
“JordanForm”) [1,2] to construct Chevalley bases for exceptional Lie algebras, and com-
pute Jordan block sizes.

In more detail, the first step entailed constructing a set of orbit representatives in charac-
teristic zero. Once we had such a set of representatives they were tested on the computer by
showing that each one gave rise to a different Jordan block partition. Next, additional or-
bit representatives for bad primes were obtained using information in the literature [13,28,
29]. These were also verified by using computer calculations. Finally, we used MAGMA
to deduce the Jordan block sizes of the image of the adjoint representation on the represen-
tatives. The Jordan block sizes are provided in Section 6.

In the tables the first column consists of a list of orbits via the Bala—Carter labeling.
The cell entries provide the valuesofor whichi4,. ,(G) (or NV, ,(g)) is the union of the
closures of the orbits listed in that particular row. For example, for the gEaup

U7.min(G) =C(Aa+ A1) UC(Ds) whenp=3, and
N3adg) = O(3A1) whenp =2.
(As mentioned in Section 7, the closure relations between nilpotent orbifs;fand Eg

have not been completely determined. Thus in those cases, when two or more orbits are
listed in a row, it may happen that one of the orbits lies in the closure of the other.)

TypeEg
Orbits ur,p(G) Ur,p(c) ur.p(G) Urﬁp(G) M‘,p(g) M.p(g)
min min adj adj adj adj
p=3 p=2 p=3 p=2 p=3 p=2
1 1 1 1-2 1 1-2 1
Aq 2
3A1 2 2-3 2-3
Ay 3
242+ Aq 34 3-6 3-6
Dy(al) 5-6 4-5 7-8 4-7 7-8
Dy 6 4-7
Ag+ Aq 7
Ag+ A1, Dy 7
Ds(ay) 8
Ds 8-12 8-15 8-15
Eg(ay) 9-14 13-15 9-18

Ee 15+ 16+ 19+ 16+ 9+ 16+
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Type E7
Orbits Ur,p(G) Uy, p(G) U, p(G) Ur,p(G) Nrp(@) Nirp(@)
min min adj adj adj adj
p=3 p=2 p=3 p=2 p=3 p=2
1 1 1 1-2 1 1-2 1
Ap 2
4A, 2 2-3 2-3
Ap,4Aq 3
2424 Aq 3-4 3-6 3-6
Dy(a1) 5
Az+Ar+ A1 6 4-5 7-8 4-7 7-8
Dy+ A1 6
D4+ A1, (A3 + Ap)@ 4-7
Ag+ Ap, Dy 7
Ag+ Ao, D+ Aq 7
Ds(ay) + A1, As+ A 8
E7(ag) 8-12 8-15
Eglay) 9-14 13 9-18
Dg, (Ag)®@ 8-15
E7(a3) 14-15
Eg 15 9-18
Eg, E7(a3) 16-17
E7(ap) 18-19 19-26 19-26
E7(a) 20-25 16-25 16-31
E7 26+ 26+ 27+ 32+ 27+ 16+
Type F4
Orbits Uy, p(G) Uy, p(G) Ur,p(G) Ur,p(G) Nirp(@) Nirp(@)
min min adj adj adj adj
p=3 p=2 p=3 p=2 p=3 p=2
1 1 1 1-2 1 1-2 1
Aq 2
A1+ Ay 2 2-3 2-3
A2
A1+ Ay 3-4 3-6 3-6
Fa(a3) 5-6 4-5 7-8 4-7 7-8
B3 7-8 6-7 4-7
Fa(ay) 9-14 8-15 9-18 8-15 8-15
Fy 15+ 16+ 19+ 16+ 9+ 16+
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TypeEg
Orbits Uy, p(G) Uy, p(G) Ur,p(G) Nip(9) Nirp(@) Nirp(@)
min/adj min/ad] min/adj min/ad] min/ad] min/adj
p=>5 p=3 p=2 p=>5 p=3 p=2
1 1-2 1-2 1 1-2 1-2 1
241 3 3
44, 4 2-3 4 2-3
245424 3-6 3-6
Dy(ay) + Ap 7 7
243 8 4-7 8
Da+ Ay, (Ag+ Ap)@ 4-7
Agq+ Az 5-10 5-10
Eg(a7) 11-12 11-12
Ag+ A 13-14 13-14
D7(az) 15 15
A7 16 8-15 16
D7, (Ap)@, (D5 + Ax)@ 8-15
Eg(bg) 17-18 9-18 17-18
Eg+ A1, (A7)® 9-18
Eg(ag) 19-22 19-22
Eg(bs) 19-22 19-22
Eg(as) 23-24 23-26 23-24 23-26
Eg(ay) 16-31
Eg(ay) 25-50 27-54
Eg 51+ 55+ 32+ 25+ 27+ 16+
TypeGo
Orbits U, p(G) Ur,p(G) Ur,p(G) Ur,p(G) Nip(9) Nirp(@)
min min adj adj adj adj
p=3 p=2 p=3 p=2 p=3 p=2
1 1 1 1-2 1 1-2 1
Aq 2
A1 2 2-3 2-3
Gylay) 3-6 3-5 3-8 4-7 3-8
Gy 7+ 6+ 9+ 8+ 9+ 4+
4. Applications

4.1. Restricted unipotent varieties

The following two theorems provide a description of the restricted unipotent variety for
simple connected algebraic groups when the characteristic of the field is a bad prime. These
results are easily deduced by setting: p for 4, ,(G) and using the results in Sections 2
and 3.
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Theorem.

(A) LetG be a simple classical connected algebraic group dveterechark = 2.
(i) If @ is of typeB; thenlf1(G) = C(2,, 11).
(i) If @ is of typeC; thentt1(G) = C(2)).

(iii) If @ is of typeD; thenl1(G) = C(2).
(B) LetG be an exceptional algebraic group witgha bad prime.
(i) If @ is of typeEg theniy(G) = C(X) whereX = 24,4+ A1 (p =3),341 (p =2).

(i) If @ isoftypeE7 thenlf1(G) = C(X) whereX =24+ A1 (p =3),4A1 (p =2).

(iii) If @ is of typeEg thenif1(G) = C(X) whereX = A4+ Az (p =5), 24, + 24,
(p=23),4A1 (p=2). L _ _

(iv) If @ is of typeF, thenlf1(G) =C(X) whereX = A1 + A2 (p =3), A1+ Ax
(p=2).

(v) If & is of typeG, thenif1(G) = C(X) whereX = Ga(a1) (p = 3), A1 (p = 2).

4.2. Restricted nullcones

In a similar way using our computations.df. ,(g), we can determind/i (g) over fields
of bad characteristic.

Theorem.

(A) LetG be a simple classical connected algebraic group dvetherechark = 2.
(i) If @ is of typeB; thenN1(g) = O(2, 11).
(ii) If @ is of typeC; thenNi(g) = O(2)).
(iii) If @ is of typeD; thenNi(g) = O(2,).
(B) LetG be an exceptional algebraic group witha bad prime.
() If @ is of type Eg then N1(g) = O(X) where X = 24, + Ay (p = 3), 341
(p=2).
(i) If @ is of type E7 then N1(g) = O(X) where X = 24, + Ay (p = 3), 441
(p=2).
(ii) If @ is of typeEg thenN1(g) = O(X) whereX = A4+ Az (p =5), 24, + 243
(p=3),4A1 (p=2). _ ~
(iv) If @ is of typeF, thenN1(g) = O(X) whereX = A1 + Ay (p =3), A1+ Aq
(p=2). _
(V) If @ is of typeG, thenNi(g) = O(X) whereX = Gz(a1) (p =3), A1 (p =2).

4.3. The previous two theorems show tldat(G) and N1(g) “coincide” for G excep-
tional. TheG-orbits in these two varieties also coincide (see Section 7 for Hasse diagrams).
Combining this with our results for classical groups, we can now state the following result.

Theorem. Let G be a connected reductive algebraic group over an algebraically closed
field of characteristigp > 0. There exists a one-to-one correspondence between unipotent



82 University of Georgia VIGRE Algebra Group / Journal of Algebra 292 (2005) 65-99

orbits in/1(G) and nilpotent orbits inV1(g) which respects the closure ordering of orbits.
This correspondence also respects dimensions of unipotent classes and nilpotent orbits.

Proof. For good primes, this is established via the computations in [30]. (This can also
be deduced from [19, Theorem 35].) For bad primes, the correspondence is given by
Theorems 4.1(A), 4.2(A) for the classical groups and Theorems 4.1(B), 4.2(B) for the
exceptional groups. The inclusion relations are checked in Theorem 2.4 for the classical
groups and case by case in Section 7 for the exceptional groups. Furthermore, one can
verify directly that the orbit correspondence respects dimensions of unipotent classes and
nilpotent orbits. O

We should also remark that under the correspondence in the preceding theorem, the
Jordan block sizes for the unipotent classe#/iiG) and the nilpotent orbits ith7(g)
coincide for the adjoint representation wh@nis an exceptional group. This can be veri-
fied by using [16,20] and the tables in Section 6. In generalffand A/ the Jordan block
sizes need not coincide. For example wher= G, p = 3, the partition for the regular
unipotent clasg(G») for the adjoint representation {41, 3) whereas the partition for the
corresponding regular nilpotent orldit(G>) is (9, 3, 2). This leads one to conjecture that
there might be & -equivariant isomorphism betweéfi(G) and N1 (g) for all primes. For
good primes such an “exponential” map has been constructed in [3]; and as remarked in
the introduction, [19] shows that the Bardsley—Richardson map restricts to givecpui-
variant isomorphism in the opposite direction. An interesting problem would be to deter-
mine if such a map exists for bad primes.

In [23], it was shown thaiVi(g) is irreducible and the closure of a Richardson orbit
when the characteristic of the field is good. Our results also show\hgi) is an irre-
ducible variety even for bad primes. However, it is not true fatg) is the closure of a
Richardson orbit (e.g., whes is of type G, andp = 2).

5. Orbit representatives

In this section, we provide orbit representatives for exceptional Lie algebras over alge-
braically closed fields of all characteristics. Throughout, the conventions in [16] will be
used. IfX is the Bala—Carter label for the orbit in characteristic zero tkieh will denote
the new orbit that arises. For the unipotent classes such representatives can be found in [16,
21,22,24,29]. After asking several experts in the field we were amazed to learn that such
explicit representatives for nilpotent orbits were not available in the literature. Since we
were interested in using such representatives for computation purposes, we wanted to have
the orbits represented in the simplest form possible. For this purpose we have attempted to
choose representatives which are consistent with the Bala—Carter labeling whenever pos-
sible. Several sources we used to construct representatives include [13,16,22,28,29]. We
hope that making such a list available will be useful for future computational purposes.

We should make the reader aware of several places in the literature which are pertinent
to our results. First, in [6, p. 78], the algorithm for providing the orbit representative for
Dg4(ay) in Dy is slightly misleading. In the case of typ@&sand D one may not be able
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to simply take a sum of root vectors @. If one does this for the example given the
Jordan block size for this representativg8s13) instead of(5, 3). Rather, one needs to
take a generic sum of root vectors@m. The orbit representative fab4(a;) that needs

to be taken is obtained by deleting one of the summands. Second, in [22] for the orbit
Esg(a7) (in Mizuno’s notation 24), the rootas7 does not exist as a root @fg. This root

is used as part of his description of the unipotent class representing this orbit. Finally,
the representatives for the nilpotent orhitss + A2)@ in E7 and Eg and (D4 + A2)®@

in Eg are not explicitly given in [13]. We constructed these representatives by looking
at the orbits given by)(43, 23) in Dg (embedded intE7 and Eg) and O(52, 23) in Dy

(embedded intdg).

TypeEg
Orbit Representative
Eg Xap + Xapy + Xag + Xay + Xag + Xag
Eg(a1) Xoq + Xag + Xag + Xaotag T Xagtas T Xeg
Ds Xag + Xag + Xay + Xag + Xag
Eg(a3) Xagtogtas T Xaptag T Xag + Xag+ag + Xag + Xagtag
Ds(aq) Xap + Xag + Xag + Xag + Xaz+ag + Xay+as
As Xaq + Xag + Xay + Xag + Xag
Ag+ Aq Xaq + Xag + Xag + Xay + Xag
Dy Xag + Xag + Xay + Xag
Ag Xap + Xaz + Xag + Xag
Dy(aq) Xag + Xag + Xag + Xaztag + Xag+as
Az+ A1 Xoq + Xag + Xay + Xag
2A72+ A1 Xaq + Xap + Xag + Xag + Xag
A3 Xaq + Xag + Xay
Ax+2A1 Xaq t Xap + Xag + Xag
2A2 Xaq + Xag + Xag + Xog
Ar+ Aq Xoq + Xag + Xag
Ao Xap + Xag
3A1 Xaq T Xay + Xag
2A1 Xaq t Xay
A1 Xoq
{0} 0
Type G2
Orbit Representative > 3 Representative = 2
G> Yoy + Xap Xay + Xap
Ga(ap) Xap + X201 +ap Xag + X201 +ap
(17{:’[)(3) Xap + Xag+ap
;{1 Yoy Koy
Aq Xayp Xap
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Type E7
Orbit Representative
E7 Xaq + Xap + Xag + Xay + Xag + Xag + Xa7
E7(a1) Xaq + Xag T Xagtay T Xaptag + Xag + Xag + Xa7
E7(a2) Xaq + Xap + Xag + Xap+ay + Xagtag + Xag+ag T Xagtay
E7(a3) Xag + Xagtay + Xagtayg + Xaptagtas T Xagtaz+agtas T Xagtag + Xay
Eg Xaq T Xap + Xagz + Xay + Xag + Xag
Eg(a1) Xay + Xag + Xag + Xap+ay + Xagtay T Xag
Dg Xop + Xag + Xag + Xag + Xag + Xa7
E7(as) Xoy + Xag+ag+ag T Xag+ag+as T+ Xao+as+as + Xagtas+ag + Xag+agtas+ag T Xagtay
Dg(ay) Xap + Xag + Xag + Xag + Xa7 + Xag+ag + Xag+as
Ds+ Aq Xoq + Xap + Xag + Xay + Xag + Xa7
(46)@ Xajtagtag T Xag+agtos T Xaptagtag T Xagt+ag+as T Xas+ag T Xag+ay + Xagtastegtar
Ag Xoq + Xag + Xay + Xag + Xag + Xa7
E7(as) Xaq+agtay T Xaptagtag + Xag+agtagtastag + Xao+agtas T Xag+as+ag
+ Xagtagtar + Xaz+astastag
Dg Xoq + Xay + Xag + Xay + Xosg
Eg(a3) Xag+agtas T Xaptag + Xag + Xag+az T Xag T Xagtag
Dg(a2) Xop + Xag + Xag + Xa7 + Xag+ay + Xag+as T Xag+ag T Xag+ay
Ds(a1) + A1 Xaq + Xap + Xag + Xag + Xaz + Xag+ay + Xag+asg
As+ Aq Xaq + Xap + Xy + Xag + Xag T Xay
(As) Xaq + Xag + Xay + Xag + Xag
Ag+ A Xoq + Xap + Xag + Xy + Xag + Xa7
Ds(a1) Xorq + XYoo + Xog + Xog + Xagtag + Xoytasg
As+ A, Xoy + Xz + Xay + Xag + Xay
Dg+ Aq Xop + Xag + Xay + Xag + Xaz
(Ag)” Xap + Xay + Xag + Xag + Xay
A3+ Ap+ A1 xaq + Xap + Xag + Xag + Xag + Xag
Ay Xaq + Xagz + Xay + Xag
(A3 + AZ)(Z) Xag + Xap+ag+2a+2u5+2ag+a7 T Xag T Xag+ag+as + Xag + Xag
Az + Ao Xaq + Xag + Xay + Xag + Xaz
Dg(a1) + A1 Xap + Xag + Xag + Xaztag + Xagtas + Xay
Dy Xop + Xag + Yoy + Xag
Az+2A1 Xoq + Xoy + Xay + Xag + Xay
Dy(a1) Xop + Xag + Xag + Xag+ag + Xaytas
(A3+ A1) Xaq + Xag + Xay + Xag
2A2+ A1 Xaq + Xay + Xag + Xag + Xog
(A3+ A1) Xap + Xag + Xag + Xa7
Ao+ 3A1 Xoq + Xapy + Xag + Xag + Xay
24 Xoq + Xag + Xag + Xaz
A3 Xog + Xz + Xay
Ao+ 2A1 Xoq + Xz + Xag + Xa7
A2+ A1 Xoq + Xag + Xag
4A4 Xoq + Xap + Xag + Xa7
Ao Xaq + Xag
(3Al)/ Xag + Xy + Xag
(3A1)” Xap + Xag + Xay
2A1 Xaq + Xay
A1 Xag

{0}

0
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Type Eg (1)
Orbit Representative
Eg Xoq + Xap + Xag + Xay + Xag + Xag + Xay + Xag
Eg(ay) Xoq + Xap + Xap+ay T Xag+ag T Xag + Xag + Xa7 + Xag
Eg(a2) Xoy + Xay + Xag + Xapt+ag + Xagtas + Xag + Xag + Xag+ay + Xag
Eg(a3) Xoy+ag T Xag+ag + Xagtay + Xag+as + Xag+ag+as + Xag + Xag + Xa7 + Xag
Eg(as) Xoq+ag + Xaptay T Xagtas + Xaatas T Xagtastag + Xag + Xag + Xag+az T Xartog
E7 Xaq + Xap + Xag + Xayg + Xag + Xag + Xay
Eg(bg) Xay+ag T Xap+agtay T Xag+ag+as + Xapt+agtas T Xagtas+ag T Xas+ag+ay + Xay + Xag
Eg(as) Xay+ag T Xaptaztag T Xaztagtag T Xaotagtas T Xagtastag T Xaotagt+astag
+ Xag+a7 + Xaz+ag
E7(ap) Xy + Xag+ag T Xaptay T Xag + Xag + Xa7
Eg(bs) Xaq+agtag T Xap+aztas T Xag+agtagtag + Xapt+ag+as T Xagt+agtag
+ Xaptaztagtastag T Xagtagtaz + Xag
(D)@ Xaptagtag T Xagtagtag T Xagtagtay T Xaztagtag T Xaptagtas
+ Xogtazt+ag T Xag + Xaq+ar+az+2u4+205+ag
D7 Xap + Xag + Xay + Xag + Xag + Xa7 + Xag
Eg(ap) Xog+ogtay T Xag+aptagtay T Xag+agtagtas T Xag+agtagtas T Xag+ostag
+ Xoy+aptagtagtastag T Xagtay T Xag+ag
E7(az) Xoq + Xap + Xag + Xaptag + Xagtas + Xegtag + Xagtay
Eg+ Ay Xaq + Xapy + Xag + Xy + Xag + Xag + Xag
(D7(a1))<2) Xy +ogtagtas T Xag+oaptagtag T Xap+ag+2us+ag T Xaz+ag + Xas+ag
+ Xogtay T Xagtastagtaztoag T Xaq+ar+2a3+3as+205+ag
D7(ay) Xap + Xag + Xag + Xag + Xa7 + Xag T Xag+ay T Xag+as
Eg(be) Xoq+ap+agtas T Xag+agtagtas T Xeotagtastas T Xagtastastag

+ Xaptagtastag T Xagtastagtar T Xazt+ag T Xagtaz+ag
E7(a3) Xoy + Xao+ag + Xagtay T Xap+agtag + Xap+agtay + Xag + XYag+ag + Xay
Eg(a1) + A1 Xaq + Xag + Xag + Xap+ay + Xagtag + Xag + Xag

(A7)(3) Xy +ogtagtas T Xag+aptagtag T Xay+az+2us+ag T Xastagtay T Xag+az+ag
+ Xagtagtastag T Xag+agtastog T Xagtastagtartag
A7 Xoq + Xag + Xaq + Xag + Xag + Xa7 + Xag
D7(a2) Xay + Xag + Xag + Xa7 + Xag + Xaz+as T Xag+as + Xag+ag T Xag+ar
Eg Xaq + Xapy + Xag + Xay + Xag + Xag
Dg Xap + Xag + Xay + Xag + Xag + Xay

2
(Ds + A2)@ Xoy4oztagtastag T Xagtastastagtar T Xagtaptaztastas + Xapt+aztastastag
+ Xoptagtastagtar T Xaptaz+2es+as T Xazt+ag T Xag+aztag

Ds+ Ao Xoq + Xap + Xaz + Xay + Xag + Xa7 + Xag

Eg(a1) Xoq + Xag + Xag + Xag+ag + Xagtay + Xag

E7(as) Xoq T Xag+ag+ag T Xagtag+as + Xag+ag+as + Xag+as+ag T Xag+agtas+ag + Xagtay
Ag+ A1 Xoq + Xag + Xayg + Xog + Xag + Xa7 + Xag

Dg(az) Xoy + Xag + Xag + Xag + Xa7 + Xagtay + Xag+es

(AG)(Z) Xay+ap+ag T Xagtagtas T Xap+agtag T Xaptag+as + Xas+og

+ Xag+ay + Xagtastagtar
Ag Xap + Xagz + Xay + Xag + Xag + Xay
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Type Eg (Il)
Orbit Representative
Eg(a7) Xag+optagtagtas T Xaptagztagtastog T Xap+az+2us+as+ag
+ Xoq+aptaz+2ustastag T Xagtagtastagtar T Xaq+as+az+2as+as+agtar
+ Xy aptaz+204+astagtaztag T Xagtastagtar+og
Ds+ A1 Xaq + Xay + Xag + Xy + Xag T Xay
E7(as) Xoy+agtay T Xapt+agtay T Xay+ag+agtastag + Xaotag+as + Xagtas+ag
+ Xagtagtar + Xaz+astagtag
Eg(az) + A1 Xagtagtas T Xagtas + Xaq + Xoq+ag + Xag + Xas+ag T Xag
Dg(az) Xap + Xag + Xag + Xa7 + Xagtag T Xag+as T Xag+ag t+ Xagtar
Ds(ay) + Ao Xaq + Xay + Xag + Xag + Xagtas T Xag+as T Xa7 + Xog
As+ Aq Xaq + Xag + Xay + Xag + Xag T Xag
Ag+ A3 Xaq + Xay + Xag + Xay + Xag + Xa7 + Xag
Ds Xoq + Xag + Xag + Xy + Xag
Eg(a3z) Xag+agtag T Xap+ag + Xag + Xag+agz T Xag T Xagtag
(D4 + AZ)(Z) Xag + Xay + Xag + Xag + Xag T Xaptaz+204+205+206+207+ag T Xaptagtas
Dy+ Ao Xap + Xag + Xay + Xag + Xa7 + Xag
Ag+ A+ A Xag + Xap + Xaz + Xag + Xag T Xa7 + Xag
Ds(a1) + A Xaq + Xap + Xag + Xag + Xaz+ag + Xag+ag + Xa7
Asg Xaq + Xag + Xy + Xag + Xag
Ag+ Ao Xoq + Xag + Xag + Xag + Xag7 + Xag
Ap+2A1 Xaq + Xap + Xag + Xag + Xag + Xag
Ds(a1) Xoq + Xap + Xag + Xeg + Xagtag + Xagtas
2A3 Xoq + Xag + Xay + Xag + Xag + Xag
Ag+ A Xoq + Xag + Xay + Xag + Xag
Dy(ag) + Az Xap + Xag + Xag + Xagtas T Xag+os T Xaz + Xog
Dg+ Aq Xapy + Xag + Xy + Xag + Xay
Az+Ar+ A Xoq + Xap + Xag + Xag + Xag + Xa7
Ay Xaq + Xag + Xay + Xag
(Ag+Ap@ Xaz + Xap+az+204+205+20g+a7 T Xag T Xapt+ag+as T Xay + Xag
Az +Ap Xoq + Xag + Xay + Xeg + Xog
Dg(a1) + A1 Xop + Xaz + Xag + Xaztag + Yagtag + Xay
A3z +2A; Xoq + Xag + Xay + Xog + Xog
2A5+2A1 Xaq + Xapy + Xaz + Xag + Xag T Xag
Dy Xap + Xag + Xay + Xag
Dy(aq) Xap + Xag + Xag + Xag+ay + Xag+ag
Az+ A Xop + Xag + Yoy + Xag
242+ A Xop + Xag + Xag + Xag + Xag
24z Xaq + Xaz + Xag + Xag
Ap+3A1 Xaq + Xay + Xag + Xag + Yo7
A3 Xog + Xag + Xay
Ax+2A1 Xoq + Xag + Xag + Xag
Apx+ Aq Xoq + Xog + Xag
44 Xoy + Xy + Xag + Xag
Ao Xoq + Xag
3A1 Xaq + Xay + Xog
2A1 Xoq + Xay
A1 Xay

{0}

0
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Type Fy
Orbit Representative
Fy Xaq + Xap + Xag + Xay
Fy(az) Xoq + Xag + Xap+ag T Xag+ay
Fala2) Xay+ap t Xap+20g + Xay T Xagtay
(€@ Xag + Xag+agtaz T Xag+2a3 T Xoq+200+203+204
C3 Xapy + Xaz + Xay
B3 Xoq + Xapy + Xag
Fa(az) Yo F Xoq+ap + Xap+203 T Xaq+20p+4az+2ay
C3(a)® Yoy +ap + Xap+2uz+as T Xy +ap+203+20s T Xaq+20p+4az+2ay
C3(a) Xap + Xag + Xop+204
(A2 + AP Xay+ap+ag T Xap+2ug+as T Xoq+ap+2u3+20s + Xoq+2a9+203
Ap+Aq Xaq + Xag + Xay
(Bp)@ Xagtap * Xaq+ap+203 T Xap+2u3+20s
By Yoy + Xag
Ax+Ap Yoy t Xap + Yoy
AVZ Xag + Xay
(Ap)@ Xaq4+2ap+2a3 T Xaq+ap+203+20s
Az Xoq + Xy
(Ap@ Xoq+200+33+204 + X201 +30p+Aag+20s
AL+ Ay Xaq t Xag
A\i Xag
A1 Xaq
{0} 0

6. Jordan blocks

We provide below the Jordan block sizes of.adfor x a nilpotent element in an ex-
ceptional Lie algebrg whenp is a bad prime. Lawther [16,17] computed this information
for unipotent elements for the minimal and adjoint representations for exceptional groups
for all primes.

For good primes the nilpotent orbits and the unipotent classes are in bijective cor-
respondence. Under this bijection, Lawther has also shown that the Jordan block sizes
for the unipotent classes and the nilpotent orbits coincide for the adjoint representa-
tion. Consequently, our computations in conjunction with Lawther’s results complete
the determination of the Jordan block sizes on the adjoint representation for exceptional
Lie algebras for all primes. Furthermore, our work shows that the Jordan block sizes
for corresponding unipotent and nilpotent classes need not coincide in bad characteris-
tic.
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TypeEg
Orbit Prime Partition
Eg 3 (95, 83
2 (164,42 32)
Eg(ay) 3 (%5, 8%
2 (162,112, 82, 42)
Ds 3 (9,84 1)
2 (88,42, 3%
Eg(a3) 3 (93,82,64,33,2)
2 (88,42,32)
Ds(aq) 3 (93,82,64,32,22 1)
2 (82, 74,52, 42 34 1%)
As 3 (93,74,62,32,2,13)
2 (88,25, 12)
Ag+ Aq 3 (9,82,7,62,5%, 35 1)
2 (84, 62,52, 44 2%
Dy 3 (92,77,3,18)
2 (418’ 32)
Ay 3 9,7°,53,35 14
2 (82, 74,52, 42 34 1%)
Dy(ay) 3 (7,62,55,39,12)
2 (412,38,15)
Ag+ Aq 3 (7,62,58,48 3% 22 1%
2 (416,25,12)
242+ Aq 3 (324,28
2 (416 26 12)
As 3 (7,5°, 48, 3,111
2 (412,38 16)
Az +241 3 (323,24 1)
2 (410, 32’ 216)
245 3 (3%3,2,17)
2 (416’ 114)
Ay + Ay 3 (322,22,18)
2 (48’ 36’ 210’ 18)
Ag 3 (321’ 115)
2 (42, 318’ 116)
3A1 3 (313’ 214’ 111)
2 (238’ 12)
24, 3 (38,216 122
2 (232’ 114)
Aq 3 (3,220,135
2 (222,134

{0}

w
N

(178
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Type E7
Orbit Prime Partition Orbit Prime Partition
E7 3 (273,94, 8% (As)” 3 (99,315 17)
2 (165,192, 2, 15) 2 (847122115
E7(ay) 3 (27,19,173,9% Az+Ar+A1 3 (7,68 53 320
2 (168,182, 2, 15) 2 (43,322,115
E7a) 3 (19179 Aq 3 (9.7.5°,37,19
2 (164,134,42,32. 2 1) , 2 (82676,258, 42, 36,19
E7(a3) 3 (19,17,1%%, 112, 93, 62, 33 (A3+A4p@ 2 (43032215
2 (162,152, 9%.8% 2. 1) Az+Ap 3 (7,358, S 44,318 13)
Eg 3 (91382 2 4 ,63 ,41711 6
2 (164134 42,32 13) Dglar) +A1 3 (7,223 ,f ,f0,35 ,1°)
Egla1) 3 (9382 2 @h3.2% 1
2 (162,132,112, 9 82 52 42 1) Dy 3 (9367 ) 3,71 )
Dg 3 (191671511 107, 92,62, 3,13) 2 @ e
2 (84 72,2 15) Az+24; 3 (7,2?4,5 ,f1,33 ,26,18)
E7ag) 3 (9826237 2 @321
2 (814 72 2 15) D4(dl) 3 (7,6 ,5 ,3 ,1 )
o7 20 912 417
Dgla) 3 (9174313 L 2wl
2 (88,74,64,26,15) (A3+A1) 3 (7,6,5 74 ,3 72 71)
11 74 o 13 2 (424 34,210 15)
Ds+ Aq 3 (977,31 343' 2’ ’
2 (812, 547 42’ 32, 2, 1) 2A2 + Al 3 ( s 2 )
@ 14 52 o 45 2 (4%4,34,210,15)
(46) 2 (8%7.2.1) At A 3 (7515 310 121
A6 3 (911’ 747 3, 13) ( 3+ 1) ( s s 5 )
2 (814 72 17) 2 (42()» 312, 25 115)
M 2 17
Eras) 3 (7,625 %) Azt 3 (f;’ 6 529 1
2 @5t e P2 ” 3 E342’ 7 )
Ds 3 (91,288;115; L 2 > (40312 117,
2 (8 55 1453 ,l) A3 3 (7574163124)
Eg(a3) 3 (9°,82,68,39 2 (420 312,117
2 (8125% 42,32 13 37 .8 16
9 15 7 A 4241 3 (337,28 15
Deg(az) 3 (97,3719 2 (414,36 228 13
2 (8874642019 34 58 415,
5 o4 o6 o7 13 AptAr 3 (32811
Ds(a)+A1 3 (9,779,673, 19 2 (410 314 718 115
2 @h77,6%5%4532.2%1) 44 3 (328 ol4 121
9 216 o2 1 (375,277,199
A+ Aq 3 (97,3°,29 63 17
2 (28317)
2 @ 7642713 A 3 (313
(4s)/ 3 (°,746°3,13) 2 (42,330,135
8 24 4 56 15 . .
2 (83, 7 ,S s g s g]L.Z) (3A1), 3 (319’ 226’ 124)
A4 + A2 3 (96, 7,26 ;15 ;Lg :)3 2 (2627 19)
2 (83, 7 N 52, 46 5 i )4 4 (3A1)// 3 (327’ 152)
Ds@) 3 (9847263429 1% 2 (253127
2 56 £8 42 26 ’
2 (8%,75,58,42,35,19) 24, 3 (310,232 139
Ag+A; 3 (9,8,73,6%5°,42,38 22 12 2 (252,129
2 (847264544532 26 1) A1 3 (3,232,166
Dy+4A; 3 (9,84 756432 24110 2 (234165
2 (40,3215 o] 3,2 (1133
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Type Eg (1)
Orbit Prime Partition

(258, 242)

(277,262, 3,22)

(168, 158)

(258, 242)

(277,262, 3,22)

(168, 158)

(255, 242, 202, 52)

(277, 262, 207, 92, 3)

(168, 158)

(254,242,222 152 107, 32)

(273,202,184, 94,82, 3)

(168, 158)

(252, 242,202, 154, 10%, 52)

(27,262,212, 182, 152 122, 92, 82, 3)

(168, 158)

(254,234 152,102, 3,13)

(273,194,182, 94, 82, 13)

(168,152, 148, 22 15)
(25%,23,21,19,172,15%, 13,113, 72,5, 32)
(27,202,19, 182, 173,98, 3)

(168,152, 148, 22 16)

(232,21,19,17,15%, 132,113,102, 7,5, 3%)
(232,21,19,17,15%,124 112,9, 7,5, 3%)

(164, 154 128, 44 3%

(252,222,19,17, 162, 15,122, 112, 7, 62, 3, 13)
(27,19, 173,98, 13)

(160,152, 148,22 15)

(23,19, 173,153, 11, 104, 9, 72,5, 3%
(19,182,173,113,911 7, 3)

(164,154,128, 44, 3%)

(162,158, 814, 72)

(23,222,19, 162, 15,133,122 11, 102, 7, 42, 3, 13)
(23,222,19, 162, 15,133,122, 11, 102, 7, 42, 3, 13)
(824, 78)

(19, 15°,11,108,9,57)

(19,182, 153,133, 99, 7,62, 33)

(162, 158, 814, 72)

(23,19, 182,17, 162, 152, 11, 104, 82, 7, 42, 32, 13)
(19,182, 173,105, 97, 82, 13)

(164,144, 134, 124, 42, 32, 26 12)
(23,182,173, 162,15, 11, 107, 93, 82, 32, 24, 13)
(925,82, 3,22)

(164,144 134 124,42, 32 25 12)

(162,152, 144 94, 88 6%, 22 12)

Eg

6]

Eg(az)

Eg(a2)

Eg(a3)

Eg(as)

E7

Eg(bs)

Eg(as)

E7(a1)

Eg(bs)

(Dp)@
D7

Eg(ap)

E7(a2)

Eg+ A1

NN WO NWOAONWOAODNWOAONDNWOAONOWOAONWOAONWOAONWOANWOADNOWOAONWOAONWOaNDW

(D7(a1))®
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Type Eg (Il)

Orbit

Prime

Partition

D7(a1)

Eg(bg)

E7(a3)

Eg(a1) + A1

(An)®
A7

D7(ap)

Eg

Dg

(Ds+ Ap)@
D5+ Ao

Eg(a1)

E7(ag)

Ag+ A1

Dg(az)

(A4p)@
Ag

(6]

N WO NN WONWOOAONWOOAONWOAONWODNDNWOAONWOAONOWOAODNWO WNWOANWOAONWOAaONW

(19,172,15%, 13,113,105, 72,54, 33, 1)
(19,172,15%,122, 114, 9,64, 3%, 1)

(814, 718, 110)

(17,153,132, 113, 106, 73, 58, 32)

(925’ 82, 17)

(162,152,124, 114, 85, 72, 48)

(19,17, 162, 157, 122, 112, 10P, 7, 62, 53, 3, 22, 13)
(19,17, 162, 152,122,112, 10%, 93, 6%, 32, 22, 13)
(162,157, 144, 9% 88 64,22, 12)

(17,15, 142,132 122, 11, 10, 92,82, 7,57, 32, 22, 1)
(925,82, 3,22)

(162,142,132, 122,112, 107, 92, 8%, 62, 52, 44, 2%)
(925,82, 3,22)

(16%,15,133,122, 11, 107, 93,84, 7,57, 3, 13)
(9257 82, 17)

(824, 78)

(15,142, 11,1010, 92 515 1)

(919’ 78, 35’ 16)

(824, 78)

(23,177,15,11,97, 3,114

(925’ 82, 17)

(164, 1312 42 32 114y

(19,164, 15,116, 10%, 64, 52, 119)

(19,16, 15, 115, 104, 92, 64, 3, 110)

(822,72, 68,22, 16)

(822, 72’ 68, 22’ 16)

(15,132, 113,108, 9, 72,511, 35, 1)

(919’ 84, 64, 37)

(820, 74’ 412’ 34)

(17,15,135,11, 107, 9%, 7,57, 3, 18)

(925’ 82, 17)

(162,13%,112, 9%, 82, 56 42 18)

(15,13,122, 112,108, 82, 7,510, 42 32 22 13)
(919’ 82, 74’ 62, 36’ 13)

(822,72, 68,22, 16)

(133,122, 11, 107, 93, 8%, 75, 64, 53, 42, 32, 22, 13)
(919’ 82, 74’ 62, 36’ 13)

(822, 72’ 68, 22’ 16)

(15,124, 11, 10°, 94, 7,510, 35, 16)

(919’ 78, 35’ 16)

(88, 712’ 612, 26’ 116)

(822, 72, 68, 22’ 16)

(133,115, 93, 713 53 35 16)

(919’ 78, 35’ 16)

(814 718, 110y

91
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Type Eg (Ill)

Orbit

Prime

Partition

Eg(a7)

D5+ A1

E7(as)

Eg(ag) + A1

Dg(a2)

Ds(ay) + A

As+ Aq

Ag+ A3

Ds

Eg(a3)

(Dg+ Ap)?
Dg+ Ao

Ag+ A+ A

Ds(ay) + A1

Ag

[¢)]

N W O N WO NWONWOAONDNDWOAODNWOAONWODNWOODNWOUDNWONWOAONWOUDNWONW

(11,108, 93, 75,520, 35)

(914 72 68 56 310)

(820 74 412 34)

(15,122,115, 107, 93, 82, 510, 3 26, 16)
(915,88, 74,3,26,1%)

(820, 64, 54, 46’ 32’ 26, 12)

(11, 10P, 9, 8% 72, 62,518 42 33 13)
(913,827, 68,5345 35 13)
(820,64, 54,46, 32,26, 12)

(11,104, 93, 8%, 73,62, 517,33, 24 13)
(99 82 616 317 22)

(820, 64, 54’ 46’ 32’ 267 12)

(11, 10°, 8%, 7°, 517 4% 3, 15)
(99,74, 614 315 110y

(812 74 616 212 14)

(11, 107, 93, 86, 74, 64, 510, 42 37 24 13)
(99, 82, 616 317 22

(88,710 54 420 38 16)

(11,10%, 93,82, 74,66, 513,42 3,24 16)
(99 74 614 316 22 13)

(812, 74 616 212 14)

(5%8,4%)
(97,82,78,60,5°, 49,310, 22 13)
(810 76 430 32)
(15,11°,97,510,12%

(911 g16 121,

(820,512 42 32 114)

(11,107,97, 77,517, 32,114

(99 82 616 316 17)

(820 512 42 32 114)

(810,72, 64 54 424 26 12)

(11,95, 714,57, 314, 18)

(98 77 612 316 17)

(4567 38)

(546 42 32 22
(9°,82,7,618,53,3%)

(810 72 64 54 424 26 12)

(11,93, 85, 78,66, 53, 42,37, 210 16)
(95,85, 74, 612 311 28 16)

(8%, 7°, 68,589,410, 35, 210,18
(11,107, 97,614 59, 42 117)

(99 74 614 315 110)

(88 712 612 26 116)
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(92’ 725’ 3, 152)

Type Eg (IV)
Orbit Prime Partition Orbit  Prime Partition
A+ Ay 5 (5%,3519) Da(a;) 5 (5%9, 325 128
3 (93’ 757 616, 537 324’ 13) 3 (7’ 62, 524’ 327’ 128)
2 (8%,710,5% 420 38 16) 2 (436,320 144
Ag+2A, 5 (575,34 2% 13) A3+A; 5 (521416 39 pl4 124
3 (92584,273,12122157,1;414, 317,124, 1% 3 (7.62.515 418 310 514 124,
2 (8°,74,644,5%, 47,34, 2+°) 2 (440’312’218’ 116)
Ds(ay) 5 (11,988, 78,68,5,38,28,115) 245+ A; 5 (5L 414 323 218 117
3 (988,76 610,35, 28,119 3 (379.22.17)
2 (8%,710,5%0,42 310,124 2 (440 312 518 116,
2A3 5 (58412 110 14 450 128,
4 26 o4 £10 416 26 -4 110 242 G )
3 (8567é6,5 , 470,30, 2%, 1+Y) 3 (378 114)
2 (445’3 )6 . 2 (428 3%, 128)
Ag+ A 5 5%9,3,2°, 1 ’ ’
e ( 2 7 o8 )9 6 212 56 19 Ap+3A1 5 (57,414,328 228 117)
3 (9,8277,68,59,45 312 26 19) 5 (370 ol 110
2 (8*.75,68, 58,410 36 210 18) (3™,277,17)
2 (426 36 262 12)
Dyla1)+A; 5 (5%6,320,18) 15 3 56
3 @, 614, 56’ 342’ 1) Az 5 (5 ’1;-1 »31- ) o
2 (446 318 110) 3 (715 ,4%4,3, 1 )
PO 36 220 144
D4 + Al 5 (117 867 7147 66, 32, 214, 121) 2 4°°, 37, 1%
3 (92.85,713 66,32, 214 121, Ap+2A1 5 (5°,416,327 232 124)
2 (454 32,210 16 3 (355,216,121
Ag+Az+Ay 5 (5%2,48,310,210 1) 2 (42,314,252 11
3 (7,64 53,46 337 22 183) Ay+A1 5 (5412332282 135
2 (454’ 32, 210’ 16) 3 (358’ 220’ 134)
As 5 (5% 123 2 (414 330 234 134
3 (o, 711’ 521’ 311’ 124) 44, 5 (48’ 328, 248’ 136)
2 (82 710 520 42 310 124) 3 (344 240 136)
(A3+4)@ 2 (454,32, 21015) 2 (212018
Az+ A 5 (530,48 313 28 111 Ay 5 (5,355,178
3 (7.6%2,5°,48 334 110, 3 (357,177
2 (446, 318’ 110) 2 (42’ 354’ 178)
Dglap) + A1 5 (529,45 314 214 19) 34, 5 (42,327 252 155)
3 (7,68,512,45 3%8 28 19) 3 (331 250 155
2 (40,312 218 116 2 (2110 128,
Az+24; 5 (55,410,314 214 113, 24, 5 (314 264 178,
3 (7,655 414 319 212 113 3 (314 264 178)
2 (444’ 34, 228’ 14) 92’ 64’
18 412 920 520 110 2 (@519
242+ 24, 5 (577,474,375, 297, 17) 56 1133
50 A1 5 (3,256 1133
3 @52 56 1133
44 o4 528 14 3 (32,179
2 (47%,3%,24°,1%) 58 1132
2 (2°°,1+°9
Dy 5 (11,7%6,3,1%) 248
3 {0} 5,3,2 (179
2

(454 32,126
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Type Fy
Orbit Prime Partition Orbit Prime Partition
Fy 3 (9%, 82) (B2)@ 2 (47,3713
2 (162,42, 3% By 3 (7,54, 4%, 3,15
Fa(aq) 3 (9%, 82) 2 (48,34 25, 15)
2 (8%, 42, 3% Ax+ Aq 3 (316, 22)
Fa(ap) 3 (92,82, 62,32) 2 (48,34, 28)
2 (84, 42,34 Ay 3 (315,17
(C3)@ 2 (84,4,33,23 1) 2 (48,129
C3 3 (92,74,3,13) (Ap)@ 2 (42,312 18y
2 (84,28 14 A 3 (315,17
B3 3 (92,74,3,13) 2 (42,312 18)
2 (410, 34) Al + A\'i 3 (310, 28’ 16)
Fa(ag) 3 (7, 62,53, 35 2 (224,14
2 (410’ 34) (A\i) 2 2 (221’ 110)
C3(ap)®@ 2 (49,3823, 1) A1 3 (37,28, 115)
Cs(ay) 3 (7,62,5,44, 33, 13) 2 (216,120
2 (48,28 14 Aq 3 (3,214 121
(A1 + Ap)@ 2 (49,33,23 1) 2 (216, 120
AL+ A7 3 (3%6,22) {0} 3.2 (1%?)
2 (48,28 14
TypeGs
Orbit Prime Partition
Go 3 9,3,2)
2 (42,32)
Ga(ay) 3 342
2 (42,32
(Ap® 3 (32,22,1)
A1 3 (33,15
2 (28,12
Aq 3 (3,24,13)
2 (28, 12)
{0} 3,2 114

7. Hasse diagrams

In this section, we provide the Hasse diagramZig¢(G) and N1(g) when@ is of ex-
ceptional type. The inclusion of closures of unipotent classes over bad characteristics is
given in [21,22,25]. For nilpotent orbits the inclusions of orbit closures are known for bad
characteristics foG [29], F4 [13,27], Es [26]. The situation forE7 and Eg is still unde-
termined. However, by using our computations in Section 6, the new orbits which arise in
these cases are not contained\it(g). Therefore, the inclusion of orbit closuresif (g)
will be the same as in characteristic zero.

We should remark that the Hasse diagram frin [5, p. 444] is not correct. Eric
Sommers has pointed out that there should be a line between thefyhitd; andEg(bg).
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We have also found that there should not be a line betwegn,) and Az, but rather a
line betweenAs + A; and Az. These corrections agree with the Hasse diagram produced
by Spaltenstein [25].

2A2+ Aq
/ \
Ao+ 2A 2A5
\ /
Ap+ A
|
3A1 3A1
| |
2A1 24
| |
A1 A1
| |
0 7

Fig. 1. Eg for p = 2 (left) andp = 3 (right).

2A2+ Aq
/ \
Ap+3A1 2Ao
\ /
A+ 241
|
Ar+ Aq
4A4 4A1 2
VRN | |
(34p)" (34y) (34" (34y)
2Aq 2A1
| |
Aq A1
| |
[%) [4)

Fig. 2. E7 for p = 2 (left) andp = 3 (right).
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Ag+ A3
|
Ag+Ax+ A
|
Ag+ A
|
Ag+2A1
/ \
Ag+Aq 2A3
\ /
Dy(ay) + A
Ag
\ Az+Ax+ A
/
A3+ Ay
|
Dy(ay) + A2
— T~
Dy(az) Az+24
245+ 2A1 Az+ Aq 247+ 241
245+ A1 242+ Aq
| |
2A5 A3z 2A5
| |
Ap+3A; Ap+3A1
| —
Ap+2A1 Ao +2A1
| |
Ax+ Aq Apx+ Aq
4A41 Ao 4A1 > Ao
341 341
| |
2Aq 244
| |
A1 A1
| |
[ %

Fig. 3. Eg for p =2 (left), p = 3, (center), ang = 5 (right).
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A1+ A7
.
Az + Ay
A2
\ .
A1+;\V1 A1+A‘:/l
| \
(Ap®@ A1
_ p AN \
Ay Aq Aq
\ / |
[4) ]

Fig. 4. F4 with p = 2 (left) andp = 3 (right).

Go(a)
\

Ay (Ap®

| VRN
Aq A1
0 0
Fig. 5.G» for p =2 (left) andp = 3 (right).
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