WILD QUOTIENTS OF PRODUCTS OF CURVES
DINO LORENZINI

ABsTrRACT. Wild Z/pZ-quotient singularities of surfaces are expected to have resolution
graphs which are trees, with associated intersection matrices N satisfying det(N) = +p*
for some s > 0. Our goal in this article is to provide families of examples of intersection
matrices of desingularizations of wild Z/pZ-quotient singularities, with a view towards
increasing our understanding of which matrices can arise in this way.

Let k be an algebraically closed field of characteristic p > 0. Let By /k and Ba/k be two
smooth proper connected curves, each endowed with an automorphism o; : B; — B; of
order p. Let Y := By X By, and let 0 : Y — Y be the automorphism o7 x o5. We describe
the graph of the resolution of the singularities of Y/ (¢) when Bz is an ordinary curve
of positive genus. It is a star-shaped graph with three terminal chains. The intersection
matrix N of the resolution satisfies | det(N)| = p?, and can be completely determined
when Bj is also ordinary, or when o7 has a unique fixed point. We also show, for any
s > 0 coprime to p, the existence of resolution graphs with one node, s + 2 terminal
chains, and with intersection matrix N satisfying |det(N)| = p**!.

KEYWORDS Product of curves, cyclic quotient singularity, wild, intersection matrix,
resolution graph, fundamental cycle.
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1. INTRODUCTION

Let A denote a regular local ring of dimension 2 with maximal ideal M 4. Let H be a
finite cyclic group acting on A, and let Z := Spec(A). Assume that the action of H on
Spec(A) is free off the closed point, and that M is the only singular point of Z. When
the order of H is divisible by the residue characteristic p of A/ M4, MZ is called a wild
cyclic quotient singularity.

Let f : X — Z be a resolution of the singularity, minimal with the property that
the irreducible components of f~'(M) are smooth with normal crossings. Attached to
this resolution are two natural objects that we now describe, the intersection matriz N,
and the resolution graph G. The exceptional divisor f~1(M) consists in n irreducible
components C;, i = 1,...,n. Denote by N := ((C; - C})x) the associated symmetric
matrix. The matrix N is negative-definite and, in particular, det(N) # 0. Let G denote
the graph whose vertices are the n irreducible components of f~}(MH), and where two
vertices C' and D are linked by (C'- D)y edges.

For future reference, recall that the degree of a vertex C' in a graph G is the number
of edges connected to C, and a vertex of degree at least 3 on a graph is called a node.
A vertex of degree 1 is a terminal vertez. The closure in G of a connected component of
G \ {all nodes of G} is called a chain of G. If the chain contains a terminal vertex, it is
called a terminal chain.

Let k£ be an algebraically closed field of characteristic p > 0. In this article, we study
the quotient singularities of the simplest type of surfaces over k, the quotients of products
of curves by a ‘diagonal’ automorphism of order p. We introduce the following notation.
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Let By/k and By/k be two smooth proper connected curves, each endowed with an au-
tomorphism o; : B; — B; of order p. Let Y := By X By, and let ¢ : Y — Y be the
automorphism o; X 0.

Let P; be a ramification point of o;, i = 1,2. Then Y/ (o) is singular at the image
Q of (P, P,). Our aim is to provide information on the resolution of the singularity
Q. Consider the curves By x {P} and {P;} X By on the surface B; x By, and let Fj
and F, be their images in Y/ (o). Both F; and F; contain the image @ of (P, P). In
the graphs below, we indicate by open circles the strict transforms of F; and F5, in the
desingularization, and we denote these strict transforms again by F; and F5.

Recall that a curve B/k of genus g > 0 is called ordinary if its Jacobian Jac(B) has
exactly p? points of order dividing p. Our most easily stated result is in the case where
both B; and B, are ordinary curves of positive genus.

Theorem 1.1. Keep the above notation, and assume that both By and By are ordinary
curves of positive genus. Then the singularities of Y/ (o) all have the following symmetric
resolution graph (with bold vertices) with 2p vertices:

When only one of the curves B;/k is ordinary, the situation is already much more
complicated to describe, and our results do not completely provide the resolution graph
in general. Our next theorem shows that this graph can be specified by a single integer
parameter s.

Theorem 1.2. Keep the above notation, and assume that By is an ordinary curve of
positive genus. Then the singular point Q) of Y/ (o) has an explicit resolution with inter-
section matriz N depending on a single integer parameter s > 0 coprime to p. The graph
G(N) is represented below with bold vertices.

----- *—o
'bi _bZU,
oO—eo—o----@
2 2 2 2 F
B N o—e—0
'bl 'bw

The graph G(N) has one node and three terminal chains. The number of (—2)-components
on the terminal chain on the left of the node, including the node itself, is equal to ps. Let
r1 be the unique integer in [1,p — 1] such that ry = —s~' (mod p). Then the pair (p,r)
uniquely determines the self-intersections —by, ..., —by, of the terminal chain linked to
Fy, and the pair (p,p —r1) uniquely determines the self-intersections —by, ..., b, of the
last termainal chain.

When s = 1, the graph G(N) in the above theorem gives the symmetric graph appearing
in Theorem 1.1. The description of how the pair (p,r1) determines the self-intersections
—by,...,—by, is given in 2.3 and 2.6.

It would be of interest to be able to further specify the parameter s in terms of data
attached to the point (). We can do so in one instance, as follows. Assume that the
morphism B; — D := B/ (07) is ramified at the point P;, with image @);. The valuation
of the different of the extension Op, p,/Op, ¢, is then of the form (s(P;) +1)(p — 1) for
some integer s(P;) coprime to p.
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Theorem 1.3. Keep the above notation, and assume that By is an ordinary curve of
positive genus. If Py is the only ramification point of By — D1, then the singular point ()
of Y/ (o) has a resolution graph as in Theorem 1.2 with s = s(P).

Theorem 1.3 thus completely describes the intersection matrix of a resolution of the
7./ pZ-singularity @ in terms of p and of the wild ramification of the map B; — D; at
P,. The proofs of Theorems 1.1, 1.2, and 1.3, do not rely on any explicit description by
equations of the local ring of the singularities, and are completely uniform in p. They do
rely however in part on some structural properties of quotient singularities established in
the context of models of curves in [16].

Remark 1.4 Let ¢ be an automorphism of order p on a smooth proper surface Y/k, and
consider the singularities of Y/ (o). The literature on resolutions of the wild quotient
singularities of Y/ (o) is sparse, and very few examples of such resolutions are known
explicitly. For instance, an example where | det(N)| = 1 is given in [17], Example 10,
where it is asserted that a certain (Z/27Z)-quotient singularity has resolution graph FEg.
Further (Z/27Z)-quotient singularities are resolved with omitted computations in [1], p.
64. In [17], Example 7, a certain (Z/37Z)-quotient singularity is asserted to have resolution
graph Eg, which has determinant |det(/N)| = p = 3. Theorems 1.1 and 1.3 above when
p = 2 and the curves By and By are both elliptic curves with their canonical involution
are treated in [8], Theorem C (see also [18]).

To further put the above theorems in perspective, we list below some of the few general
results in the literature pertaining to the resolution of wild quotient singularities. The
singularities of Y/ (o) have been shown to be rational when H'(Y,Oy) = H*(Y,0y) =0
in [9], Main Theorem, using the results of [17]. The case of K3-surfaces is discussed in [5],
2.4. The singularities when p = 2 and Y is an abelian surface with its canonical involution
are discussed in [8].

Remark 1.5 (a) It is natural to wonder whether the hypothesis in Theorem 1.3 that the
morphism B; — D; be only ramified at a single point can be removed. If such were
the case, then the singularities of Y/ (o) would be completely understood in terms of
the ramification data of the morphism By — D;.

(b) We may wonder whether the hypothesis in Theorem 1.2 that B, is ordinary can
be weakened. Let P, denote a ramification point of the morphism By — D, with
image (2. Write the valuation of the different of the extension Opg, p,/Op,.q, as
(s(P2) + 1)(p — 1) for some integer s(P) > 1 coprime to p. When By is ordinary, it
is known that s(P;) = 1, and such a point is called weakly ramified.

It is natural to wonder whether the singular point of Y/ (o) image of (P;, P») has an
intersection matrix N as in Theorem 1.2 as soon as s(P,) = 1, without also requiring
as we do in Theorem 1.2 that every ramification points of By — D, is weakly ramified.

In view of the results of [15], we should expect that the resolution graph of a wild
Z/pZ-quotient singularity is a tree of smooth rational curves ([15], 2.8). In addition, the
intersection matrix N is expected to have | det(N)| = p” for some r > 0, and the Smith
group @y := Z" /Im(N) is expected to be killed by p ([15], 2.6). Finally, we should expect
that the fundamental cycle Z of N has self-intersection |Z2| < p. This latter combinatorial
result follows from the algebraic result that the multiplicity of the singularity is expected
to be at most p ([15], 2.3).

One of our motivation for our study of the resolution graphs of quotient singularities
associated with products of curves is to provide families of examples of wild quotient
singularities where the general restrictions listed above do occur. In this respect, we
show:
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Theorem 3.14. Fix a prime p. For each integer s > 1 and coprime to p, there exists
a 2-dimensional reqular local ring A of equicharacteristic p endowed with an action of
H := 7Z/pZ such that Spec A% is singular exactly at its closed point, and such that the graph
associated with a minimal resolution of Spec A has exactly one node and s + 2 terminal
chains, and its associated intersection matriz N has determinant | det(N)| = p**.

Theorem 4.1. For each prime p, the singularities resolved in Theorem 1.2 have multi-
plicity p and are rational.

In each example presented in this article of a minimal resolution of a wild Z/pZ-quotient
singularity, the associated graph has exactly one node. It is possible, however, that for a
fixed p, the set consisting of the number of nodes of the minimal resolution graph of all
Z/pZ-quotient singularities is unbounded. It is also an open problem to exhibit a Z/pZ-
quotient singularity whose resolution graph does not have a node. This is in contrast
with the case of tame cyclic quotient singularities, where the minimal resolution graph is
always a tree without node.

This paper is organized as follows. In section 2, we review the definition of an intersec-
tion matrix, and prove some combinatorial results on intersection matrices needed in the
proof of 1.2. We prove Theorems 1.1, 1.2, and 1.3, in section 3. In section 4, we prove
that the singularities occurring in 1.2 are rational.

It is my pleasure to thank Qing Liu, Werner Liiktebohmert, and Michel Raynaud, for
helpful discussions. Thanks to Jonathan Wahl for bringing to my attention the reference
[21], and to Sungkon Chang for sharing with me some code to compute fundamental
cycles.

2. INTERSECTION MATRICES

We review in this section the terminology pertaining to intersection matrices N. We
then pursue the study initiated in [15], 3.17, of a class of intersection matrices with ‘star-
shaped’ graph. Our main result is Proposition 2.8 below, which will be needed in the
proof of Theorem 1.2.

Definition 2.1 An n x n intersection matrix N = (¢;;) is a symmetric definite negative
integer matrix with negative coefficients on the diagonal, and non-negative coefficients off
the diagonal. The Smith group ®y of the matrix N is the group ®y = Z"/N(Z").

We associate a graph G = G(N) to N as follows. Pick n vertices vy, ..., v,, and for ¢ # j
link v; to v; in G by exactly ¢;; edges. We will always assume, unless stated otherwise,
that G is connected. When this is the case, N is called irreducible.

Recall that if X|Y € Z", we write X > 0 (resp., X > 0) if all coefficients of X are
positive (resp., if all coefficients are non-negative). We write X > Y if X —Y > 0, and
wewrite X > Y if X —-Y >0.

Definition 2.2 Attached to an intersection matrix N is a unique integer vector Z > 0
such that NZ < 0 and such that Z is minimal for this property (i.e., if Z’ > 0 is an
integer vector with NZ' < 0, then Z < Z’). This vector is called the fundamental cycle
of N ([2], p. 132).

The fundamental cycle Z is in general quite a difficult invariant to understand. There-
fore, for each ¢+ = 1,...,n, we recall below the definition of a vector R; associated to N
which is an upper bound for Z (i.e., Z < R;), and which is quite easy to compute in terms
of N.

Let N* denote the comatrix of N, so that NN* = det(N)Id,,. Let ey,...,e, denote
the standard basis of Z". A symmetric irreducible non-singular positive definite matrix
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with non-positive off-diagonal coefficients has a comatrix with only positive coefficients
([4], Chapter 6, 2.5-2.7). As the intersection matrix N is non-singular, —N has the above
properties, and we find that (—1)"** N* has only non-negative coefficients. It follows that
if we let (—1)" ™' R; denote the i-th column vector of N* divided by the greatest common
divisor of its coefficients, then R; has positive coefficients, and NR; = —p;e; for some
positive integer p;. Note that the matrix N can be completely recovered from the graph
G(N) and the equality NR; = —p;e;.
2.3 For use below, we recall here the following standard construction. Given an ordered
pair of positive integers r > s with ged(r, s) = 1, we construct an associated intersection
matrix N = N(r,s) with vector Ry = Ry(r,s) and NR; = —re; as follows.

We can find integers by,...,b,, > 1 and s; = s, 89,...,8,, = 1 such that r = b;s — 3o,
s1 = bysy — s3, and so on, until we get s,,_1 = b,,S,,. These equations are best written in
matrix form:

—bl 1 e 0 S1 —r
S| : :
0 ... 1 =b, Sm 0

We let N denote the above square matrix, and R; the first column matrix. It is well-known
that det(N) = %7 (see, e.g, [13], 2.6).

2.4 A family of star-shaped intersection matrices. For each prime p, and for any
integer a > 2, we recall below a class of intersection matrices N whose associated graph
G(N) is a tree with exactly one node Cy (such a graph is called star-shaped), and a + 1
terminal chains attached to it. This class of matrix is considered in [15], 3.17, with a
slight modification of the labeling of the vertices of the graph G(N).

Our goal is to establish a relation in Proposition 2.8 between two positive vectors R;
associated to N as above. For convenience, we will label the n vertices of G(N) so that
the vectors of interest will be R; and R,,. We start by describing the matrix N with the
help of the vector R;.

Fix m > 1. Fix a > 2, and consider positive integers ry,...,r, < p, such that p divides
r1+ -+ 71, Let Cp, C], and Ds, ..., D,, denote the vertices of G connected to Cp.
We will need the precise labeling of the vertices of only two terminal chains. We picture
below the graph G(V) with this labeling when a = 3.

o —o - @ @---- *—O0
Da D2
Co
o —o - @ 0---- *—O0
c, G, O crc, . C

In our labeling of the n vertices of the graph G(N), C; corresponds to the first vertex,
and C! , corresponds to the n-th vertex. We now determine N completely by specifying
the vector R; such that NR; = —pe;.

We set the coefficient of R; corresponding to Cy to be p. For ¢« = 2,...,a, we set the
coefficient corresponding to D; to be r;, the coefficient of C] to be ry, and the coefficient
of C,,, to be p. The self-intersection of Cy is (Cy - Cp) :== —(r1 + -+ 714+ p)/p.

The matrix N ‘restricted’ to the chain started by Cj is taken to be the matrix con-
structed in 2.3 using the ordered pair p and r;. Similarly, the matrix N ‘restricted’ to the
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chain started by D;, i = 2,... a, is taken to be the matrix constructed in 2.3 using the
ordered pair p and r;. The vector R; ‘restricted’ to the chain started by D; is taken to be
the corresponding vector described in 2.3. In particular, the coefficient of Ry correspond-
ing to the terminal vertex of the chain is 1. The terminal chain started by C,, consists of
m vertices, all of self-intersection —2. The vector R; restricted to this terminal chain has
all its coefficients equal to p.

It is easy to check that the vector N Ry has all its coefficients equal to 0, except for the
coefficient corresponding to the vertex C;, where the coefficient of NR; is —p. With our
labeling, NR; = —pe;.

2.5 We represent below the data (IV, R;) as follows. The graph G(N) has vertices repre-
sented by bullets e. A positive number next to a vertex represent the coefficient of this
vertex in Ry, and a negative number next to a vertex is the ‘self-intersection’ of the vertex
in N. We represent the relation ‘RyN = (—p,0,...,0) by attaching a ‘virtual’ vertex to
the terminal vertex of the first terminal chain, represented by an open circle, and we give
this virtual vertex the ‘multiplicity’ p.

1 Ta T2 1
o —o - @ @---- *—Oo
D, p D,
p p p p Co 1 1
oO—e—o----&  @---- *—Oo
C, Cy O ! c,

The matrix N is completely determined by the shape of its graph and the data (p, m,rq,..., 7).

2.6 The special case where a = 2 gives the intersection matrices N occurring in Theorem
1.2. Note that when a = 2, the conditions r1, 7, < p and p | (r;+72) imply that r;+ry = p.
We picture below for completeness the graph of N along with the data pertaining to R;.
Let o := m+ 1. We then denote the intersection matrix by N = N(p, a, 1) and note that
it depends only on the data (p,«,r1). The integer « is the number of (—2)-components
on the terminal chain on the left of the node, including the node itself. The pair (p,r;)

uniquely determines the self-intersections —by, ..., —b,, and the pair (p, p — r1) uniquely
determines the self-intersections —0b, ..., =¥ ,.
Pt
p p p po 0 D
o—eo—o----®
2 -2 -2 2 - 1
----- *—=o
-by -by,

2.7 Let us return to the general case of the matrices N with star-shaped graphs having
a + 1 terminal chains. It follows from [15], 3.14, that |®x| = p®. We will assume from
now on that m = o — 1 = ps — 1 for some integer s > 0 (so that & = ps). Then it follows
from [15], 3.20, that ®y is isomorphic to (Z/pZ)°.

We now turn to describing the positive vector R,, and a relationship between the
vectors Ry and R,,. Recall that we number the vertices so that C! , is the n-th vertex.
We will for convenience denote R,, by RC;n,, with NV RC;M = —pc' et . Since under our

hypotheses @y is killed by p, we conclude from [15], 3.5, that pcr , = 1 or p.

Proposition 2.8. Let N and G(N) be as in 2.4, with m = ps— 1 for some integer s > 0.
Let y, denote the coefficient of C' in Rer . Then the following are equivalent:
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(1) p | y1 and the coefficient of Cy in R, is equal to 1.
(2) s =—1 (mod p).
In particular, when either of these equivalent conditions hold, s is coprime to p.

Proof. Let us assume first that the coefficient of C'; in Rcr is equal to 1. Then the
coefficients in RC/ of the vertices on the chain Cy, Cj, .. C’m, Comust be1,2,...,ps—1,
and ps. Let ko, ..., k, denote the coefficient in Rcr of the terminal vertices of the chains
starting at Ds, ..., D,. We know that k; divides ps and k; < ps because no vertex on
the terminal chaln started by D; has self-intersection —1. Assume now that p | y;, and
write y; = pzry. Since the coefficient of Cj is also divisible by p, then every vertex on the
chain started by C] has coefficient in RC,'n/ divisible by p. Thus, we find that pcr, =P

We claim then that k; = s for all ¢ = 2,..., a. Indeed, we can compute |®y| = p® using
Rev , and the formula [15], 3.14. We find that
(ps)*”" o
ky- ... -k, pc,, =P
In other words, s ! = k... k.. Since ... 2 = p~' and ¥* > 1, we find that

% =p, so k; = s, as clalmed It follows that the coefficient in Rcr of any vertex on the

chain started by D;, ¢ > 2, is simply s times its coefficient in R, . We therefore find that
[Co-Colp = p+ri+(rat-+7a),
|Co - Colps = ps—14+pxy+ (ro+---+ry)s.

It follows that 0 = r;s + 1 — pxy, and (2) holds.
Let us now assume that s = —1 (mod p), and let z; := ”%l. We claim that the
following vector V', given in the diagram below, is equal to R¢v .

S STq STro S
o—o-----¢@ @ @---- *—Oo
D, \Ps Dy
s-1 ’
o« o N g Py B
C, Gy O e o,

On the chains started by D, ..., D,, the coefficients of V' are those of R¢, multiplied by
s. It is clear that

|Co - Colps = (ps — 1) + pz1 + (ro + -+ -+ 14)s.

It remains to describe the integers 2o, ..., 2,y. Write —a; := (C! - C!). We have
_al 1 ... 0 Tl _p
1 —as e o 0
S : :
0 ... 1 —amw 1 0

Let A denote the above square matrix. Recall that the determinant of A equals +p, and
that the determinant of the bottom right (m’ — 1)-minor of A equals £r. It follows
that after reduction modulo p, the rank of A is m’ — 1. There exist positive integers
1="hy < hy--- < h,y such that

(1:h1,h2,...,hm/)A:(0,0,...,—])).
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Set
(1, oy Ty) = 8(r1, o, ) 4+ (1, Aoy oo Ayg)
so that
(1, .. Ty )A = (—ps,0,...,0,—p).

It follows that modulo p, either (xi,...,z,,) is the trivial vector, or it is a non-zero
multiple of (1, hsg, ..., h,). Since 1 = (ris+ 1) and p | 21, we find that p | z; for all
i=1,...,m'. Thus, z; := z;/p € Z, for all i = 1,...,m/. Since the greatest common
denominator of the coefficients of V' is 1 and NV = —pe,, we have V = R . 0

2.9 We conclude this section with a quick computation needed in the proof of 1.2. Let
N be as above, with the vertices numbered so that C/ , is the last vertex listed. Assume
that p | y1 and that the coefficient of Cy in Rev |, is equal to 1. Consider the matrix M
given by "

0

M = ()
1
0 ... 01 —Zm!

This symmetric matrix is only semi-definite negative, since it has a kernel R whose

transpose is given by (‘Rer ,p). It follows that (M, R) defines an arithmetical graph

(G(M), M, R) in the sense of [11], page 481. The graph G(M) is represented below, along
with the coefficients of the vector R on top of the corresponding vertices.

S STq STro S
o —o - @ @---- *—O0
D, DS D,
s-1 ’
o« o N o P}
C, Gy G e o

2.10 For use in our next section, let us recall how one associates an arithmetical graph to
any regular model of a curve. Let K be a discrete valuation field with discrete valuation
v, and let Ok denote its ring of integers. Let X /K be any smooth, proper, geometrically
connected, curve of genus g. Let X'/Ok be a regular model of X /K. Let Xy := 3" r,C;
denote the special fiber of X', where C} is an irreducible component and r; is its multiplicity.
Let M := ((C; - C}))1<ij<v be the associated symmetric matrix. Denote by G(M) the
associated graph, with vertices Cyp, £ = 1,...,v, and where C; is linked to C; with j # i
by exactly (C;- C;) edges. Let 'R := (ry,...,r,), so that MR = 0, and assume that
ged(ry,...,r,) = 1. Then the triple (G, M, R) is an arithmetical graph.

Let d; denote the degree of the vertex C; in G(M). The main combinatorial invariant
associated with (G, M, R), which plays a role analogous to the genus of a curve, is denoted
by go(M). It is given by the formula

(2

2g0(M) = Z(T’z —1)(di - 2).

1=1

It is shown in [11], 4.7, that go(M) > 0.
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2.11 Let us return to the arithmetical graph (G, M, R) described in 2.9. We find that
290(M) = [(a —1)s = 1](p — 1).

3. EXPLICIT DESINGULARIZATIONS

We are now ready to prove Theorems 1.1, 1.2, and 1.3. Most of the work will be done
in the proof of Theorem 1.2, and we now recall our notation in this theorem. Let k be
an algebraically closed field of characteristic p > 0. Let B;/k and Bs/k be two smooth
proper connected curves, each endowed with an automorphism o; : B; — B; of order p.
Let Y := By X By, and let ¢ : Y — Y be the automorphism oy X 9. Let Z := Y/ (o).
Assume that Bs is an ordinary curve of positive genus. Using the notation introduced in
2.6, our goal is to show that a singular point ) in Z image of (P;, P») € Y has a resolution
with an intersection matrix N = N(p,a,71), with a = ps and r; = —s~! mod p for some
integer s > 1 coprime to p.

For i = 1,2, let L;/k denote the function field of B;/k. Let D; := B;/ (0;) denote the
quotient curve, and let K;/k denote the function field of D;. We have the natural maps:

Bl><Bg—> VA

| |

Let P, be a ramification point of f; : B; — D, with image @); € D;. We note without
proof the following well-known fact.

Lemma 3.1. Any singular point of the quotient Z =Y/ (o) is the image Q of a point of
the form (Pl, PQ)

It is clear that to resolve the singularities of Z, it is sufficient to resolve the singularity
of each local scheme Spec(Ozg) — Z. We do not know how to study the singularity
of the scheme Spec(Oz) directly. Instead, we explain below how to perform only a
‘localization in one direction’ to obtain a scheme Z5 with Spec(Oz¢q) — 22 — Z. The
results of [16] can then be applied to describe the resolution of the singularities of Zs.
3.2 The curve X,/K;. The base change by Spec(K;) — D; of the natural map Z — D
produces a regular complete curve that we denote by X5/K;. Consider the diagram

Spec(Ll) X B2 _— X2 — 7

! ! J

Spec(Ly)  —— Spec(K,) —— D;y.
By construction, the square on the right is cartesian.
Lemma 3.3. The square on the left of this diagram is cartesian. In particular, the curve

Xo/Ky and the curve (By)k, /K1 become isomorphic over the extension L,/K; (so that
the curve Xo/ Ky is smooth).

Proof. Let H denote the cyclic group Z/pZ. Looking at the generic points, we have the
diagram
Ll(BQ)H E— L1(32>

! |

L{{ E— Ll;
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(with diagonal action on L;(By)). It is easy to show that LY is algebraically closed in
Li(By)®. Since L; # K, we find that L;(By) is the compositum of L; with L;(By).
Thus, X5/ K; becomes isomorphic over L; to (Bs)r,, that is, Xo/ K is a twist of (Bs) i, / K7.

O

3.4 The model 2Z,/0Ok, of X;/K;. Choose a ramification point Py of f; : By — Dy,
with image ()1 € D;. Let Ok, := Op, g,, and O, := Op, p,. Consider the base change
Vs of By X By — B; by the morphism Spec(Oyp,) — Bi:

(B2)L1 —_— Vs —— B X By

J | |

Spec(Ly) —— Spec(Or,) ——  Bj.

The scheme ), is a smooth model of (Bs)r, over Op,. The quotient Z5 of this model by
the action of the Galois group of L;/K; is nothing but the base change of Z — D; by the
map Spec(Og,) — Ds:

Xo — Z:=V,/(2/p2) —— Z

! l |

Spec(K;) ——  Spec(Ok,) — D;.

Let P, be a ramification point of fy : By — D, with image Q2 € D,. Let ) denote the
singular point of the quotient Z := Y/ (o) image of the point (P, P»). Resolving this
singularity () on Z is equivalent to resolving the corresponding one on Z,.

We have now reduced the study of the singularities of Z to those of Z5/Of,. Assume
that Bs/k is an ordinary curve. The curve X5/K; obtains good reduction after the
extension L;/K; of degree p. The reduction of (X3)r, /Ly is ordinary since the special
fiber of the smooth model of (X5)r,/L; is nothing but the curve By/k. By hypothesis,
the curve By/k has positive genus. When g(B;) = 1, Lemma 3.7 (a) shows that Xs/K;
has a Kj-rational point. We are thus almost able to apply Theorem 6.5 of [16] to our
situation, except that in this theorem, the base field is complete with respect to its discrete
valuation.

We thus need to use the following general argument. Suppose that R is a discrete
valuation ring with field of fractions K, and that we have a regular model X'/ R of a curve
X/K. Let R denote the completion of R with respect to its maximal ideal. Then the
model X x xR is again regular, and is thus a regular model of the curve X/ K. Moreover,
the special fibers of X xx R and of X are isomorphic over the residue field k (see, e.g.,
[10], 8.3.49). Thus, any information on the special fiber of the regular model X x g R can
be readily transfered back to the special fiber of X. When applying results from [16] in
the remainder of this proof, we may use this argument without further mention of it.

Consider the curves By x {P»} and {P;} x By on the surface By x By, and let F}
and F, be their images in Z. Both F} and F, contain Q). Let f : Z9" — 7 denote
the desingularization of ) minimal with the property that all irreducible components of
f~YQ) are smooth and intersect normally. Let X» — Z, denote the resolution of the
singularity @ of Z, obtained as X, := Zdesing X Spec (O, ) D,. It is also minimal with
the property that the components of the exceptional divisor are smooth with normal
crossings. It follows from [16], Theorem 6.5, that the intersection matrix associated with
the resolution X5 of any singularity of Z5 is of type N(p,«,r;) with v = ps for some
s > 0, and some 1 < r; < p. The special fiber of the model X,/Of, contains the strict
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transform of the unique irreducible component of (Z5), which is of multiplicity p. We
denote this component on (X5), again by F». We picture below the component F; along
with the desingularization of (). The positive integer on a vertex denotes the multiplicity
of the corresponding component in (X3)g.

p—n 1

LT
p p p po M bl

o . R

22 2 2Ny )

oo e *—e

'bl 'bw

It remains to show that r1s = —1 mod p, and to determine the value of s in Theorems

1.1 and 1.3. The remainder of our proof exploits the fact that the roles played by B;
and By on the surface By x By are symmetric. Switching the roles leads us to define the
following objects.

3.5 The model 2, /O, of X;/K,. Let K5 denote the function field over k of the curve
Dy := By/ (02), and let Ly := k(B>), the function field of By/k. Making the base change
by Spec(K3) — Dy of the natural map Z — D, produces a smooth complete curve X; /K>
which becomes isomorphic over Ly to (Bi)r,. Let Ok, = Op, g,, and Or, := Op, p,.
Consider the base change ) of By x By — By by the morphism Spec(Op,) — B,. This
is a smooth model of (By)r, over Op,. The quotient Z; of this model by the action
of the Galois group of Ls/Kj is nothing but the base change of Z — Dy by the map
Spec(Ok,) — Ds.

Xy — Z,:=W/2/p2) — Z

J J |

Spec(K3) ——  Spec(Ox,) —— Ds.

Let X; — Z; denote the resolution of the singularity Q of Z; obtained as X, := Zdesing X Spec (Ox,)
Dsy. Tt is also minimal with the property that the components of the exceptional divisor
are smooth with normal crossings.

3.6 Let Q € Z be the image of the point (P, P») under the quotient map ¥ — Z. Let
f: Zdsine 7 denote the desingularization minimal with the property that all irreducible
components of f~(Q) are smooth and intersect normally. Let N denote the intersection
matrix associated with the resolution f : Z49%m& — 7 of the singularity Q. At this point,
we know that the desingularization on Z9%"8 has a graph G(N) of the following form:

----- *—eo
_b/ _ /
P 1 w!
*—o- -
22 2 2N\,
----- *—eo
-by -by
where the number of —2 components on the left is equal to @ = ps for some s, and the
self-intersections —by, ..., —b,, are completely determined by the pair (p,r;). Similarly,
the self-intersections —b, ..., —bl ,, are completely determined by the pair (p,p —r1).

The graph G(N) has two marked vertices. First, let us call C" the component of the
resolution which meets the curve F;. This vertex has already been determined, with the
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added information that (C” - Fy) gaesing = 1. Let us call C' the component of the resolution
which meets the curve F;. Then Lemma 3.7 (a) shows that the component C' must have
multiplicity 1 in the special fiber (X3);. There are exactly two such components on (A5)y,
both terminal vertices on the associated graph. We choose to call r; the multiplicity
of the first vertex on the terminal chain ending in C. Lemma 3.7 (a) also shows that
(C - 1) gaesing = 1. We therefore have on Z the following configuration of curves:

----- *—eo
-b) b,
o < 9----- @
-2 -2 2 -2
A oc e —e—oO
-by -by,
C Bk

Lemma 3.7. Keep the above notation.

(a) The curve Fy defines a Ky-rational point of Xo/Ky. In particular, the closure of this
K -rational point in the reqular model Xy/QOk, meets (X)) at a smooth point and,
thus, on a component C' of multiplicity 1 in (X3)r. Moreover, the closure of this
K -rational point meets C' with normal crossings.

(b) A similar statement is true for Fy when the roles of By and By are reversed. The
curve Fy defines a Ko-rational point of X1/Ky. In particular, the closure of this K-
rational point in Xy meets (X1)r at a smooth point and, thus, on a component C' of
multiplicity 1 in (X1)x. Moreover, the closure of this Ko-rational point meets C' with
normal crossings.

Proof. We prove Part (a) only, since Part (b) is similar. Consider the natural commutative

diagram of quotient maps:
Bl X BQ E— Dl X BQ

| g
7 %Dlng

Note that v and 3 are both morphisms over D;. The curve D; x {Q2} is the image by
v of the curve Fy. Consider the pull-back of the above diagram by Spec(K;) — Dj, to

obtain
(B2)K1

|

Xy —— (Dy)g,.
The curve Dy x {2} is in the branch locus of the map 3, and Qy € (D3)g, is a branch
point of 3. We claim that Q2 € (Ds)k, is also a branch point of 4. Then we find that
F) pulls back by Spec(K;) — D; to a ramification point of the map 7' : Xy — (D2)g,.
Since this latter morphism has degree p, and the branch point )y € (Ds)g, is Kj-rational
by construction, so is its preimage in X5, as desired. Our claim follows from 3.8 below,
where X takes the role of By, and X’ is the twist X,.

3.8 Let K be a field of characteristic p with a cyclic Galois extension L/K. Let X/K
denote a smooth projective curve with an automorphism o of order p. Let X — X, =
X/ (o) denote the quotient map. We denote again by o the induced automorphism of
K(X) over K(Xy). Let X'/K denote the smooth projective curve obtained as follows:
Choose a nontrivial automorphism 7 : L — L fixing K, and let K(X’) be the field
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of elements of L @k K(X) fixed by the automorphism 7 ® o. Then there is a natural
morphism X' — Xy over K, and the branch loci of X — Xy and X' — Xy are equal in
Xo.

Indeed, we can write explicitly the Galois extension K (X)/K(Xj) as an Artin-Schreier
extension, with K (X) isomorphic to

K(X) = K(Xo)lyl/(v" =y + )

for some f € K(Xo)*. The automorphism o is then of the form y +— y+i for some i € .
Similarly, the Galois extension L/K is given by an Artin-Schreier extension with

L=KI[z]/(z — 2+ g)

for some g € K*. The automorphism 7 is of the form 2 — z + j for some j € F;. It
follows that in the field L ®x K(X), the element Y := (1®y) — j (2 ® 1) is fixed by
the action of 7 ® o. It is clear that

YP=Y —(1af-jli(gel).
The fixed field of L ®x K(X) by 7 ® o also contains 1 ® K(X), and we find that with
the appropriate identifications, we can write that
K(X') = K(Xo)[Y]/(Y" =Y + f — 5" Yg),

with the natural inclusion K(X,) — K(X’) giving the morphism X’ — X,. The Artin-
Schreier morphism X — X is ramified at a place P of X if and only if f has a pole at P.
Similarly, the Artin-Schreier morphism X’ — X is ramified at P if and only if f — j~tig
has a pole at P. Since by construction g € K, we find that f and f — j~lig have exactly
the same set of poles. O

3.9 We are now ready to prove that r;s = —1 mod p. For this, we will use Proposition
2.8. Let us assume that the vertices of G(NN) are numbered from 1 to n, with the vertex
(4 being C” and the vertex C,, being C. The use of the special fiber of the model X5/Ok,
allows us to describe the vector R; on the matrix N:

p_r
p p p p po Y U,
oO—eo—9----®
22 2 2N\ .
A oc e *—e
-by -by

The use of the special fiber of the model X} /O, will provide us with the information
needed on the vector R, to apply 2.8. Indeed, we know that on (X} ), we have the following
configuration (the positive integer above a vertex is the corresponding coefficient of R,,):

----- *—=o
1 2 ps-1 ps -by by
----- -
2 -2 -2 -2 m Yo
c e *——O
'bl 'bw
Cc F

The fact that the component C’ has multiplicity 1 in (X)), comes from Lemma 3.7 (b).
The self-intersections on the terminal chain ending with C” are all equal to —2, and there
are ps — 1 vertices on the chain before the node; this forces the multiplicities to increase
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regularly as 1, 2, ..., ps— 1, and the node to have multiplicity ps. The component F; has
multiplicity p since it is the strict transform of the special fiber of Z;, and on this fiber the
unique component has multiplicity p, Z; being a quotient by Z/pZ ([16], 5.1). Theorem
5.3 in [16] then shows that p | y,,. If follows from this result that all multiplicities on the
chain containing C' must be divisible by p. In particular, so is y;. This is the last condition
needed to be able to apply Proposition 2.8. It follows then that rs = —1 mod p.

3.10 We may now prove Theorems 1.1 and 1.3. Assume first as in Theorem 1.1 that
both B; and B, are ordinary of positive genus. Then using the resolution X} — Z;, we
find that the self-intersections —by, ..., —b, can be completely determined: they must all
equal —2. Moreover, we have that p divides w + 1. Returning to the model Xy — 25, we
find that the bottom terminal chain (with initial vertex of multiplicity equal to r; < p)
can have at most p — 1 vertices (since the multiplicities are decreasing on the chain).
Since all self-intersections are —2 on the chain, we find that we must have w = p — 1 and
r1 = p — 1. Repeating the same argument with the model X}, we find that o = p, and so
s =1.

Assume now the hypotheses of Theorem 1.3. Consider the resolution X; — Z;. The
generic fiber of X} has genus equal to g(Bj), which can be computed using the Riemann-
Hurwitz formula for B; — D; as follows. Let §(P) = (s(P;) + 1)(p — 1) denote the
valuation of the different. Then, since o; has a unique fixed point, 2¢g(B;)—2 = p(2g(D;)—
2) + (s(P1) + 1)(p — 1), so that

(3.10.1) 2g(B1) = 29(D1)p + (s(P1) — 1)(p — 1).

We can also compute g(B;) using the adjunction formula applied to the curve (X;);. Let
(G, M, R) denote the arithmetical graph associated with (X;)g. Then using 2.11, we find
that

(3.10.2) 29(B1) = 29(D1)p + 290(M) = 29(D1)p + (s = 1)(p = 1).
It immediately follows from (3.10.1) and (3.10.2) that s = s(Py). This concludes the proof
of Theorems 1.1, 1.2, and 1.3. ([

Remark 3.11 Examples of curves with an automorphism of degree p in characteristic p
can be given in Artin-Schreier form. Consider the smooth complete curve B/k given by

the equation
d

v —y=]J@—a)™,
i=1
where aq,...,as, € k are distinct, and the n; are positive integers coprime to p. The
automorphism o, which sends x — 2z and y — y + 1 has order p. The genus g of B is
given by the Riemann-Hurwitz formula

d
29 -2=-2p+ (p—- 1D _(ni +1))
i=1
(see [19], page 8). Each point (a;,0) is a branch point @; of B — B/ (o), whose corre-
sponding ramification point P; in B has 6(P;) = (n;+1)(p—1). The curve B/k is ordinary
if and only if n;, =1 foralli=1,...,d.

Corollary 3.12. Let p be prime. Let m > 1 be any integer. Then there exists a wild
7./ pZ-quotient singularity of a surface whose minimal desingularization has a graph with
more than m vertices.
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Proof. Let s be any positive integer coprime to p. Choose the curve B; in 1.3 to be the
Artin-Schreier curve given by the equation y? — y = z~*, with automorphism oy sending
y to y + 1. Then the quotient map B; — P! is ramified only at the unique point P
above oo, with s(P;) = s. In view of 1.3, the graph of the minimal resolution of the
corresponding point on Y/ (o) has at least ps vertices. O

Remark 3.13 Theorem 1.2 exhibits examples of intersection matrices occurring as desin-
gularizations of Z/pZ-quotient singularities in the equicharacteristic case. For instance,
when p = 2, the singularity is nothing but a classical D, -singularity, with n := ps+ 2 be-
ing the number of vertices of the associated graph. In particular, Theorem 1.2 exhibits a
D,,-resolution as a resolution of a Z/2Z-quotient singularity only in the equicharacteristic
case, and only when n = 0 mod 4. Examples where n = 2 mod 4 are obtained in [15],
4.1, in the mixed characteristic case. It would be interesting to determine whether exam-
ples of D, -resolutions with n = 2 mod 4 can also be obtained in the equicharacteristic
case.

Recall that the determinant of the intersection matrix N of a Z/pZ-quotient singularity
is expected to be always a power of p ([15], 2.6). We show below that all powers p**! with
s coprime to p can arise in the context of wild quotient singularities.

Theorem 3.14. Fix a prime p. For each integer s > 1 and coprime to p, there exists a
2-dimensional reqular local ring A of equicharacteristic p endowed with an action of H :=
Z./pZ such that Spec A" is singular exactly at its closed point, and such that the graph
associated with a minimal resolution of Spec A has exactly one node and s+ 2 terminal
chains, and its associated intersection matriz N has determinant | det(N)| = p**.

Proof. Let By/k be a curve with an automorphism o of order p having only one fixed point
P (see, e.g., 3.11). Let s(P;) denote the integer coprime to p such that (s(P;)+1)(p—1)
is equal to the valuation of the different at P;. Let By/k be an ordinary curve of positive
genus with an automorphism oy of order p. As before, let Y := By X B,, and let 0 = 01 X 05.
Choose a ramification point P, on By, with image ()5 in the quotient Dy := By/ < 09 >.
Let K = K, denote the function field of Dy and let Ok := Op, . Let Z; /O denote the
normal model of the curve X;/K as in 3.5.

3.15 Theorem 1.3 allows us to determine the desingularization X; — Z; of the unique
singular point of Z;, corresponding to the point of Y/ () image of (P, P»). We let F}
denote the strict transform in X, of the reduced special fiber (Z;)7*® (which is isomorphic
to the quotient D). We describe below the arithmetical graph associated with the special
fiber (X3) of the regular model &}/Of of the curve X;/K (for convenience, we have

labeled the most important vertices in (X )):

STro S
----- *~—e
ps As
1 2psl 7 N\ opa Pim D
oo ¢ ' e *~—eo—o
Ag Ay Fy

Implicit in our notation is that

ps|A-Alx, = (ps — 1) + pz1 + sra.
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Hence, we have srs =1 mod p. Moreover, since s is coprime to (ps — 1), we find that s
is coprime to pz;. Note that due to our construction with an ordinary curve By, we also
know that |A - Alx, = 2.

As in 3.5, let Ly := k(By). The curve X;/K has good reduction over L. We now fix
an extension F'/K of degree s which is totally ramified (and tamely ramified since s is
coprime to p). Consider the curve (X;)p/F. It achieves good reduction over the extension
F Ly of degree p over F. The group H := Gal(F Ly/Ls) acts on the smooth model ) over
Orr, of the curve (X1)pr,/FLy. Let Z denote the quotient of this action. Then Z/Op
has a unique singular point (with local ring A*), and we claim that the resolution of this
singular point is as in the statement of Theorem 3.14.

Let X — Z denote the minimal resolution of the singularity of Z. Denote by F] the
reduced irreducible component (Z)7¢¢, and also its strict transform in X'. The intersection
matrix N of the singularity of Z is obtained by removing the vertex F] from the graph

of the special fiber Aj.

3.16 We claim that the arithmetical graph of the special fiber Xy has a single node, of
multiplicity p, with s+ 2 terminal chains attached to it. The node is attached to s vertices
of multiplicity ro, and to two more vertices, of multiplicity p — 1 and p, respectively, as
depicted below. The terminal chains are completely specified when the vertex meeting
the node is of multiplicity coprime to the multiplicity p of the node. Thus, the graph
would be completely specified once the number « of components of self-intersection (—2)
on the bottom right terminal chain is given. There is no need for our purpose to specify
it further, but let us note that one can show that « is divisible by p. The graph of the
special fiber X} can be represented' as follows (in the case s = 2):

1 T T 1
oo -0 @ *—o

Cori N\ P Cy
1 p—1 p p p P
oo ¢ e — o o
2 2 2 2 2 2 -1F

Assume that the matrix NV is a n X n-matrix, and label the distinguished vertex C'
below as the last vertex C), in the enumeration of the vertices of G(N). Then we have
determined exactly the pair (N, R, ), and this data is represented below when s = 2.

1 ) ) 1

*—eo - U *—o
Cori NP Cy

1 p—1 p p P

o—eo- ¢  De---- o—e—O

-2 -2 -2 -2 -2 C

This data is exactly what is needed to apply [15], Theorem 3.14, to obtain that | det(N)| =
ps—i-l.

3.17 Let us now turn to proving our claim. For this, we will compute the model X as
follows:

1Up to a switch of the bottom two terminal chains, the matrix N obtained by removing the vertex Fy
is a star-shaped matrix introduced in 2.4 and is determined by (p, a,71,...,7s41) with r; = p — 1, and
rg =+ =Trgy1 with ros =1 mod p.
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(a) Compute the scheme X} Xgpec 0, SpeC Op.

(b) Compute the normalization N of X} Xspec 0, Spec Op.

(¢) Compute the desingularization Z' — N of N'/OF.

(d) Construct a scheme Z”/Op and a morphism Z' — Z” obtained as a series of con-
tractions of smooth rational curves of self-intersection (—1), in such a way that no
component of (Z”); is smooth rational of self-intersection —1, except possibly a com-
ponent D" image of a component D’ on Z’, with D’ mapping to a component over
(Z1)ed. We will show that Z” = X is a minimal desingularization of the quotient
Z/0p.

Because the extension F'/K is tame, every step in the above process can be done in an
explicit enough fashion allowing for the complete determination of the combinatorics of
special fiber of (Z£”);. In particular, every singularity of N is a tame cyclic quotient
singularity and is resolved by a chain of rational curves (see, e.g., [7]).

To prove our claim, it suffices to prove it first when s is prime, and then apply repeatedly
the prime case to all prime divisors of the given s. Let us thus assume from now on that
s is prime. Since the base change is tame, and its degree divides the multiplicity of A,
we know that the normalization N is reqular above any point of the component A. The
preimage B of A in N is a smooth rational curve of multiplicity p, branched exactly
over the points where A meets Ay and A; (these are the only components meeting A
whose multiplicities are coprime to s). The preimages By and B of Ay and A; in N}, are
irreducible of multiplicities ps — 1 and pz;, respectively. The preimage of Ay consists of s
rational curves Cs, ..., Oy, each of multiplicity ro in N;. We deduce from this that on
N7

p|B - Blxy = (ps — 1) + pz1 + sro,

so that |B- Bly = s+ 21 + (sra — 1)/p.

It also follows from the fact that every curve on the terminal chain started by A, has
multiplicity divisible by s, that the preimage of the whole chain in the normalization N
is in the regular locus of N, and simply consists of s copies of the original chain found on
(X1)x (same intersection numbers and self-intersections).

We now turn to understanding the chains in Z” started in N by By and B;. Since
the multiplicity of By is larger than the multiplicity of B, and since every singularity of
N is resolved by a chain of rational curves, we find that the curve B, will be contracted
in the morphism Z’ — Z”. The same argument applies to the chain started by Bj if
pz > p. Since ps — 1 is coprime to p, we find that the terminal vertex on the chain in
Z' started by By has multiplicity 1. Similarly, since pz; has greatest common divisor p
with the multiplicity of B, we find that the terminal vertex on the chain in Z’ started
by Bj has multiplicity p. It follows that in Z” the image of the component B (again
denoted by B) meets a component of multiplicity p (the component corresponding to B
cannot be contracted in Z” since at any stage of the contracting morphism, the image of
B meets at least three other components, one of them of multiplicity a multiple of p. The
self-intersection of the image of B can then never equal —1 since its multiplicity is p).

Say that the terminal chain started by By in Z’ corresponds in Z” to a terminal chain
started by a component of multiplicity x, with < p since x is coprime to p. From

plB'Blzn :$+p—|—ST2,

we conclude that x = p — 1. Then the terminal chain of Z” started by the component
of multiplicity p — 1 is completely understood, and consists of p — 1 components of self-
intersection (—2). It remains to discuss the chain of Z” started by the component of
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multiplicity p. Clearly, every component of this chain is then also of multiplicity p and
self intersection (—2), except for the last one, which has multiplicity p and self-intersection
(=1). [

Let p be prime, and let (G, M, R) be an arithmetical graph. It is natural to wonder
whether there exists a discrete valuation field K of residue characteristic p and ring of
integer Ok, and a curve Y/K with a regular model J/Of whose special fiber has M as
its associated intersection matrix. We note here such a statement which does not follow
from the general existence results of Viehweg [22] or Winters [24].

Corollary 3.18. Fix a prime p and an integer s > 1 coprime to p. Denote by ry the
unique integer in [1,p — 1] such that sro = 1 mod p. Define zy > 0 by the equality
ps = sry — 1 + pzy. Consider the following arithmetical tree (G, M, R), where the tree G
has a single node of multiplicity ps, and three vertices attached to it, with multiplicities
ps—1, sro, and pzy, respectively. The self-intersection of the node is —2, with the relation
2ps = (ps — 1) + sro + pz1. This data completely specifies (G, M, R), which we represent
as follows:

STro S
----- *—eo
1 2 ps-1 ps
® ®----- <
Pz b
----- *—=o

Then there ezists a discrete valuation field K of equicharacteristic p, and a curve Y/K
with a reqular model Y / Ok whose special fiber has M as its associated intersection matriz.
The genus of Y is (s—1)(p—1)/2. There exists a totally ramified extension LK of degree
p such that Y1,/ L has good reduction.

Proof. Such a curve is exhibited in 3.15, at beginning of the proof of Theorem 3.14.

Remark 3.19 Let A/K denote the Jacobian of the curve Y/ K whose existence is asserted
in 3.18. Using the arithmetical graph (G, M, R) associated with the regular model /O,
we compute the group of component ®4 i of the Néron model A/Ok of A/K to be
D4 = (0) (see, e.g., [12], 1.5). Proposition 3.8 in [14] states that when an abelian
variety A/ K with purely additive reduction achieves good reduction over a tame extension
of prime power degree, then ®4 x is not trivial. This example shows that the hypothesis
that the extension is tame cannot be removed from the statement of [14], 3.8.

The curve Y/K also provides an example where the degree of the minimal extension
L/K such that Y7, /L has semi-stable reduction cannot be read directly on the associated
arithmetical graph (G, M, R). As stated in 3.18, we have [L : K] = p for the curve Y/K.
It is possible to find a discrete valuation field K’ of equicharacteristic zero, and a curve
Y'/K' admitting a regular model whose associated graph is equal to the arithmetical
graph (G, M, R) associated with J)/Op, but such that the extension L'/K’ minimal with
the property that Y/, /L’ has semi-stable reduction has degree [L' : K'| = ps (see Footnote
5 of [14], p. 46, for a related discussion).

4. RATIONAL SINGULARITIES

Let f: X — Z be a resolution of a surface singularity P € Z. Let N be the associated
intersection matrix, and let Z > 0 be its fundamental cycle (2.2). Artin showed in [2],
Thm. 3, that for a surface singularity to be rational, it suffices that its fundamental cycle
Z have arithmetic genus p,(Z) = 0. When the singularity is rational, then its multiplicity
is equal to |Z?|. We will use this criterion to prove the following theorem:
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Theorem 4.1. For each prime p, the singularities resolved in Theorem 1.2 have multi-
plicity p and are rational.

Proof. This theorem follows immediately from Artin’s results and Proposition 4.4. OJ

It is not hard in the case of N = N(p, a,r1) to write down a positive vector Z, which
could be the fundamental cycle Z of N (see 4.3), but we did not find a satisfactory way
of proving directly, using combinatorial tools only, that this ‘candidate’ is indeed the
fundamental cycle of N. We will instead rely on general results of [21], which themselves
rely on results in [20]. Both of these papers use geometric tools. The paper [21] studies
normal surfaces singularities, and in view of the use of the terminology ‘holomorphic’ in
the introduction to [21], we infer that the author is working in the category of surfaces
over C. To be able to apply the results of [21] in our context, we need the following
proposition, whose statement is probably classical, but we did not find it stated as such
in the literature.

Proposition 4.2. Let N be any nonsingular intersection matrixz. Then there exists a
complex surface Z/C, singular at a single point z € Z, whose resolution of singularities
f: X — Z over C has a fiber f~*(z) whose intersection matriz is equal to N (up to
equivalence).

Proof. Choose any ordering of the vertices of G(NV). Pick a vertex C;, and consider the as-
sociated positive vector R;. Then it is always possible to complete the data (G(N), N, R;)
into an arithmetical graph (G(M), M, R) (see [15], proof of 3.14). The main theorem
of [24] proves the existence of a smooth surface X'/C and a smooth curve W/C with a
morphism ¢ : X — W such that for some w € W, the arithmetical graph associated
with g~1(w) is the given graph (G(M), M, R). By construction, G(N) is a subgraph of
G(M). We let Z/C denote the surface obtained from X by contracting the components
of G(N). Such a contraction always exists by a theorem of Grauert in the category of
complex analytic spaces. (Such a contraction exists in the category of algebraic spaces by
a theorem of Artin ([3], 6.12, p. 125).) O

4.3 Consider the star-shaped graph as in 2.6, with intersection matrix N = N(p, a, 1),
and associated vector R;. Assume from now on that a > p. Consider the vector Z,
described as follows. On the second and third terminal chains of the graph of N(p, a, 1)
(both on the right of the node), the coefficient of Z; on a vertex D is equal to the
corresponding coefficient of R; at that vertex. On the first terminal chain to the left
of the node, where the coefficients of R; are all equal to p, the coefficients of Z, are
(1,2,...,p—1,p,p,...,p). For convenience, we call Ay the node of G(N), and we denote
by A the p-th vertex of G(N), counting from the left of the graph. Since we assume that
p < a, A is on the terminal chain on the left, and when o = p, we have A = Ay. The
diagram below describes the vector Z; in the case where o« > p. The vector N Z, has only
one non-zero coefficient, namely —1, corresponding to the vertex A. Thus, Z2 = —p.

Proposition 4.4. Assume that « > p. Then Zy is the fundamental cycle Z of N(p,a,11),
with Z2 = —p and p(Zy) = 0. In particular, a singularity with intersection matriz
N(p,a,r1) and a > p, is rational of multiplicity p.
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Proof. We use 4.2 to exhibit N(p,a,r;) as the intersection matrix associated with the
resolution of a complex surface singularity. We are now free to use the relevant results
in [21]. Recall that for any positive real number r, the symbols {r} denote the smallest
integer n such that n > r.

We find, in [21], (3.4) on p. 282, that the coefficient z(Ay) in the fundamental cycle Z
associated to the node A is equal to the least positive integer k£ such that

(1.4.1) KlAo - Aol > {1 /p} + {k(p — r1)/p} + {k(a — 1)/},
Indeed, a divisor [kD] on Ay is defined in [21], (3.2) on p. 281 (the + occurring should
be =). For each terminal chain of the graph, a ratio d;/e; is defined on p. 281. For the
matrix NV, these ratios are a/(ov — 1), p/r1, and p/(p — r1). By definition, the divisor Dy
is in the class of the conormal bundle of Ay, and so its degree is |Ag - Ag|. Then (4.4.1)
follows immediately from [21], (3.4).

We are going to show that z(Ay) = p, using (4.4.1). Recall that |Ag - Ag| = 2 in our
case. The intersection matrix N at the node Ay gives the relation 2p =7 + (p —r1) + p.

Thus,
2k = @ + M + @
p p p
By definition, % < {%} and k(p;”) < {k(p;”)}. Clearly, {k(a—1)/a} = k when k < .
It follows that when k < «,

2k < {kr1/p} + {k(p —r1)/p} + {k(a —1)/a}
and we have equality when k = p. Since kry/p and k(p — r1)/p cannot be integers when
k < p, we find that for k£ < p:

k k(p —
kry  kp—m)
p

=k <{kri/p} +{k(p —r1)/p}.
Hence, z(Ay) = p.
4.5 The arithmetic genus p,(Z) of any star-shaped singularity is computed explicitly in
[21], Theorem 3.1, p. 282:
z(Ap)—1
pa(Z) = D dim H'(Ay, Oa,([kD])).
k=0
In our case, the irreducible exceptional components are smooth rational curves. It
follows from the general computation of p,(Z) that p,(Z) = 0 if and only if, for all
k = ]_,...,Z(A())—]_,
k| Ao - Aol = {kri/p} + {k(p — 1) /p} + {k(a — 1)/} — L.
We claim that when 1 < k < p, 2k = {kr1/p} + {k(p —71)/p} + {k(av — 1) /a} — 1. Since
2k = kry/p+ k(p —r1)/p + k, it suffices to show that

{kri/p} +{k(p— 1) /p} =k +1,
which we leave to the reader.

4.6 We now compute the full fundamental cycle Z of N using [21], (3.5), p. 283. Let
us list consecutively the vertices of the i-th terminal chain of G(NV) attached to Ay by
Ao, D;, ..., T;, so that D, is attached to Ag, and T; is the terminal vertex of the chain. Let
N; denote the intersection matrix associated with the vertices D, ..., T;, with (D;- D;) in
the top left corner, and (7;-T;) in the bottom right corner. Let n; denote the length of this
chain, so that N; is a square (n; X n;)-matrix. Starting with 7, := 1, we define inductively
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the integer vector (7q,...,7,,) such that (r,...,7,,)V; = (—70,0,...,0). The coefficients
(21,. .., 2n,;) of the vector Z on the vertices of the chain D;, ..., T; are computed as follows
in [21], (3.5), page 283. Let zy := z(Ap). Then

Tj*j—1

}7

for j =1,...,n; As proved in [21], Lemma 3.2, if 2(A) = a7y for some positive integer
a, then z; = ar;.

This latter lemma applies to both the second and third terminal chains of G(NV) (those
on the right of the node Ap). Indeed, we computed above that z(A4g) = p, and we
find that z(Ag) = 7o for both terminal chains. Thus on these chains, the coefficients
of Z are as predicted in Proposition 4.4. On the first chain, we find that 7y = «, and
(71, Tn;) = (@=1,a=2,...,2,1). Thus, z; = {(a—1)p/a} = p, since a > p. Moreover,
for j < a—p,

K
=

Zim = o= G+ Dp/(e=3)} ={p—p/(la=j)} =p.

We leave it to the reader to verify that (z1,...,24-1) = (p,...,p,p—1,...,2,1), as desired.
O]
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