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Abstract. Let X/S be a quasi-projective morphism over an affine base. We
develop in this article a technique for proving the existence of closed subschemes
H/S of X/S with various favorable properties. We offer several applications of
this technique, including the existence of finite quasi-sections in certain projective
morphisms, and the existence of hypersurfaces in X/S containing a given closed
subscheme C, and intersecting properly a closed set F .

Assume now that the base S is the spectrum of a Dedekind domain R such
that for any finite surjective morphism Z → S, Pic(Z) is a torsion group. This
condition is satisfied if R is the ring of integers of a number field, or the ring of
functions of a smooth affine curve over a finite field. We prove in this context
a moving lemma pertaining to horizontal 1-cycles on a regular scheme X quasi-
projective and flat over S. We also show the existence of a finite S-morphism
to PdS for any scheme X projective over S when X/S has all its fibers of a fixed
dimension d.
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1. Introduction

Let S = SpecR be an affine scheme, and let X/S be a quasi-projective scheme.
The core of this article is a method, summarized in 1.4 below, for proving the exis-
tence of closed subschemes Y ofX with various favorable properties. As the technical
details can be somewhat complicated, we start this introduction by discussing the
applications of the method that the reader will find in this article.

Date: July 8, 2011.
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Recall that a global section f of an invertible sheaf L on X defines a closed subset
Hf of X, consisting of all points x ∈ X where the stalk fx does not generate Lx.
Since fOX ⊂ L, the ideal sheaf I := fOX ⊗ L−1 endows Hf with the structure of
closed subscheme of X.

It is classical that if X/k is a projective scheme over a field, C ⊂ X a proper
closed subset, and ξ1, . . . , ξr are points of X not contained in C, then there exists
a hypersurface H in X such that C ⊂ H and ξ1, . . . , ξr /∈ H. Such a statement is
commonly referred to as an Avoidance Lemma (see, e.g., 4.3). Our next theorem
establishes an Avoidance Lemma for Families. As usual, Ass(X) denotes the set of
associated points of a scheme X, and this set is finite when X is noetherian.

Theorem 5.3 Let S be an affine noetherian scheme and let X → S be a quasi-
projective morphism. Let C be a closed subscheme of X, proper over S, and such
that C ∩Ass(X) = ∅. Let F be a closed subset of X. Assume that for all s ∈ S, Cs
does not contain any irreducible component of positive dimension of Fs and of Xs.

Fix an ample invertible sheaf OX(1) on X. Then there exist n > 0 and a global
section f of OX(n) such that the ideal sheaf I of the associated closed subscheme
Hf is invertible, and such that

(1) C is a closed subscheme of Hf ,
(2) Hf does not contain any irreducible component of positive dimension of Fs and

of Xs, for all s ∈ S.

We use Theorem 5.3 to establish in 6.2 the existence of finite quasi-sections in
certain projective morphisms X/S, as we now discuss. Let X → S be a surjective
morphism. Following EGA [11], IV.14, p. 200, we call a closed subscheme C of
X a finite quasi-section when C → S is finite and surjective. Some authors call
multisection a finite quasi-section C → S which is also flat, with C irreducible (see
e.g., [15], p. 12 and 4.7).

When dimS = 1 and X → S is proper, the existence of a finite quasi-section C is
well-known and easy to establish. It suffices to take C to be the Zariski closure of a
closed point of the generic fiber of X → S. When dimS > 1, the process of taking
the closure of any closed point of the generic fiber does not always produce a closed
subset finite over S (see 6.1).

Theorem 6.2 Let S be an affine scheme and let X → S be a projective and finitely
presented morphism. Suppose that all fibers of X → S are of the same dimension
d ≥ 0. Let C be a finitely presented closed subscheme of X, with C → S finite but
not necessarily surjective. Then:

(1) There exists a finite quasi-section T which contains C.
(2) Assume that S is noetherian. If X → S is flat with Cohen-Macaulay fibers, then

there exists a finite quasi-section which contains C and is flat over S.

This theorem is used in the proof of Theorem 8.1 discussed below. As an appli-
cation to Theorem 6.2, we obtain in 6.5 a strengthening in the affine case of the
classical splitting lemma for vector bundles. Another application to the problem of
extending a given family of stable curves D → Z after a finite surjective base change
is found in 6.7.
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When X → S is quasi-projective and S is the spectrum of a Dedekind domain
R, an irreducible finite quasi-section is also called an integral point in [26], 1.4.
The existence of a finite quasi-section in the quasi-projective case over S = SpecZ
when the generic fiber is geometrically irreducible is Rumely’s famous Local-Global
Principle [32]. This existence result was extended in [26], 1.6, and holds when S is
excellent and satisfies Condition (T) recalled below. That Condition (T) is necessary
in the Local-Global Principle is showed by an example of Raynaud ([25], 3.2).

1.1 As in [26], Définition 1.5, we say that S satisfies Condition (T) if:

(a) For any finite extension L of the field of fractions K of R, the normalization S ′

of S in SpecL has torsion Picard group Pic(S ′), and
(b) The residue fields at all closed points of S are algebraic extensions of finite fields.

For example, S satisfies Condition (T) if S is an affine integral curve over a finite
field, or if S is the spectrum of the ring of P -integers in a number field K, where P
is a finite set of finite places of K.

The following weaker condition is needed for our next two theorems:

1.2 We say that S satisfies Condition (T*) if Pic(Z) is a torsion group for any finite
surjective morphism Z → S.

It is clear that a semi-local Dedekind domain R satisfies Condition (T*), but may
not satisfy Condition (T). It is shown in [26], 2.3, that if an excellent1 Dedekind
domain satisfies Condition (T), then it satisfies Condition (T*).

Assume that dim(S) = 1. An integral subscheme C of X/S such that C → S is
a finite quasi-section is called an irreducible horizontal 1-cycle on X. A horizontal
1-cycle on X is an element of the free abelian group generated by the irreducible
horizontal 1-cycles. Our next application of the method developed in this article is
a Moving lemma for horizontal 1-cycles.

Theorem 7.2 Let R be a Dedekind domain satisfying Condition (T*), and let S :=
SpecR. Let X → S be a flat and quasi-projective morphism, with X integral and
regular. Let C be a horizontal 1-cycle on X. Let F be a closed subset of X such
that for all s ∈ S, F ∩Xs has codimension at least 1 in Xs.

Then some positive multiple mC of C is rationally equivalent to a horizontal 1-
cycle C ′ on X whose support does not meet F . When R is semi-local, we can take
m = 1.

Example 7.4 shows that the Condition (T)(a) is necessary for Theorem 7.2 to
hold. A different proof of Theorem 7.2 when S is semi-local is given in [9], 3.3,
where it is then used to prove a formula for the index of an algebraic variety over a
Henselian field ([9], 8.4).

Even for schemes of finite type over a finite field, Theorem 7.2 is not a consequence
of the classical Chow’s Moving Lemma. Indeed, let X be a quasi-projective variety
over a field k. Let Xsing denote the singular locus of X. The classical Chow’s
Moving Lemma [31] and its generalization ([5], II.9, assuming k algebraically closed)
immediately imply the following statement:

1The hypothesis that R be excellent is not explicitly stated in [26], 2.3. However, it is likely
needed in its proof, particularly in 2.5, where the conductor of a domain into its integral closure
needs to be non-zero.



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 4

1.3 Let Z be a 1-cycle on X with Supp(Z) ∩Xsing = ∅. Assume that dim(Xsing) <
codim(Z,X). Let F be a closed subset of X of codimension at least 2 in X. Then
there exists a 1-cycle Z ′ on X, rationally equivalent to Z, and such that Supp(Z ′)∩
(F ∪Xsing) = ∅.

Consider a morphism X → S as in Theorem 7.2, and assume in addition that S is
a smooth affine curve over a finite field k. Let F be a closed subset as in 7.2. Such
a subset may be of codimension 1 in X. Thus, Theorem 7.2 is not a consequence of
Chow’s Moving Lemma for 1-cycles just recalled, since 1.3 can only be applied to
X → S when F is a closed subset of codimension at least 2 in X.

The following theorem generalizes to schemes X/S of any dimension Theorem 2
in [10] and Theorem 1.2 in [4].

Theorem 8.1 Let R be a Dedekind domain satisfying Condition (T*), and let S :=
SpecR. Let d ≥ 0, and let X → S be a projective morphism such that dimXs = d
for all s ∈ S. Then there exists a finite S-morphism X → PdS.

Now that the main applications of our method for proving the existence of hy-
persurfaces Hf in projective schemes X/S with certain desired properties have been
discussed, let us summarize the method.

1.4 Let X → S be a projective morphism with S = SpecR affine. Let O(1) be a
very ample sheaf on X relative to S. Let C ⊂ X be a closed subscheme defined by
an ideal I, and set I(n) := I ⊗O(n). Our goal is to show the existence, for some n
large enough, of a global section f of I(n) such that the associated subscheme Hf

has the desired properties.
To do so, we fix a system of generators f1, . . . , fN of H0(X, I(n)), and we consider

for each s ∈ S a subset Σ(s) ⊂ AN(k(s)) consisting of all the vectors (α1, . . . , αN)
such that

∑
i αifi|Xs does not have the desired properties. We show then that all

these subsets Σ(s) are contained in a single constructible subset T of AN/S (which
depends on n). To find a desired global section f :=

∑
i aifi with ai ∈ R which avoids

the subset T of ‘bad’ sections, we show that for some n large enough the constructible
subset T satisfies the hypotheses of the following proposition. The section σ whose
existence follows from 2.3 provides the desired vector (a1, . . . , aN) ∈ RN .

Proposition 2.3. Let S = SpecR be a noetherian affine scheme. Let T be a
constructible subset of ANS . Suppose that:

(1) dim(T ) < N .
(2) For all s ∈ S, there exists a k(s)-rational point in ANk(s) which does not belong

to Ts.

Then there exists a section σ of π : ANS → S such that σ(S) ∩ T = ∅.
The proof of (a slightly stronger version of) Proposition 2.3 is given in section 2,

along with the construction exhibiting a non-trivial constructible subset T contain-
ing all Σ(s) (2.2).

We present our next theorem as a final illustration of the strength of the method.
This theorem, stated in a slightly stronger form in section 3, is the key to the proof
of Theorem 7.2, as it allows for a reduction to the case of relative dimension 1. Note
that Condition (T*) is not needed as a hypothesis in this theorem.
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Theorem 3.1 Let S be an affine noetherian scheme of dimension 1, and let X → S
be a quasi-projective morphism. Let C be a closed irreducible subscheme of X, of
codimension d > 0 in X. Assume that C → S is finite and surjective, and that
C → X is a regular immersion. Let F be a closed subset of X. Fix an ample
invertible sheaf OX(1) on X. Then there exist n > 0 and a section f of OX(n) such
that:

(i) C is a closed subscheme of codimension d− 1 in Hf , and C → Hf is a regular
immersion;

(ii) For all s ∈ S, any irreducible component Γ of F ∩ Xs is such that dim(Γ ∩
(Hf )s) ≤ max(dim(Γ)− 1, 0).

The proof of Theorem 3.1 is quite subtle and spans sections 3 and 4. Even though
the scheme X is assumed to be regular in Theorem 7.2, it is not possible in general to
expect that a hypersurface Hf containing C can be chosen to also be regular. Thus,
when the total space is not regular, we impose regularity conditions by assuming
that C is regularly immersed in X. Great care is then needed in the proof of 3.1 to
insure that a hypersurface Hf can be found with the property that C is regularly
immersed in Hf . Our proof uses the hypothesis that dim(S) = 1 (3.9).

Section 3 contains most of the proof of Theorem 3.1. We have discussed separately
in section 4 all results using properties of m-regular sheaves needed in the proof of
3.1, such as results pertaining to the existence of a constructible set T satisfying
Condition (2) in 2.3. Sections 5, 6, 7, and 8, contain the proofs of the applications
of our method. It is our pleasure to thank Robert Varley for Example 8.5.

2. Constructible subsets

2.1 Let S = SpecR be an affine noetherian scheme. Let ANS → S be an affine space
over S. Let T ⊆ ANS be a subset. Endow T with the topology induced by that
of ANS , and define the dimension of T to be the Krull dimension of the topological
space T . As usual, dim(T ) < 0 if and only if T = ∅. For all s ∈ S, we denote by Ts
the subset T ∩ ANk(s) of ANk(s) ⊂ ANS .

Let Z → S be a proper morphism and let F be a coherent sheaf on Z with support
equal to Z. Fix f1, . . . , fN ∈ H0(Z,F). For s ∈ S, denote by fi|Zs , or simply by
fi,s the pullback in H0(Zs,Fs) of the section fi. Recall that a section of H0(Zs,Fs)
vanishes at ξ ∈ Zs if its image in Fs(ξ) := Fs ⊗ k(ξ) is zero. Consider the set

Σ(s) :=

{
(α1, . . . , αN) ∈ k(s)N

∣∣∣ ∑
i

αifi,s vanishes at some generic point of Zs

}
.

When Zs = ∅, we set Σ(s) := ∅.

Proposition 2.2. Let S = SpecR be an affine noetherian scheme, let π : Z → S
be a proper morphism, and let F be a coherent sheaf on Z with support equal to Z.
Then there exists a constructible subset T of ANS such that for all s ∈ S, Σ(s) is
equal to the set of k(s)-rational points of ANS contained in Ts.
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The constructible subset T whose existence is proved in 2.2 is not unique.2 The
proof of 2.2 exhibits one construction of such a set T , and within this proof, we will
make notes on how to bound the dimension of the sets Ts, for s ∈ S. We will then
apply the construction of 2.2 to provide explicit bounds on the dimension of Ts in
the special cases discussed in 3.6 and 3.7. These explicit bounds will allow us to
apply Proposition 2.3, where the hypothesis that dimT ≤ N − 1 is essential.

Proof of Proposition 2.2. We start with the following observations:

(i) Let Z ′ ⊆ Z be a closed subscheme defined by a nilpotent ideal sheaf. Con-
sider the sheaf F|Z′ , with global sections f ′1, . . . , f

′
N , images of f1, . . . , fN in

H0(Z ′,F|Z′). Suppose that T ′ satisfies the statement of the proposition for
the morphism Z ′ → S, sheaf F|Z′ , and sets Σ′(s). Then T ′ also satisfies the
statement of the proposition for Z → S and F , since Σ(s) = Σ′(s) for all
s ∈ S. In particular, it suffices to prove the proposition when both Z and S
are reduced.

(ii) Suppose that S1 and S2 are two affine, open or closed, subschemes of S, and
that as a set, S is the disjoint union of S1 and S2. Let Zi := Z ×S Si. Suppose
that there exist constructible subsets Ti ⊂ ANSi

, i = 1, 2, satisfying the state-
ment of the proposition for Zi → S, F|Zi

, and with respect to the sections
f1|Zi

, . . . , fN |Zi
. Then T := T1 ∪ T2 satisfies the statement of the proposition

for Z → S.
(iii) We claim that given any Z → S as in the proposition, the proposition is proved

if we can prove the statement of the proposition for ZU → U , F|U , and the
sections f1|U , . . . , fN |U , where U ⊆ S is some dense affine open subset. Indeed,
let Z1 := S \U and consider a dense open subset U1 of Z1 where the statement
of the proposition holds. Construct in this way a sequence

of closed subsets Z ⊃ Z1 ⊃ .... The noetherian hypothesis implies that this
sequence is finite, and the proposition follows using (ii) repeatedly.

(iv) Any S contains a dense open subset consisting in a finite disjoint union of
irreducible affine open subsets. Using (i), (ii), and (iii), we conclude that it
suffices to prove the proposition when S is integral. Moreover, given S integral
and Z → S as in the proposition, it suffices as in (iii) to prove the proposition
for ZU → U for some non-empty affine open subset U .

(v) It suffices to prove the proposition after a finite surjective base change g :
S ′ → S, in the following sense. Let Z ′ := Z ×S S ′, with h : Z ′ → Z. Let
F ′ := h∗F . The support of F ′ is equal to Z ′. Let f ′1, . . . , f

′
N denote the images

of f1, . . . , fN under the natural map H0(Z,F)→ H0(Z ′,F ′). For any s′ ∈ S ′,
we define Σ′(s′) as in 2.1 for the above data. Suppose that T ′ ⊆ ANS′ is a
constructible subset which satisfies the conclusion of the proposition for the
morphism Z ′ → S ′ and associated data. Let T be the image of T ′ in ANS under
the natural morphism ANS′ → ANS . By Chevalley’s Theorem ([11], IV.1.8.4), T
is constructible. We claim that T satisfies the conclusion of the proposition for
Z → S. It is clear that dimTs = dimT ′s′ .

2However, one can show that the set T we will construct satisfies Ts(k(s′)) = Σ′(s′) for all affine
morphisms S′ → S and all s′ ∈ S′ lying over s, where Σ′(s′) is defined in a natural way as in
Observation (v). This fact is not used in the sequel.
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Let us show first that when s ∈ S, then Σ(s) is equal to the set of k(s)-
rational points of (ANS )s contained in Ts. Let (α1, . . . , αN) ∈ Σ(s). Let
fs :=

∑
i αifi,s ∈ H0(Zs,Fs). Then fs vanishes at a generic point ξ of Zs

by hypothesis. Let s′ ∈ S ′ be a preimage of s, and let ξ′ be a point of
Z ′s′ = (Zs)k(s′) lying over ξ. Then ξ′ is a generic point of Z ′s′ because k(s′)/k(s)
is finite, and fs, viewed as an element of H0(Z ′s′ ,F ′s′), vanishes at ξ′. There-
fore, (α1, . . . , αN) ∈ k(s)N ⊂ k(s′)N belongs to Σ′(s′) and thus corresponds to
a k(s′)-rational point of ANS′ contained in T ′s′ . Its image under ANS′ → ANS is
therefore a k(s)-rational point of Ts.

Conversely, let (α1, . . . , αN) be k(s)-rational point of Ts. As T ′ → T is surjec-
tive, there exists s′ ∈ S ′ lying over s such that (α1, . . . , αN) is a k(s′)-rational
point of ANS′ contained in T ′s′ . So fs, viewed as an element of H0(Z ′s′ ,F ′s′),
vanishes at some generic point ξ′ of Z ′s′ . The image ξ of ξ′ in Z is a generic
point of Zs. We have F ′s′(ξ′) = Fs(ξ) ⊗k(ξ) k(ξ′), so fs vanishes at ξ, and
(α1, . . . , αN) ∈ Σ(s).

Using (i) and (iv), we can suppose that S is integral, with π(Z) = S. Let η be
the generic point of S. Then there exists a finite extension L/k(η) such that each
irreducible component of (ZL)red is geometrically integral (see [11], IV.4.5.11 and
IV.4.6.6). Restricting S to an open subscheme if necessary, we can find a finite
surjective morphism S ′ → S with S ′ integral that extends SpecL → Spec k(η).
Using (v), we are reduced to proving the proposition for Z ×S S ′ → S ′. Using (i),
it suffices to prove it for Z ′ := (Z ×S S ′)red → S ′. Each irreducible component
Z ′1/S

′, . . . , Z ′r/S
′ of Z ′/S ′ has a geometrically integral generic fiber by construction.

It follows from [11], IV.9.7.7, that there exists a dense affine subscheme U of S ′ such
that Z ′i ×S′ U → U has geometrically integral fibers for all i = 1, . . . , r. Restricting
U further if necessary, we can suppose that the number of geometric irreducible
components in the fibers of Z ′ ×S′ U → U is constant ([11], IV.9.7.8). Note now
that for each s ∈ U , the irreducible components of Z ′s are exactly the fibers (Z ′i)s, i =
1, . . . , r. Hence, it suffices to prove that the proposition holds for each Z ′i×S′U → U .
We may thus assume in the statement of the proposition that Z is integral, and that
π : Z → S has (geometrically) integral fibers.

The reduction steps discussed above depend only of the morphism Z → S. Our
next reduction depends on the coherent sheaf F . Consider the torsion subsheaf Ftors

of F (defined as the kernel of the morphism F → F ⊗ k(Z), as Z is integral), and
the associated exact sequence

0 −→ Ftors −→ F −→ G −→ 0

defining the coherent sheaf G. The sheaf G is torsion-free and, thus, is torsion-free
when restricted to the generic fiber of Z → S. We may restrict S to an open subset
W such that G|Z×SW has torsion-free fibers Gs for all s ∈ W ([11], IV.9.7.6). Since
π is proper, π∗(G) is coherent. Since the function ϕ(s) := dimk(s)(π∗(G)s ⊗ k(s))
is upper semi-continuous, we find that there exists a dense open subset U of W
such that ϕ(s) is constant on U , π∗(G)|U is free, and the natural map H0(Z ×S
U,G|Z×SU)⊗ k(s)→ H0(Zs,Gs) is an isomorphism.
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We may now assume that S = SpecR, and that the morphism Z → S and the
sheaf F have all the favorable properties discussed above. In particular, the R-
module H0(Z,G) is free. Consider the linear composition α : RN → H0(Z,F) →
H0(Z,G) defined by sending the standard basis vector ei of RN to the image in
H0(Z,G) of fi ∈ H0(Z,F). Choosing a basis for H0(Z,G), we find that the map
α is defined by a matrix with coefficients in R, and the rows of the matrix are the
relations describing the kernel of α. We use these same relations to define a closed
subscheme of ANS that we denote by T , and such that T (R) = Ker(α). We claim
that T satisfies the conditions of the proposition for the morphism Z → S. Indeed,
let s ∈ S. Consider the natural commutative diagram

(1) k(s)N
αs

**''OOOOOOOOOOOO

µs

��

H0(Z,F)⊗ k(s) //

��

H0(Z,G)⊗ k(s)

βs
��

H0(Zs,Fs) //

��

H0(Zs,Gs)� _

γs

��
Fs(ξ)

∼
δs

// Gs(ξ).

The map βs is an isomorphism by construction. The map γs is injective because
Gs is torsion-free. The support of Ftors is a strict closed subset of Z. By further
restricting S, we can suppose that Supp(Ftors) ∩ Zs 6= Zs for all s ∈ S. Hence the
kernel of Fs → Gs has support in a strict closed subset of Zs. This implies that δs
is an isomorphism. It follows now easily that T (k(s)) = kerαs = kerµs = Σ(s).

We note for use at the end of the proof of 3.7 that dimTs is equal to the dimension
of the vector space kerµs. �

The following proposition is an essential part of our method for producing in-
teresting closed subschemes of projective schemes X/S. In our applications of this
proposition in 3.9 and in 5.3, Condition (1) below will be satisfied with V = S, and
in 3.9 the set B is empty.

Proposition 2.3. Let S = SpecR be a noetherian affine scheme. Let T be a
constructible subset of ANS . Let B be a subset of ANS (in general, not constructible)
with Bs a proper closed subset of the fiber ANk(s) for all s ∈ S, and Bs = ∅ for all but
finitely many s ∈ S. Suppose that:

(1) There exists an open subset V ⊂ S with finite complement such that

dim(T ∩ ANV ) < N.

(2) For all s ∈ S, there exists a k(s)-rational point in ANk(s) which does not belong
to Ts ∪Bs.

Then there exists a section σ of π : ANS → S such that σ(S) ∩ (T ∪B) = ∅.

Proof. Let us start by recording two uses of the noetherian hypothesis on R. First,
we claim that:
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(a) There exists δ ≥ 1 such that for all s ∈ V , Ts ∪Bs is contained in a hypersur-
face of degree ≤ δ. Indeed, as dimT ∩ANV < N , no fiber Ts, s ∈ V , is dense in ANk(s).
Every point s ∈ V has an open neighborhood W such that TW is contained in a
hypersurface of ANW of some degree δs. As V is quasi-compact since S is noetherian,
there exists an upper bound for the δs’s. Since Bs is a proper closed subset and
there are only finitely many non-empty Bs, we can increase δ so that for all s ∈ S,
Ts ∪Bs is contained in a hypersurface of degree ≤ δ.

The noetherian hypothesis on R is also used when applying the following lemma.
A proof of this lemma in the affine case is given in [33], Proposition 13. We provide
here an alternate proof.

Lemma 2.4. Let S be any scheme. Let c ∈ N. Then the subset {s ∈ S |
Card(k(s)) ≤ c} is closed in S and has dimension 0. When S is noetherian, this
subset is then finite.

Proof. It is enough to prove that when S is a scheme over a finite prime field Fp,
and q is a power of p, the set {s ∈ S | Card(k(s)) = q} is closed of dimension 0.

Let Fq be a field with q elements. Then any point s ∈ S with Card(k(s)) = q
is the image by the projection SFq → S of a rational point of SFq . Therefore we
can suppose that S is a Fq-scheme and we have to show that S(Fq) is closed of
dimension 0. Let Z be the Zariski closure of S(Fq) in S, endowed with the reduced
structure. Let U be an affine open subset of Z. Let f ∈ OZ(U). For any x ∈ U(Fq),
(f q − f)(x) = 0 in k(x), hence x ∈ V (f q − f). As U(Fq) is dense in U and U is
reduced, we have f q − f = 0. For any irreducible component Γ of U , this identity
then holds on O(Γ), so Γ is just a rational point. Hence U = U(Fq) and dimU = 0.
Consequently, Z = S(Fq) is closed and has dimension 0. �

The key to the proof of Proposition 2.3 is the following assertion:

(b) There exist t := t1 + a1 ∈ R[t1, . . . , tN ], a1 ∈ R, and an open subset U ⊆ S
with finite complement, such that the closed subscheme H := V (t) → S of ANS has
the following properties:

(i) dim(HU ∩ T ) < N − 1,
(ii) dim(Hs ∩B) < N − 1 for all s ∈ U ,

(iii) for all s ∈ S, there exists a k(s)-rational point in Hs which does not belong to
Ts ∪Bs.

Using (b), we can conclude the proof of our proposition as follows. First, note that
when N = 1, (b) implies that the closed subset H is disjoint from T ∪ B. Indeed,
(i) and (ii) imply that HU ∩ T = ∅ = Hs ∩Bs for all s ∈ U . As Hs contains exactly
one k(s)-rational point, when s /∈ U , (iii) shows that this point is not in Ts ∪Bs.

When N > 1, we apply (b) repeatedly to obtain a sequence of closed sets

ANS ⊃ V (t1 + a1) ⊃ · · · ⊃ V (t1 + a1, t2 + a2, . . . , tN + aN).

The latter set is the image of the desired section, as we can use the case N = 1 on
V (t1 + a1, . . . , tN−1 + aN−1) to show that

V (t1 + a1, . . . , tN−1 + aN−1, tN + aN) ∩ (T ∪B) = ∅.

Proof of (b): A constructible subset T of a noetherian scheme X has the following

property: there exists a finite set of points ξ1, . . . , ξρ of T such that T ⊆ ∪i{ξi}.



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 10

Indeed, T is a the disjoint union of finitely many locally closed subsets Fi ∩ Ui,
i = 1, . . . ,m, with Fi closed and Ui open. We can take {ξ1, . . . , ξρ} to be the set of
generic points of the irreducible components of the closed subset ∪iFi which belong
to T .

Let now X = ANS and let V be the open set as in (1), with dim(T ∩ ANV ) < N .
Apply the above discussion to the constructible set T ∩ANV , to obtain the associated
set {ξ1, . . . , ξρ}. When B is not empty, we will abuse notation and also denote by
{ξ1, . . . , ξρ} the union of the generic points of T ∩ANV with the union of the generic
points of the finitely many non-empty closed sets Bs of ANk(s). If W is any locally

closed subset of X, to show that dim(T ∩W ) < dim(T ) and dim(Bs ∩W ) < dimBs

when Bs 6= ∅, it suffices to show that ξi /∈ W for all i = 1, . . . , ρ.
Upon renumbering the points of {ξ1, . . . , ξρ} if necessary, we can assume that the

image of ξi under π : ANS → S has finite residue field if and only if i > r for some
r ≤ ρ. Let Z be the union of S \ V with {π(ξr+1), . . . , π(ξρ)} and with the finite
subset of the closed points of S satisfying Card(k(s)) ≤ δ (that this set is finite
follows from 2.4. We will later set δ to be as in (a)). For each s ∈ Z, we can use 2.3
(2) and fix a k(s)-rational point xs ∈ (ANS )s which does not belong to Ts ∪Bs.

Since every point of Z is closed in S, the Chinese Remainder Theorem implies that
the canonical map R →

∏
s∈Z k(s) is surjective. Let a ∈ R be such that a ≡ t1(xs)

in k(s), for all s ∈ Z. Replacing t1 by t1 − a, we can assume that t1(xs) = 0 for all
s ∈ Z.

Let pj ⊂ R[t1, . . . , tN ] be the prime ideal corresponding to ξj. Let ms ⊂ R denote
the maximal ideal of R corresponding to s. Let I := ∩s∈Zms. We claim that

I + t1 6⊆ ∪1≤j≤rpj.

Indeed, the intersection (I + t1) ∩ pj is either empty, or contains aj + t1 for some
aj ∈ I. In the latter case, (I + t1) ∩ pj = t1 + aj + (pj ∩ I). If I + t1 ⊆ ∪1≤j≤rpj,
then every t1 + i with i ∈ I belongs to some t1 + aj + (pj ∩ I). Let qj := R ∩ pj. It
follows that

I ⊆ ∪j(aj + qj)

where the union possibly runs only over a subset of {1, . . . , r}. Since the domains
R/qj are all infinite when j ≤ r, Lemma 2.5 below implies that I is contained in
some qj0 for 1 ≤ j0 ≤ r. As I = ∩s∈Zms, we find that qj0 = ms for some s ∈ Z. This
is a contradiction, since for j ≤ r, π(ξj) does not belong to Z because the residue
field of π(ξj) is infinite and π(ξj) /∈ S \ V .

Now that the claim is proved, we can choose t ∈ (I+t1)\∪1≤j≤rpj. Let U := S\Z
and let H := V (t). Clearly, t is of the form t = t1 + a1 for some a1 ∈ R, as desired.
We have H ' AN−1

S .
To prove that (b)(i) holds, that is, that dim(HU∩T ) < N−1, we use the hypothesis

(1) that dim(ANV ∩T ) < N . By construction, t /∈ ∪1≤j≤rpj, so V (t) does not contain
any generic point ξj such that π(ξj) ∈ U . It follows that dim(H ∩ ANU ∩ T ) <
dim(ANV ∩ T ).

To prove that (b)(ii) holds, that is, that dim(Hs∩B) < N−1 for all s ∈ U , we use
the hypothesis that Bs is a proper closed subset of ANk(s), so that dim(Bs) ≤ N − 1.

Again, V (t) does not contain any generic point ξj such that π(ξj) ∈ U . It follows
that dim(H ∩Bs) < dim(Bs).
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It remains to prove (b)(iii). Let s ∈ Z. Since a1 ∈ I and t1(xs) = 0 for all s ∈ Z,
we find that xs is a k(s)-rational point of V (t1 +a1). The point xs was chosen above
such that it does not belong to Ts ∪ Bs. Let now s /∈ Z. Then |k(s)| ≥ δ + 1 by
construction. Choose now δ with the property in (a). Then, since t has degree 1, we
find that Hs ∩ (T ∪ B) is contained in a hypersurface V (f) of Hs with deg(f) ≤ δ.
We conclude that Hs contains a k(s)-rational point that does not belong to Bs ∪ Ts
using the following claim:

Assume that k is either an infinite field or that |k| = q ≥ δ + 1. Let f ∈
k[T1, . . . , T`] with deg(f) ≤ δ, f 6= 0. Then V (f)(k)  A`(k).

Indeed, when k is a finite field, an easy induction on ` shows that Card(V (f)(k)) ≤
q` − (q − δ)` < q`. When k is infinite, the k-rational points are dense in A`/k. �

Our next lemma follows from [23], Theorem 5. We provide here a more direct
proof using the earlier reference [28].

Lemma 2.5. Let R be a commutative ring, and let q1, . . . , qr be (not necessarily
distinct) prime ideals of R with infinite quotients R/qi for all i = 1, . . . , r. Let I be
an ideal of R and suppose that there exist a1, . . . , ar ∈ R such that

I ⊆ ∪1≤i≤r(ai + qi).

Then I is contained in the union of those ai + qi with I ⊆ qi. In particular, I is
contained in at least one qi.

Proof. We have I = ∪i((ai+qi)∩I). If (ai+qi)∩I 6= ∅, then it is equal to αi+(qi∩I)
for some αi ∈ I. Hence

I = ∪i(αi + (qi ∩ I))

where the union runs on part of {1, . . . , r}. By [28], I is the union of those αi+(qi∩I)
with I/(qi∩I) finite. For any such i, the ideal (I+qi)/qi of R/qi is finite and, hence,
equal to (0) because R/qi is an infinite domain. �

Remark 2.6 The hypothesis in 2.3 (1) is needed. Indeed, let S = SpecZ, and
N = 1. Consider the closed subset V (t3 − t) of SpecZ[t] = A1

Z. Let T be the
constructible subset of A1

Z obtained by removing from V (t3 − t) the maximal ideals
(2, t− 1) and (3, t− 1). Then, for all s ∈ S, the fiber Ts is distinct from A1

k(s)(k(s)),
and dimTs = 0. However, dimT = 1, and we note now that there exists no section
of A1

Z disjoint from T . Indeed, let V (t−a) be a section. If it is disjoint from T , then
a 6= 0, 1,−1, and 6 | a − 1. So there exists a prime p > 3 with p | a, and V (t − a)
meets T at the point (p, t).

For a more geometric example, let k be any infinite field. Let S = Spec k[u] and
A1
S = Spec k[u, t]. When T := V (t2 − u) ⊂ A1

S, then A1
S \ T does not contain any

section V (t− g(u)) of A1
S. Indeed, otherwise (t2 − u, t− g(u)) = (1), and g(u)2 − u

would be an element of k∗.

3. Local complete intersection subschemes

The theorem below is the key to reducing the proof of the Moving Lemma 7.2 to
the case of relative dimension 1. This section and the next are devoted to its proof,
which follows the outline given in 1.4.
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Theorem 3.1. Let S be an affine noetherian scheme of dimension 1, and let X → S
be a quasi-projective morphism. Let C be a closed subscheme of X, finite over S,
and such that:

(1) C → X is a regular immersion and C has pure codimension d > 0 in X;
(2) For all non-empty Cs, codim(Cs, Xs) ≥ d.

Let F be a closed subset of X. Fix an ample invertible sheaf OX(1) on X. Then
there exist n > 0 and a section f of OX(n) such that:

(i) C is a closed subscheme of Hf , C → Hf is a regular immersion, and C has
pure codimension d− 1 in Hf ;

(ii) For all non-empty Cs, codim(Cs, (Hf )s) ≥ d− 1;
(iii) For all s ∈ S, any irreducible component Γ of F ∩ Xs is such that dim(Γ ∩

(Hf )s) ≤ max(dim(Γ)− 1, 0).

Furthermore, there exists a closed subscheme Y of X containing C, such that C
is the support of a Cartier divisor on Y , and such that for all s ∈ S, any irreducible
component Γ of F ∩ Xs is such that dim(Γ ∩ Ys) ≤ max(dim(Γ) − (d − 1), 0). In
particular, if the codimension of Fs in Xs is at least 1 in a neighborhood of Cs, then
F ∩ Ys has dimension at most 0 in a neighborhood of Cs.

Remark 3.2 The hypothesis that C → X is a regular immersion is equivalent to
the condition that C → X is a local complete intersection morphism (see, e.g.,
[21], 6.3.21). If in addition C is connected, then the hypothesis that C has pure
codimension d > 0 in X implies that C → X is a regular immersion of codimension
d (see, e.g., [21], 6.3.9).

Remark 3.3 Keep the hypotheses of 3.1 above. The following are equivalent:

a) Every irreducible component of Xs which meets Cs has dimension at least d.
b) Condition (2) holds.

This is immediate since by hypothesis, Cs is the union of finitely many closed points
of Xs. Condition 3.1(2) is satisfied when 3.1(1) holds and C is flat over S.

Consider now any closed subscheme Hf in X containing C. Fix s ∈ S. Let Γ
be an irreducible component of (Hf )s which meets Cs. Then Γ is contained in an
irreducible component Γ′ of Xs which meets Cs. Thus, since 3.1 (2) is satisfied,
dim(Γ′) ≥ d. Then Γ is an irreducible component of (Hf )s ∩ Γ′. Since (Hf )s is
defined in Xs by a single equation, we find that dim(Γ) ≥ dim(Γ′) − 1 ≥ d − 1. It
follows that 3.1 (ii) is satisfied.

Remark 3.4 Let us note that if X/S and C satisfy the hypotheses of the version of
3.1 given in the introduction, then they satisfy the hypotheses of the above version
of 3.1. In other words, assume that C/S is finite and surjective, with C irreducible.
We need to show that Condition 3.1(2) holds.

Under these additional hypotheses, S is irreducible, and we let η denote its generic
point. Let ∆ denote an irreducible component of X containing C. Then ∆η is an
irreducible component of Xη containing the closed point Cη. By hypothesis, C has
codimension at least d in X, so Cη has codimension at least d in Xη. Hence, ∆η has
dimension at least d. Using [11], IV.13.1.1, we find that for all s ∈ S, the irreducible
components of ∆s have dimension at least d. It follows that for all s ∈ S, every
irreducible component of Xs which meets Cs has dimension at least d. As noted in
3.3, this latter condition is equivalent to 3.1(2).
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3.5 Proof of Theorem 3.1. We first give a complete proof of 3.1 in the case where
X → S is projective. The proof of 3.1 when X/S is only assumed to be quasi-
projective is in 3.10.

Let us start our discussion with hypotheses slightly more general than in 3.1.
Fix the following notation. Let S = SpecR be a noetherian affine scheme, not
necessarily of dimension 1. Consider a projective morphism X → S. Fix a very
ample sheaf OX(1) on X relative to S. Let C ⊂ X be a closed subscheme. Let J
be the ideal sheaf defining C. If F is any sheaf on X and s ∈ S, let Fs denote the
pull-back of F on a fiber Xs. For n ≥ 1, set J (n) := J ⊗OX(n), and for s ∈ S, let
Js(n) := Js ⊗OXs(n). Let J̄s denote the image of Js → OXs .

To prove Theorem 3.1, we will show the existence of f ∈ H0(X,J (n)), for some
n sufficiently large, such that the associated closed subscheme Hf ⊂ X satisfies
the conclusion of the theorem. Note that when X/S is projective, the subscheme
denoted by Hf in the introduction is often denoted by V+(f).

To enable us to use the results of the previous section to produce the desired f , we
introduce the following notation. Let n be big enough such that J (n) is generated
by its global sections. Fix a system of generators f1, . . . , fN of H0(X,J (n)). Denote
by f i,s the image of fi in J̄s(n). For s ∈ S, consider the following sets:

• Let Σ1(s) denote the set of (α1, . . . , αN) ∈ k(s)N such that there exists some

x ∈ C ∩Xs with
∑N

i=1 αi(fi|Xs) = 0 in Js(n)/J 2
s (n)⊗ k(x).

• Let F be a closed subset of X. Let Σ2(s) denote the set of (α1, . . . , αN) ∈
k(s)N such that the closed subset V+(

∑N
i=1 αif i,s) in Xs, defined by the

section
∑N

i=1 αif i,s of OXs(n), contains at least one irreducible component
of Fs of positive dimension.

We will use the fact that if f ∈ H0(X,J (n)) and f s is its image in J̄s(n), then
V+(f) ∩ Xs = V+(f s). Assume now that C → S is as in 3.1. Note then that by
the hypothesis 3.1 (2), Cs does not contain any isolated point of Xs since such a
point would be an irreducible component of Xs, and in a neighborhood of Cs, all
components of Xs have dimension at least d. Therefore, for any x ∈ Cs, (J̄s)x 6= 0
and, hence, both J̄s(n)/J̄ 2

s (n)⊗ k(x) and Js(n)/J 2
s (n)⊗ k(x) are non-zero.

Our goal is to prove, using 2.2 and for an appropriate choice of n, the existence
of constructible subsets T1 and T2 associated with the sets Σ1(s) and Σ2(s). Great
care will be needed in 3.6 and 3.7 to insure that the dimension of the fibers of T1

and T2 are controlled, so that Proposition 2.3 can be used to produce the desired
f ∈ H0(X,J (n)). For this, we will use results which depends on properties of m-
regular sheaves on a projective variety. These properties and results are discussed
in 4.1-4.4. The proof of Theorem 3.1 when X → S is projective ends in 3.9.

For use in our next lemma, we now assume that n is large enough so that
H1(X,J 2

s (n)) = (0) for all s ∈ S. That such an n exists follows from 4.4.

Lemma 3.6. Keep the above notation and assume that C is as in 3.1. Then there
exists a constructible subset T1 of ANS such that for all s ∈ S, dim(T1)s ≤ N − d,
and Σ1(s) is exactly the set of k(s)-rational points of (ANS )s contained in (T1)s.

Proof. We apply Proposition 2.2 to the following Z and F . Let Z := C, and let F
denote the sheaf J (n)/J 2(n) considered as a coherent sheaf on C. Its support is
C. As Cs is finite, Σ1(s) is nothing but the set Σ(s) considered in 2.2.
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By hypothesis, for each s ∈ S, we have an isomorphism H0(X,F) ⊗ k(s) →
H0(Xs,Fs) ∼= H0(Cs,Fs) ∼= ⊕x∈Cs(Fs)x. It follows that for each x ∈ Cs, the natural
map H0(Cs,Fs)→ (Fs)x is surjective. By hypothesis, (Fs)x is free of rank d, so we
find using 2.2 that dim(T1,s) ≤ N − d. �

Lemma 3.7. Keep the notation of 3.5. In particular, S is an affine noetherian
scheme, C is a closed subscheme of X (not necessarily finite over S, or l.c.i. in
X), and F a closed subset of X. Assume also that for all s ∈ S, no irreducible
component of Fs of positive dimension is contained in Cs. Let c ∈ N.

Then there exists n0 ∈ N such that for all n ≥ n0 and for any choice {f1, . . . , fN}
of generators of H0(X,J (n)), there exists a constructible subset T2 of ANS such that
for all s ∈ S, Σ2(s) is exactly the set of k(s)-rational points of (ANS )s contained in
(T2)s, and such that dim(T2)s ≤ N − c.

Proof. As F → S is proper, Zariski’s Main Theorem implies that the subset of
the points of F which are isolated in their fibers is open in F . Let Z denote the
complement of this open subset in F , endowed with the structure of reduced closed
subscheme of X. The fibers of Z → S have no isolated points and, hence, have no
zero-dimensional irreducible components. We plan to apply Proposition 2.2 to the
scheme Z → S and the coherent sheaf F := J (n)|Z . Note that SuppF = Z since
the fibers of Z → S have no isolated points.

We recall below the stratification of S introduced in the proof of 2.2 which does
not depend on F . First, S is written as a finite set-theoretically disjoint union
S =

∐
i Si of integral schemes Si locally closed in S, and we also require now that

C ×S Si → Si is flat. Second, for each i, there exists a finite surjective morphism
S ′i → Si such that (Z ×S S ′i)red → S ′i has good properties. In order to facilitate
the notation, let us denote by S ′ any of the schemes S ′i. Then we require that the
irreducible components Z1, . . . , Zr of (Z×S S ′)red → S ′ have integral fibers and such
that for all s′ ∈ S ′, (Z1)s′ , . . . , (Zr)s′ are exactly the irreducible components of Zs′ .
Let Γ be any of the irreducible components of (Z ×S S ′)red. We prove the lemma in
three steps.

First step. We claim that there exists n1 ∈ N such that for all n ≥ n1 and for all
s′ ∈ S ′, the natural map

H0(X,J (n))⊗k(s) k(s′) −→ H0(Γs′ , ((J (n)⊗OS
OS′)|Γ)s′)

is surjective. Indeed, we have closed immersions Z → X and Γ → (Z ×S S ′)red →
Z ×S S ′. Since OX(1) is very ample relatively to X → S, there exists n1 such that
for all n ≥ n1, both maps

(2) H0(X,J (n)) −→ H0(Z,J (n)|Z)

and

(3) H0(ZS′ , (J (n)⊗OS
OS′)|ZS′

) −→ H0(Γ, (J (n)⊗OS
OS′)|Γ)

are surjective. We use now properties of m-regular sheaves as in 4.4, and find that
after increasing n1 if necessary, we can assume that for all n ≥ n1, and for all s ∈ S,

(4) H0(Z,J (n)|Z)⊗ k(s) −→ H0(Zs, (J (n)|Z)s)
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is an isomorphism, and for all s′ ∈ S ′ lying over s,

(5) H0(Γ, (J (n)⊗OS
OS′)|Γ)⊗ k(s′) −→ H0(Γs′ , ((J (n)⊗OS

OS′)|Γ)s′)

is an isomorphism. Hence, tensoring (2) and (4) by k(s′), we obtain the surjection

(6) H0(X,J (n))⊗k(s′) −→ H0(Z,J (n)|Z)⊗k(s′) −→ H0(Zs, (J (n)|Z)s)⊗k(s′).

Recall now that there is a natural isomorphism

(7) H0(Zs, (J (n)|Z)s)⊗ k(s′) −→ H0((ZS′)s′ , ((J (n)⊗OS
OS′)|ZS′

)s′).

Consider the commutative square

H0(ZS′ , (J (n)⊗OS
OS′)|ZS′

)⊗ k(s′) −−−→ H0((ZS′)s′ , ((J (n)⊗OS
OS′)|ZS′

)s′)

β

y δ

y
H0(Γ, (J (n)⊗OS

OS′)|Γ)⊗ k(s′)
γ−−−→ H0(Γs′ , ((J (n)⊗OS

OS′)|Γ)s′).

The right vertical map δ is surjective because tensoring (3) by k(s′) and composing
with (5) shows that the map γ ◦β is surjective. Composing (6), (7), and δ produces
the desired surjection.

Second step. For simplicity, let us write J ′ := (J ⊗OS
OS′)|Γ. The pull-back

of OX(1) to Γ will be denoted by OΓ(1). It is clear that J ′(n) := J ′ ⊗ OΓ(1)
is isomorphic to (J (n) ⊗OS

OS′)|Γ. Let H denote the image of the natural map
J ′ → OΓ. The ideal sheaf H defines the closed scheme C ′ := CS′ ×XS′

Γ of Γ.
We claim that there exists n2 ∈ N such that for all n ≥ n2 and for all s′ ∈ S ′,

dimk(s′) H
0(Γs′ ,J ′(n)s′) ≥ c.

Indeed, recall that for all s′ ∈ S ′, Γs′ is integral. We note that for all s′ ∈ S ′, C ′s′
is a strict subset of Γs′ and, hence, has smaller dimension than Γs′ . The former
fact follows from our hypothesis that for all s ∈ S, no irreducible component of
Fs of positive dimension is contained in Cs. It follows that the Hilbert polynomial
PC′

s′
of C ′s′ satisfies degPC′

s′
< degPΓs′

. As the set of Hilbert polynomials PΓs′
and

PC′
s′

, s′ ∈ S ′, is finite ([27], p. 58, (ii)) and such polynomials have positive leading

coefficient ([13], III.9.10), there exists n2 such that for all n ≥ n2,

PΓs′
(n)− PC′

s′
(n) ≥ c.

We use now properties of m-regular sheaves as in 4.4, and find that after increasing
n2 if necessary, we can assume that for all n ≥ n2, for all i ≥ 1 and for all s′ ∈ S ′,

H i(Γs′ ,OΓs′
(n)) = (0) = H i(C ′s′ ,OC′s′ (n)).

Since PΓs′
(n) = χ(OΓs′

(n)) for all n > 0, the first vanishing above implies that
for n ≥ n2 and for all s′,

PΓs′
(n) = dimH0(Γs′ ,OΓs′

(n)).

Similarly, the second vanishing implies that PC′
s′

(n) = dimH0(C ′s′ ,OC′s′ (n)).

Denote by H̄s′ the image ofHs′ → OΓs′
. The ideal H̄s′ is the defining ideal of C ′s′ in

Γs′ . Increasing n2 if necessary, we can assume that for all n ≥ n2, H1(Γ,H(n)) = (0),
and that for all s′, H0(C ′,OC′(n)) ⊗ k(s′) → H0(C ′s′ ,OC′s′ (n)) is an isomorphism.
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This implies that H0(Γs′ ,OΓs′
(n)) → H0(C ′s′ ,OC′s′ (n)) is surjective. Hence, for all

n ≥ n2 and for all s′ ∈ S ′,
dimH0(Γs′ , H̄s′(n)) = dimH0(Γs′ ,OΓs′

(n))− dimH0(C ′s′ ,OC′s′ (n)) ≥ c.

Final step. Now let n0 = max{n1, n2}. Choose and fix n ≥ n0, and then fix a
system of generators f1, . . . , fN of H0(X,J (n)). This allows us to define the set
Σ2(s) as in 3.5:

Σ2(s) denotes the set of (α1, . . . , αN) ∈ k(s)N such that the closed

subset V+(
∑N

i=1 αif i,s) in Xs contains at least one irreducible compo-
nent of Fs of positive dimension.

Consider the scheme Z, along with the coherent sheaf F := J (n)|Z on Z and the
sections f1|Z , . . . , fN |Z of H0(X,J (n)|Z). As in 2.2, we define

Σ(s) :=

{
(α1, . . . , αN) ∈ k(s)N

∣∣∣ ∑
i

αifi,s vanishes at some generic point of Zs

}
.

Let ξ be any generic point of Zs. As no irreducible component of Fs of positive di-
mension is contained in C, ξ /∈ C. Hence, (J (n)|Zs)ξ = OZs,ξ. Let f ∈ H0(X,J (n))
with image f |Zs in H0(Zs,J (n)|Zs). It follows that V+(f) contains ξ if and only if
f |Zs vanishes at ξ, and that Σ2(s) = Σ(s).

We now apply 2.2 to Z and to F to obtain the existence of a constructible set
T2 ⊂ ANS such that for all s ∈ S, Σ2(s) is exactly the set of k(s)-rational points of
(ANS )s contained in (T2)s.

As the proof of 2.2 shows, to prove that dim(T2)s ≤ N − c for all s ∈ S, it is
enough to show a similar statement for all the constructible subsets T ′ associated
with the morphisms Γ → S ′ and with the associated data consisting of the sheaf
J ′(n) := (J (n) ⊗OS

OS′)|Γ and the sections {f1|Γ, . . . , fN |Γ}) (where fj|Γ is the
canonical image of fj in H0(Γ,J ′(n)), and Γ → S ′ is as at the beginning of the
proof). We can further argue on each piece of the stratification of S ′ = tS ′i implicitly
appearing in the discussion in the last part of the proof of 2.2.

Consider the composition

k(s′)N −→ H0(X,J (n))⊗ k(s′) −→ H0(Γs′ ,J ′(n)s′),

which first sends the standard basis vector ei of k(s′)N to fi ⊗ 1 in H0(X,J (n))⊗
k(s′). Step 1 shows that the composition of these two maps is surjective for all
n ≥ n0, and for all s′ ∈ S ′. The reader will check that this composition is nothing
but the map corresponding in our situation to the map µ in the diagram (1) in the
proof of 2.2. Let ξ denote the generic point of Γs′ . The dimension of (T2)s′ is given
by the dimension over k(s′) of the kernel of the natural map ν is the diagram below:

k(s′)N
µ// //

ν

''OOOOOOOOOOO
H0(Γs′ ,J ′(n)s′)

��

ρ // // H0(Γs′ , H̄(n)s′)
hH

θuullllllllllllll

J ′(n)s′ ⊗ k(ξ).

Increasing n0 if necessary to apply Lemma 3.8 to Γ → S ′ and C ′, we find that the
map ρ is surjective for all s′ ∈ S ′. To conclude the proof of the lemma, it suffices
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to note that the map θ is injective. Indeed, then Step 2 shows that the dimension
of H0(Γs′ ,J (n)s′) is bounded by c. Hence, the kernel of µ has dimension at most
N − c. �

Lemma 3.8. Let X → S be a projective scheme over an affine noetherian scheme
S. Let C be a closed subscheme of X with ideal sheaf J . Let J̄s denote the image
of Js in OXs. Then there exists n0 ∈ N such that for all n ≥ n0 and for all s ∈ S,
the canonical map Js(n)→ J̄s(n) induces a surjection

H0(Xs,J (n)s) −→ H0(Xs, J̄s(n)).

Proof. Using the flattening stratification of S induced by the sheafOX/J , we deduce
the existence of finitely many irreducible locally closed subsets Ui of S such that
S = ∪Ui (set theoretically), and when each Ui is endowed with the structure of
integral scheme, then C ×S Ui → Ui is flat.

Denote by U one of the integral schemes Ui. Denote by K and J ′ the kernel and
image of the natural morphism J ⊗OS

OU → OXU
, with associated exact sequence

of sheaves on XU

0 −→ K −→ J ⊗OS
OU −→ J ′ −→ 0.

For all n ∈ Z, we then have the exact sequence

0→ K(n)→ J (n)⊗OS
OU → J ′(n)→ 0.

Since XU → U is projective, we can find n0 ≥ 1 such that H1(XU ,K(n)) = (0) for
all n ≥ n0. Increasing n0 if necessary and using properties of m-regular sheaves, we
can assume that for all n ≥ n0 and for all s ∈ U ,

H0(XU ,J ′(n))⊗ k(s) −→ H0(Xs,J ′(n)s)

is an isomorphism. Since C ×S U → U is flat, the sequence 0 → J ′s → OXs →
OCs → 0 is exact for all s ∈ U . It follows that J ′(n)s = J̄s(n). For any s ∈ U and
for n ≥ n0, consider the commutative diagram:

H0(XU ,J (n)⊗OU)⊗ k(s) // //

��

H0(XU ,J ′(n))⊗ k(s)

��
H0(Xs,J (n)s) // H0(Xs, J̄s(n)).

The top horizontal map is surjective because H1(XU ,K(n)) = (0), and the right ver-
tical arrow is an isomorphism by construction. Thus, we see that H0(Xs,J (n)s)→
H0(Xs, J̄s(n)) is surjective for all n ≥ n0 and all s ∈ U . �

3.9 We proceed now to prove Theorem 3.1 in d − 1 steps, under the assumption
that X → S is projective. When d = 1, there is nothing to prove.

Fix n large enough so that 3.6, 3.7, and 4.4, can be applied to our situation. Let
T1 and T2 be the constructible subsets of ANS , pertaining to Σ1(s) and Σ2(s), and
whose existence is proved in 3.6 and 3.7. Let T := T1 ∪ T2. For each s ∈ S, the
element fs,n ∈ H0(Xs,Js(n)) exhibited in Lemma 4.4 defines a k(s)-rational point
of ANS not contained in T1,s ∪ T2,s because (J̄s(n)/J̄ 2

s (n))⊗ k(x) 6= 0 for all x ∈ Cs.
It follows that for all s ∈ S, there exists a k(s)-rational point of ANS not contained

in Ts. We also have when d ≥ 2, that dimTs ≤ N − 2 for all s ∈ S (3.6 and
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3.7). Since we assume that dim(S) = 1, we find that dim(T ) ≤ N − 1. We can
thus apply Proposition 2.3 to find a section (a1, . . . , aN) ∈ ANS (S) such that for all
s ∈ S, (a1(s), . . . , aN(s)) is not a k(s)-rational point of (ANS )s contained in Ts. Let

f :=
∑N

i=1 aifi, and consider the closed subscheme V+(f) ⊂ X. By definition of f ,
we have C ⊂ V+(f), and by definition of T , we have:

(i) for all x ∈ C, the image of f in (J (n)/J 2(n))⊗ k(x) is non-zero;
(ii) for all s ∈ S, V+(f) does not contain any irreducible component of Fs of positive

dimension.

The first condition implies that C is l.c.i. in V+(f), pure of codimension d − 1.
Indeed, this is a local question. Fix x ∈ C. Let I = pOX,x and let g ∈ I correspond
to the section f . Since the image of g in I/I2 ⊗ k(p) is not zero, the image of g
in the free OC,x-module I/I2 can be completed into a basis of I/I2, and it is then
well-known that g belongs to a regular sequence generating I.

The second condition implies that for all s ∈ S, and for all irreducible components
Γ of F ∩Xs, we have dim(Γ ∩ V+(f)s) ≤ max(dim(Γ)− 1, 0).

The closed subscheme Y whose existence is asserted at the end of Theorem 3.1 is
obtained by repeating the above arguments (d−2) times, starting with X ′ := V+(f),
F ′ := F ∩ V+(f), and C ⊂ X ′. This concludes the proof of 3.1 when X → S is
projective.

3.10 Assume now that X → S is quasi-projective. Using a power of the given
ample sheaf for X → S, we can consider a projective morphism X → S and an
open immersion X → X of S-schemes, along with a very ample sheaf OX(1) which
restrict on X to some power of the initial ample sheaf on X. Then C → S is a
closed subset of X of pure codimension d, and C → X is a regular immersion. The
subset C of X also satisfies Condition (2) of 3.1 for the morphism X → S.

Let F ⊂ X be the given closed subset, and denote by F its closure in X. The
conclusion of 3.1 in the case of C, X → S, and F , implies the existence of a
closed subscheme Hf of X containing C such that C → Hf is a regular immersion,
and such that for all s ∈ S, any irreducible component Γ of F ∩ Xs is such that
dim(Γ ∩ (Hf )s) ≤ max(dim(Γ)− 1, 0).

We claim that the closed subset H := Hf ∩ X of X satisfies the conclusion of
3.1 for the morphism X → S and the closed subset F . Clearly, since C is closed
in X, C is contained in H and C → H is a regular immersion. Suppose now
that Θ is an irreducible component of Fs. We need to show that dim(Θ ∩ Hs) ≤
max(dim(Θ) − 1, 0). This will follow if the closure of Θ in (F )s is an irreducible
component of (F )s. That this is indeed the case follows from the fact that F is open
in F . �

4. m-regular sheaves

It remains to prove various assertions used in the proof of Theorem 3.1.

4.1 We start by recalling the definition and properties of m-regular sheaves needed
in our next lemmas. Let X be a projective variety over a field k, with a fixed
very ample sheaf OX(1). Let F be a coherent sheaf on X, and let F(n) := F ⊗
OX(n). Let m ∈ Z. Recall ([27], Lecture 14, p. 99) that F is called m-regular if
H i(X,F(m− i)) = 0 for all i ≥ 1.
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Assume that F is m-regular. Then it is known (see, e.g., [34], Proposition 4.1.1)
that for all n ≥ m,

(a) F is n-regular,
(b) H i(X,F(n)) = 0 for all i ≥ 1,
(c) F(n) is generated by its global sections, and
(d) The canonical homomorphism

H0(X,F(n))⊗H0(X,OX(1)) −→ H0(X,F(n+ 1))

is surjective.

Lemma 4.2. Let X be a projective variety over a field k with a fixed very ample
sheaf OX(1). Let C be a finite closed subscheme of X. Let Γ1, . . . ,Γr be irreducible
closed subsets of X not contained in C. Let J denote the ideal sheaf of C in X,
and assume that J is m-regular for some m ≥ 0.

(a) If Card(k) > r + Card(C), then for all n ≥ m, there exists a section fn ∈
H0(X,J (n)) such that V+(fn) does not contain any Γi, and such that the image
of fn in (J (n)/J 2(n))⊗k(x) is non-zero for all x ∈ C such that (J (n)/J 2(n))⊗
k(x) 6= (0).

(b) There exists an integer n0 > 0 such that for all n ≥ n0, there exists a section
fn ∈ H0(X,J (n)) as in (a).

Proof. (a) Let x ∈ C and n ≥ m, and consider the k-linear map H0(X,J (n)) →
(J (n)/J 2(n))x. Since J (n) is generated by its global sections (4.1 (c)), this map
is not zero for all x ∈ C such that (J (n)/J 2(n))x 6= (0). Let Hx denote its kernel.
Then Hx 6= H0(X,J (n)) for all x ∈ C such that (J (n)/J 2(n))x 6= (0).

Use now a closed embedding X → Pdk associated with the very ample sheaf OX(1)
to identify X with ProjB, where B = ⊕n≥0B(n) is a graded k-algebra isomor-
phic to k[x0, . . . , xd] modulo a homogeneous ideal. Let p1, . . . , pr be the homoge-
neous prime ideals of B defining Γ1, . . . ,Γr. Under the appropriate identification,
⊕n≥0H

0(X,J (n)) is identified with a homogeneous ideal ⊕n≥0J(n) of B correspond-
ing to the closed subscheme C. Neither pi nor ⊕n≥0J(n) contain B(1). Since Γi is
not contained in C, we find that ⊕n≥0J(n) is not contained in pi. Then there exists
n0 ≥ 0 such that each J(n) with n ≥ n0 is not contained in pi (4.3 (a)). We claim
that for each i ≤ r, and for each n ≥ m, the preimage in H0(X,J (n)) of J(n) ∩ pi
is a proper subvector space of H0(X,J (n)). Indeed, if J(n) ∩ pi = J(n) for some
n ≥ m, then the surjectivity of the map in 4.1 (d) implies that J(n′) ∩ pi = J(n′)
for all n′ ≥ n. This would contradict the existence of n0.

For each n ≥ m, we have thus constructed r + Card(C) subvector spaces of
H0(X,J (n)). Any element fn in the complement of the union of these subvector
spaces satisfies the desired properties. Since r + Card(C) < Card(k) by hypothesis,
the union cannot be the whole space H0(X,J (n)), and (a) follows.

(b) Choose m ≥ 0 large enough such that both J and J 2 are m-regular. As
H1(X,J 2(n)) = (0) for n ≥ m by 4.1 (b), the map

H0(X,J (n)) −→ H0(X,J (n)/J 2(n)) = ⊕x∈C(J (n)/J 2(n))x

is surjective for all n ≥ m. Let then f ∈ H0(X,J (m)) be a section such that its im-
age in (J (m)/J 2(m))⊗k(x) is non-zero for each x ∈ C such that (J (m)/J 2(m))⊗
k(x) 6= (0). Let I := ⊕n≥0H

0(X,J 2(n)). Keep the notation introduced in (a), and
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identify I with a homogeneous ideal of B. Then I 6⊆ pi for all i ≤ r, since otherwise
⊕n≥0H

0(X,J (n)) ⊆ pi, which contradicts the hypothesis that Γi is not contained in
C. Let pr+1, . . . , ps be the homogeneous ideals of B corresponding to the (reduced)
points of C.

Lemma 4.3 (b) below implies then the existence of n0 ≥ 0 such that for all n ≥ n0,
there exist xn ∈ H0(X,J 2(n)) and gn ∈ H0(X,OX(n − m)) \ ∪1≤i≤spi such that
fgn + xn /∈ ∪1≤i≤rpi. Clearly, fn := fgn + xn ∈ H0(X,J (n)). As gn is invertible in
OX(n−m)x, fn is non-zero in (J (n)/J 2(n))⊗ k(x) for all x ∈ C. �

The following Prime Avoidance Lemma for graded rings is needed in the proof of
4.2. (For related statements, see [36], Theorem A.1.2., or [3], III, 1.4, Prop. 8, page
161.)

Lemma 4.3. Let B = ⊕n≥0B(n) be a graded ring. Let I = ⊕n≥0I(n) be a homo-
geneous ideal of B. Let p1, . . . , pr be homogeneous prime ideals of B not containing
B(1) and not containing I.

(a) Then there exists an integer n0 ≥ 1 such that for all n ≥ n0, I(n) 6⊆ ∪1≤i≤rpi.
(b) Let f ∈ B(m) for some m ≥ 1. Assume in addition that p1, . . . , pr do not

contain fB + I. Let s ≥ r, and when s > r, let pr+1, . . . , ps be additional
homogeneous prime ideals not containing B(1). Then there exists n0 ≥ 1 such
that for all n ≥ n0, there are gn ∈ B(n − m) \ ∪1≤i≤spi and xn ∈ I(n) with
fgn + xn /∈ ∪1≤i≤rpi.

Proof. (a) We proceed by induction on r. If r = 1, choose t ∈ B(1) \ p1 and a
homogeneous element α ∈ I \ p1, say of degree n0. Then tn−n0α ∈ I(n) \ p1 for all
n ≥ n0, as desired. Let r ≥ 2 and suppose that the lemma is true for r − 1. We
can suppose that pi is not contained in pr for all i 6= r, so that Ip1 · · · pr−1 6⊆ pr.
Similarly, we can suppose that pr is not contained in pi for all i 6= r, so that Ipr 6⊆
(p1∪ . . .∪pr−1). Hence, we can apply the case r = 1 and the induction hypothesis to
obtain that there exists n0 such that for all n ≥ n0, there are homogeneous elements
fn ∈ Ip1 · · · pr−1 \ pr and gn ∈ Ipr \ (p1 ∪ . . . ∪ pr−1) of degree n. It is easy to check
that fn + gn ∈ I(n) \ ∪1≤i≤rpi, as desired.

(b) As pi does not contain B(1) for all i ≤ s, we can find n1 ≥ 0 such that for all
n ≥ n1, there exists gn ∈ B(n−m) \ ∪1≤i≤spi (use (a) with I = B). We proceed by
induction on r. First suppose that r = 1. If f /∈ p1, then the property is true with
xn = 0. Suppose then that f ∈ p1. Then I 6⊆ p1 since p1 does not contain fB + I
by hypothesis. Choose t ∈ B(1) \ p1, and choose a homogeneous element α ∈ I \ p1,
of some degree n2. Set n0 := max(n1, n2). Then fgn + tn−n2α /∈ p1 for all n ≥ n0.

Assume now that r ≥ 2. We can suppose that there is no inclusion relation
between p1, . . . , pr. By induction hypothesis, there exists n1 ≥ 0 such that for all
n ≥ n1, there exists xn ∈ I(n) such that fgn + xn /∈ ∪i≤r−1pi. If n is such that
fgn+xn /∈ pr, we are done. Suppose that n is such that fgn+xn ∈ pr. Then I 6⊆ pr
since pr does not contain fB + I. It follows that Ip1 · · · pr−1 6⊆ pr. Hence, there
exists n2 ≥ 0 such that for each n ≥ n2, there exists yn ∈ (Ip1 · · · pr−1)(n) \ pr (use
(a)). Then for any n ≥ max(n1, n2), fgn + (xn + yn) /∈ ∪1≤i≤rpi, as desired. �

Keep the notation introduced in 3.5.
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Lemma 4.4. Let S be a noetherian affine scheme, and let X → S be projective.
Let OX(1) be a relatively very ample sheaf for X → S. Let C := V (J ) be a closed
subscheme of X, finite over S. Then there exists n0 ≥ 0 such that for all n ≥ n0 and
for all s ∈ S, the sheaves Js(n) and J 2

s (n) are n-regular, and the canonical maps

H0(X,J (n))⊗ k(s) −→ H0(Xs,Js(n)) −→ H0(Xs, J̄s(n))

are surjective.
Let F be a closed subscheme of X. Then, for each s ∈ S and n ≥ n0, there

exists fs,n ∈ H0(X,J (n)), whose image in (J̄s(n)/J̄ 2
s (n))⊗ k(x) is non-zero for all

x ∈ C with (J̄s(n)/J̄ 2
s (n)) ⊗ k(x) 6= (0), and whose zero locus V+(fs,n) in X does

not contain any irreducible component of Fs of positive dimension.

Proof. The following results are found in [34], step 3 in the proof of Theorem 4.2.11.
Let F be a coherent sheaf on PrS. Then there exists an integer N such that for all
n ≥ N and for every s ∈ S, Hj(Prk(s),Fs(n)) = (0) for j ≥ 1. Moreover, letting

p : PrS → S denote the canonical projection map, then the natural map of k(s)-vector
spaces p∗(F(n))⊗ k(s)→ H0(Prk(s),Fs(n)) is an isomorphism.

We use these facts in the following context. Let G be any coherent sheaf on X.
Associated with the very ample sheaf OX(1) is an embedding i : X → PrS for some
r. Since H i(Xs,Gs) = (0) for all i ≥ dim(X), we find from the above facts applied
to F := i∗G that Gs is (r + N)-regular for all s ∈ S. It follows that there exists
m such that for all n ≥ m and for all s ∈ S, Js(n) and J 2

s (n) are n-regular, and
H0(X,J (n))⊗ k(s)→ H0(Xs,Js(n)) is surjective.

Let s ∈ S and recall that J̄s is the image of Js → OXs . As the kernel Ks of
Js → J̄s is coherent and supported on the affine (finite) subscheme Cs, we find that
Hj(Xs,Ks(n)) = (0) for j ≥ 1, and Hj(Xs,Js(n))→ Hj(Xs, J̄s(n)) is surjective for
all n and all j ≥ 0. It follows that since Js is m-regular, then so is J̄s.

We see by [11], IV.9.7.8, that there exists a positive integer c0 such that for all
s ∈ S, Cs and Fs each have at most c0 irreducible components. Let

Z0 = {s ∈ S | Card(k(s)) ≤ 2c0}.

Lemma 2.4 shows that Z0 is a finite set.
Let s /∈ Z0, and let Γ1, . . . ,Γrs denote the irreducible components of Fs of positive

dimension. Then the existence for all n ≥ m of the desired fs,n follows from Lemma
4.2(a) applied to J̄s and the fact that H0(X,J (n)) ⊗ k(s) → H0(Xs, J̄s(n)) is
surjective. For the finitely many s ∈ Z0, the existence of fs,n for all n large enough
follows from 4.2(b). �

5. Hypersurfaces

Our main result in this section is Theorem 5.3, a variant on Theorem 3.1. Let
S be an affine scheme and let X → S be a quasi-projective morphism. Let OX(1)
denote a very ample invertible sheaf on X relatively to X → S. Let n ≥ 1, and let
f be a global section of OX(n).

For convenience, we will call the closed subscheme Hf of X defined by the ideal
sheaf I := fOX⊗OX(−n) a hypersurface when no irreducible component of positive
dimension of Xs is contained in Hf , for all s ∈ S. If, moreover, the ideal sheaf I is
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invertible, we will say that the hypersurface Hf is locally principal. Note that when
I is invertible, Hf is the support of an effective Cartier divisor on X.

Lemma 5.1. Let S be an affine scheme. Let X → S be a quasi-projective morphism
and let OX(1) be a relatively very ample sheaf on X. Let H be a hypersurface of X
as above.

(1) If dimXs ≥ 1, then either Hs is empty, or dimHs ≤ dimXs − 1. If, moreover,
X → S is projective, then Hs meets every irreducible component of positive
dimension of Xs, and in particular dimHs = dimXs − 1.

(2) If X → S is finitely presented, then so is H → S.
(3) Assume that S is noetherian and that X → S is flat. Then H is locally principal

and flat over S if and only if for all s ∈ S, H does not contain any embedded
point of Xs.

(4) Assume S noetherian. If H does not contain any associated point of X, then H
is locally principal.

Proof. (1) By hypothesis, Hs does not contain any irreducible component of Xs of
positive dimension. Since Hs is locally defined by one equation, we obtain that
dimHs ≤ dimXs−1. The strict inequality may occur for instance in case dimXs ≥
2, and Hs does not meet any component of Xs of maximal dimension. Assume now
that Xs is projective. Let f denote the section of OX(n) defining the open set Xf

such that H = X \ Xf . Then Xf ∩ Xs is affine and, thus, can only contain an
irreducible component of Xs of dimension 0.

(2) Results from the fact that H is locally defined by a single equation in X.
(3) See [11], IV.11.3.8, and use the fact that in a noetherian ring R, an element is

regular if and only if it is not contained in any associated prime. Since by hypothesis,
H is a hypersurface, it does not contain any generic point of any component of any
fiber Xs.

(4) Let f ∈ H0(X,OX(n)) be such that H = Hf . Cover X by affine open subsets
Ui such that OX(n)|Ui

is free for all i = 1, . . . ,m. Choose a basis ei of OX(n)|Ui
for

each i, and write OX(n)|Ui
= eiOX . Then f |Ui

= eihi for some hi ∈ OX(Ui), and
H∩Ui = V (hi). The hypothesis H∩Ass(X) = ∅ implies that hi is a regular element
of OX(Ui) ([24], (7.B), Corollary 2, where the noetherian hypothesis is used). The
system {(Ui, hi)}i defines an effective Cartier divisor D whose support is H, and
the ideal sheaf I defining the closed subscheme H is isomorphic to the ideal sheaf
defined on each Ui by OX(Ui)hi. In other words, I ' OX(−D). �

Theorem 5.2. Let S be an affine scheme, and let X → S be a quasi-projective and
finitely presented morphism. Let C be a closed subscheme of X, proper and finitely
presented over S. Let A be a finite subset of X such that A ∩ C = ∅. Let F be a
closed subset of X defined by an ideal sheaf of finite presentation. Assume that for
all s ∈ S, C does not contain any irreducible component of positive dimension of Fs
and of Xs.

Fix an ample invertible sheaf OX(1) on X. Then there exist n > 0 and a global
section f of OX(n) such that the hypersurface Hf of X contains C as a closed
subscheme, A ∩ Hf = ∅, and Hf does not contain any irreducible component of
positive dimension of Fs.



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 23

Proof. Without loss of generality, we may assume that OX(1) is a relatively very
ample invertible sheaf on X. Let us first show that it suffices to prove the theorem
when the base S is noetherian and of finite dimension. For this, we will use the
machinery developed in [11], IV.8 (see in particular the scholie IV.8.8.3). Using [11],
IV.8.9.1 and IV.8.10.5, we find the existence of an affine scheme S0 of finite type
over Z, and of a morphism S → S0 such that all the objects of Theorem 5.2 descend
to S0. More precisely, there exists a quasi-projective scheme X0 → S0 such that
X is isomorphic to X0 ×S0 S. We will denote by p : X → X0 the associated ‘first
projection’ morphism. There also exists an invertible relatively very ample sheaf
OX0(1) on X0 whose pull-back to X is OX(1). There exists a closed subscheme C0

of X0, proper over S0, such that C is isomorphic to C0 ×S0 S. Finally, there exists
a closed subset F0 of X0 such that F is isomorphic to F0 ×S0 S. Let A0 := p(A).

Since S0 is of finite type over Z, S0 is noetherian and of finite dimension. Suppose
the theorem proven for X0, OX0(1), F0, C0, and A0, and let H0 denote the hyper-
surface of X0 as in the conclusion of the theorem. Let H := H0 ×X0 X. Then H is
a hypersurface in X satisfying the required properties with respect to OX(1), F , C,
and A. (Note that for all s ∈ S, if s0 ∈ S0 is the image of s, then the image of an
irreducible component of Fs in X0 is an irreducible component of (F0)s0 of the same
dimension.)

We suppose from now on that S is noetherian and of finite dimension. Using the
same arguments as in the proof of Theorem 3.1 in 3.10, we reduce further to the
case where X → S is projective.

Assume now that X → S is projective. Let J ⊆ OX denote the ideal sheaf of C.
Let n ≥ 1, and fix generators f1, . . . , fN , for the finitely generated OS(S)-module
H0(X,J (n)). As in the proof of Theorem 3.1, we will exhibit an integer n and

a section f =
∑N

i=1 aifi, ai ∈ OS(S), producing Hf with the required properties,
using Proposition 2.3. The element (a1, . . . , aN) will correspond to a section of ANS /S
which does not meet both a constructible set T and an auxiliary set B, sets which
we now describe.

As in the proof of 3.7, we note that since F → S is proper, Zariski’s Main Theorem
implies that the subset of the points of F which are isolated in their fibers is open
in F . Let F denote the complement of this open subset in F . Then the fibers of
F → S have no isolated points and, hence, have no zero-dimensional irreducible
components. Consider the coherent sheaf F := J (n)|F on F, and note that the
support of F is F. Define for each s ∈ S as in 2.1 the set Σ1(s) associated with
Z := F and F := J (n)|F:

Σ1(s) :=

{
(α1, . . . , αN) ∈ k(s)N

∣∣∣ ∑
i

αifi,s vanishes at some generic point of Zs

}
.

When Zs = ∅, we set Σ1(s) := ∅. Let c := dim(S)+2 in Lemma 3.7, and apply 3.7 to
Z := F and F := J (n)|F. It follows that for all n ≥ n0, there exists a constructible
subset T1 of ANS such that for all s ∈ S, Σ1(s) is exactly the set of k(s)-rational
points of (ANS )s contained in (T1)s, and such that dim(T1)s ≤ N − 2 − dimS. In
particular, dim(T1) ≤ N − 1 < N .

We now repeat the construction above with the set X instead of F , obtaining
first X with the sheaf J (n)|X, and then applying 3.7 to obtain the existence for all
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n ≥ n1 ≥ n0 of a constructible subset T2 ∈ ANS with dim(T2) < N associated with
the collection of sets Σ2(s). We let T := T1 ∪ T2.

Let us now define the subset B = ∪s∈SBs. Let s ∈ S. If Xs ∩A = ∅, set Bs := ∅.
If Xs ∩ A is not empty, consider the set Ds of all (α1, . . . , αN) ∈ k(s)N such that∑

1≤i≤N αifi,s vanishes at some point of Xs ∩ A. Our hypothesis that Cs ∩ A = ∅
implies that Ds is contained in a proper closed hypersurface of ANk(s), since for any

point x ∈ As \ Cs, the sheaf (J (n)|Xs)x is not trivial and, hence, J (n)|Xs is not
trivial in an open set of Xs containing x. We denote by Bs such a hypersurface.

By construction, the sets T and B (for all n large enough) satisfy Condition (1)
in the statement of Proposition 2.3. To be able to apply 2.3, we show now that
Condition (2) is also satisfied for some n large enough, namely, that for all s ∈ S,
Ts ∪Bs does not contain all the k(s)-rational points of ANk(s). We proceed as in 4.4.

(The arguments that follow also give a direct proof of the theorem when S is the
spectrum of a field, using a variation on the Avoiding Lemma 4.3(a).)

By [11], IV.9.7.8, there exists a positive integer c0 such that for all s ∈ S, Fs, Xs,
and As each have at most c0 irreducible components. Let

Z0 = {s ∈ S | Card(k(s)) ≤ 3c0}.
Lemma 2.4 shows that Z0 is a finite set.

Let s /∈ Z0, and let Γ1, . . . ,Γrs denote the irreducible components of Fs and of Xs

of positive dimension, and the closures in Xs of the points of As. Then the existence
for all n ≥ m of a k(s)-rational point of ANk(s) not contained in Ts ∪Bs follows from

a variation on Lemma 4.2(a) applied to J̄s and the fact that H0(X,J (n))⊗ k(s)→
H0(Xs, J̄s(n)) is surjective. For the finitely many s ∈ Z0, the existence of the desired
k(s)-rational point for all n large enough follows from a variation on 4.2(b).

We can thus apply Proposition 2.3 to find, for some n large enough, a section
(a1, . . . , aN) ∈ ANS (S) such that for all s ∈ S, (a1(s), . . . , aN(s)) is not a k(s)-rational

point of (ANS )s contained in Ts∪Bs. Let f :=
∑N

i=1 aifi ∈ H0(X,J (n)), and consider
the closed subscheme V+(f) ⊂ X. By definition of f , we have C ⊂ V+(f), and by
definition of T1, T2, and B, we have:

(i) for all s ∈ S, V+(f) does not contain any irreducible component of Fs of positive
dimension,

(ii) for all s ∈ S, V+(f) does not contain any irreducible component of Xs of
positive dimension,

(iii) V+(f) does not contain any point of A,

as desired. �

Theorem 5.3. Let S be an affine scheme and let X → S be a quasi-projective and
finitely presented morphism. Let C be a closed subscheme of X, proper and finitely
presented over S. Let F be a closed subset of X, such that when F is endowed with
the induced reduced structure of scheme, the morphism F → S is finitely presented.
Assume that for all s ∈ S, Cs does not contain any irreducible component of positive
dimension of Fs and of Xs.

Fix an ample invertible sheaf OX(1) on X. Then there exist n > 0 and a global
section f of OX(n) such that

(1) C is a closed subscheme of Hf ,
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(2) Hf does not contain any irreducible component of positive dimension of Fs and
of Xs, for all s ∈ S.

Assume in addition that S is noetherian, and that C ∩ Ass(X) = ∅. Then there
exists such a hypersurface Hf which is locally principal.

Proof. Apply 5.2 with A = Ass(X). The fact that Hf is locally principal when
Hf ∩ Ass(X) = ∅ is noted in 5.1, (4). �

Remark 5.4 It is classical that if X/k is a projective scheme over a field, C ⊂ X a
proper closed subset, and ξ1, . . . , ξr are points of X not contained in C, then there
exists a hypersurface H in X such that C ⊂ H and ξ1, . . . , ξr /∈ H.

Let S be a noetherian scheme, and let X/S be a projective morphism. Let
F1, . . . , Fr be finitely many irreducible closed subsets of X, finite and surjective over
S. It is not always possible to find a hypersurface H in X which does not intersect
∪ri=1Fi. The reader can use 7.7 to produce an example of the form X = P(OS ⊕ L)
with L a non-trivial invertible sheaf of finite order. This shows that in general
Condition (2) in 5.3 cannot be strengthened by asserting that Hf ∩ Fs = ∅ for all
s ∈ S.

Recall that a locally noetherian scheme Z is (S`) for some integer ` ≥ 0 if for all
z ∈ Z, the depth of OZ,z is at least equal to inf{`, dimOZ,z} ([11], IV.5.7.2).

Corollary 5.5. Let S be an affine scheme, and let X → S be a quasi-projective and
finitely presented morphism. Let C be a closed subscheme of X, proper and finitely
presented over S. Assume that for all s ∈ S, C does not contain any irreducible
component of positive dimension of Xs. Suppose that for some ` ≥ 1, Xs is (S`) for
all s ∈ S.

Then there exists a hypersurface H ⊂ X such that C is a closed subscheme of
H, and the fibers of H → S are (S`−1). In particular, if the fibers of X → S are
Cohen-Macaulay, then the same is true of the fibers of H → S.

Assume that S is noetherian and Ass(X) ∩ C = ∅. Then we may in addition
assume H to be locally principal, and if X → S is flat, then H → S can be assumed
to be flat.

Proof. We apply Theorem 5.2 to X → S and C, with F = X, and with A = Ass(X)
if the latter is finite and A = ∅ otherwise. Let H be a hypersurface in X as given
by 5.2. For all s ∈ S, Hs does not contain any irreducible component of Xs. Since
Xs is (S`) with ` ≥ 1, Xs has no embedded points. It follows that Hs is locally
generated everywhere by a regular element and, thus, Hs is (S`−1). This also implies
that H → S is flat when X → S is flat (5.1, (3) and (4)). �

Remark 5.6 Let S be an affine scheme and let X → S be projective and smooth.
Fix an ample invertible sheaf OX(1) on X as in Theorem 5.3. It is not possible in
general to find n > 0 and a global section f ∈ OX(n) such that Hf → S is smooth.
Examples of N. Fakhruddin illustrating this point can be found in [30], 5.14 and
5.15.

Corollary 5.7. Let S be an affine noetherian irreducible scheme of dimension 1.
Let X → S be quasi-projective and flat, and assume that its generic fiber is (S1).
Then there exists a locally principal hypersurface H ⊂ X, flat over S.
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Proof. We have to find a hypersurface H which avoids both the finite set Ass(X)
(5.3), and the set M of all x ∈ X such that x is an embedded point of Xπ(x) (5.1 (4)).
For all s ∈ S, the set of embedded points of Xs is finite. By [11], IV.9.9.2(viii), M is
constructible, and by hypothesis, it does not meet the generic fiber of X → S. Since
the image of a constructible set is constructible, and S is irreducible of dimension 1,
the image of M is a finite set. Therefore, M is finite. Now apply 5.2 with F = C = ∅
and A = M ∪ Ass(X). �

6. Finite quasi-sections

Let X → S be a surjective morphism. We call a closed subscheme T of X a finite
quasi-section when T → S is finite and surjective. We establish in 6.2 the existence
of a finite quasi-section for certain types of projective morphisms. The existence of
quasi-finite quasi-sections for flat or smooth morphisms is discussed in [11], 17.16.

When dimS = 1 and X → S is proper, the existence of a finite quasi-section T is
well-known and easy to establish. It suffices to take T to be the Zariski closure of a
closed point of the generic fiber of X → S. When dimS > 1, the process of taking
the closure of a closed point of the generic fiber does not always produce a closed
subset finite over S, as the simple example below shows.

Example 6.1 Let S = SpecA with A a noetherian integral domain, and let K =
Frac(A). Let X = P1

A. Choose coordinates and write X = Proj A[t0, t1]. Let
P ∈ XK(K) be given as (a : b), with a, b ∈ A \ {0}. When (bt0 − at1) is a prime
ideal in A[t0, t1], then T := V+(bt0 − at1) is the Zariski closure of P in X. When in
addition aA+ bA 6= A, T is not finite over S. For a concrete example with S regular
of dimension 2, take k a field and A = k[t, s], with a = t, and b = s. (Note that
when dim(A) = 1 and aA+ bA 6= A, the ideal (bt0− at1) is never prime in A[t0, t1]).

More generally, to produce K-rational points on the generic fiber of PnS → S for
some n > 1 whose closure is not finite over S, we can proceed as follows. Let T → S
be the blowing-up of S with respect to a coherent sheaf of ideals I, and choose I so
that T → S is not finite. Then T → S is a projective morphism, and we can choose
T → PnS to be a closed immersion over S for some n > 0. Let ξ denote the generic
point of the image of T in X := PnS. Then ξ is a closed point of the generic fiber of
X → S, and the closure of ξ in X is not finite over S.

Theorem 6.2. Let S be an affine scheme and let X → S be a projective, finitely
presented morphism. Suppose that all fibers of X → S are of the same dimension
d ≥ 0. Let C be a finitely presented closed subscheme of X, with C → S finite but
not necessarily surjective. Then there exists a finite quasi-section T which contains
C. Assume now that S is noetherian. Then:

(1) If C and X are irreducible, then there exists an irreducible finite quasi-section
T which contains C.

(2) If X → S is flat with Cohen-Macaulay fibers (e.g., if S is regular and X is
Cohen-Macaulay), then there exists a finite quasi-section containing C which is
flat over S.
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(3) If X → S is flat and a local complete intersection morphism3, then there exists
a finite quasi-section T containing C with T → S flat and a local complete
intersection morphism.

Proof. To prove the first conclusion of the theorem, it suffices to show that X/S has
a finite quasi-section T . Then T ∪ C is a finite quasi-section which contains C. If
d = 0, then X → S itself is finite. Suppose d ≥ 1. It follows from Theorem 5.2,
with A = ∅ and F = X, that there exists a hypersurface H in X. By definition
of a hypersurface, for all s ∈ S, Hs does not contain any irreducible component of
Xs of positive dimension. Lemma 5.1(1) and our hypotheses show that every fiber
Hs has dimension d − 1. Lemma 5.1(2) shows that H/S is also finitely presented.
Repeating this process another d− 1 times produces the desired quasi-section.

Assume now S noetherian, and let us prove (1). Note that since X is irreducible
and the fibers of X → S are all not empty by hypothesis, then X → S is surjective
and S is irreducible. When d = 0, X → S is then an irreducible finite quasi-section,
and contains C. Assume now d ≥ 1. Then we can find a hypersurface Hf which
contains C. Using 6.3 below and the assumption that C is irreducible, we can find
an irreducible component Γ of Hf which contains C, dominates S, and such that all
fibers of Γ→ S have dimension d− 1. If d− 1 > 0, we repeat the process.

Part (2) is proved similarly to the first statement of the theorem, using Corollary
5.5. Note that when d = 0, the statement is obvious. When d > 0, we find that
since X → S is flat with Cohen-Macaulay fibers of positive dimension, the depth
formula [11], IV.6.3.1, implies that Ass(X) consists of the generic points of Xs for
each s ∈ Ass(S). Since C → S is finite, we find that Ass(X) ∩ C = ∅.

To prove (3), note that as X → S is flat and l.c.i, the fibers Xs are Cohen-
Macaulay and, hence, have no embedded points. Let H be a locally principal hy-
persurface in X containing C, as in 5.5. By 5.1(3), H is flat over S. Then Hs does
not contain any associated point of Xs. By 5.1(4), Hs is locally principal in Xs and,
hence, l.c.i. over k(s). Therefore, H → S is flat and l.c.i. Repeating this process
another d− 1 times produces the desired quasi-section. �

Lemma 6.3. Let S be noetherian and irreducible. Let π : X → S be a projective
morphism with dim(Xs) > 0 for all s ∈ S. Let H ⊂ X be a hypersurface. If
all irreducible components of X dominate S, then all irreducible components of H
dominate S. Assume in addition that for each irreducible component ∆ of X, the
fibers of ∆ → S all have dimension d ≥ 1. Then the fibers of any irreducible
component Γ of H all have dimension d− 1.

Proof. Let η denote the generic point of S. Let Γ be an irreducible component of
H, and let Z denote its image in S. Let t be the generic point of Z. Fix any
closed point x of Γt, and denote also by x its image in Γ. Assume that x does
not belong to any other irreducible components of H, so that dimOΓ,x = dimOH,x.
We have dimOΓ,x = dimOΓt,x. Because H is a hypersurface and the fibers have
positive dimension, we have dimOΓt,x = dimOXt, x − 1. We also have dimOX,x =
dimOΓ,x + 1. Indeed, for each x ∈ H, dimOH,x ≥ dimOX,x − 1, with equality if
and only if H does not contain an irreducible component ∆ of X passing through

3Since the morphism X → S is flat, it is a local complete intersection morphism if and only if
every fiber is a local complete intersection morphism (see, e.g., [21], 6.3.23).
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x. But the latter is not possible, since ∆η 6= ∅ by hypothesis, and thus ∆η is an
irreducible component of Xη. It follows that

dimOX,x = dimOΓ,x + 1 = dimOXt, x.

Since dimOXt, x ≤ dimOπ−1(Z),x, and dimOX,x = codim({x}, X), we find that

codim({x}, X) = codim({x}, π−1(Z)).

Thus, one irreducible component of X is contained in the closed set π−1(Z). Since
all irreducible components of X dominate S, we find that Z = S.

Now that we know that Γ → S is surjective, we can apply [11], IV.13.1.6, and
find that for all s ∈ S, dim Γs ≥ dim Γη. Suppose now that dimXs = d ≥ 1 for all
s ∈ S. Our hypothesis that H is a hypersurface implies that for all s ∈ S, Hs does
not contain any irreducible component of Xs of positive dimension. Thus, for all
s ∈ S, we have

d− 1 = dimXs − 1 ≥ dim Γs ≥ dim Γη.

By hypothesis, we find that all irreducible components of Xη have dimension d.
Hence, the equality dimOΓt,x = dimOXt, x − 1 proved above implies that dim Γη =
d− 1. Thus, dim Γs = d− 1. �

Remark 6.4 Let S be an affine scheme, and let X → S be a smooth, projective,
and surjective, morphism. We may ask whether X → S always admits a finite étale
quasi-section. A positive answer to this question over S = SpecZ would imply that
any smooth, projective, surjective, morphism X → SpecZ has a generic fiber which
has a Q-rational point. Note that the existence of a quasi-finite étale quasi-section
is proved in [11], 17.16.3 (ii).

Let K be a number field, let B ⊂ Z be a finite set of primes, and denote by
OK,B = OK [1/p, p ∈ B] the ring of B-integers in K. Let S := SpecOK,B. Let
again X → S be smooth, projective, and surjective. A weaker question would be to
ask whether the generic fiber XK/ SpecK of X → S always has a point in a finite
extension L/K such that any ramified prime of L/K lies over a prime in B. In other
words, we may ask whether the morphism X → S always has a finite quasi-section
T such that the normalisation T → T is étale over S.

Let now S be a smooth affine geometrically irreducible curve over a finite field.
Let X → S be a smooth and surjective morphism, with geometrically irreducible
generic fiber. Then X/S has a finite étale quasi-section ([37], Theorem (0.1)).

Corollary 6.5. Let A be a commutative ring. Let M be a finitely generated projec-
tive A-module of constant rank r ≥ 1. Then there exist an A-algebra B, finite and
faithfully flat over A, with B a local complete intersection over A, and locally free
B-modules L1, . . . , Lr of rank 1 such that M ⊗AB and L1⊕ · · ·⊕Lr are isomorphic
B-modules.

Proof. Let us first consider the case where A is noetherian. Let S := SpecA. Assume
r > 1. Let M denote the locally free OS-module of rank r associated with M . Let
X := P(M). Then the natural map X → S is projective, smooth, and its fibers all
have dimension r− 1. We are thus in a position to apply Theorem 6.2 (3) to obtain
the existence of a finite flat quasi-section T → S as in (3). In particular, T = SpecB
for some finite and faithfully flat A-algebra B, with B a local complete intersection



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 29

over A. Moreover, the existence of an S-morphism g : T → X corresponds to the
existence of an OT -invertible sheaf L1 and of a surjective morphism g∗M→ L1. Let
M1 denote the kernel of this morphism. The OT -moduleM1 is locally free of rank
r − 1, and g∗M ∼= L1 ⊕M1. We may thus proceed as above and use Theorem 6.2
(3) another r − 2 times to obtain the conclusion of the corollary.

We now show how to reduce the general case to the case where A is noetherian.
The following holds: Let A be a commutative ring, and let M be a projective finitely
generated A-module. Then there exist a subring A1 of A, with A1 finitely generated
over Z (and, hence, noetherian), and a finitely generated projective A1-module M1,
such that M1 ⊗A1 A 'M .

Indeed, first note that M is finitely presented since it is projective and finitely
generated. By [11], IV.8.9.1, there exist a subring A0 of A and a finitely generated
projective module M1 over A0 such that A0 is finitely generated over Z and such
that M0 ⊗A0 A ' M . We claim that there exists an extension A0 ⊆ A1 ⊂ A such
that M1 := M0⊗A0A1 is locally free over A1. As M is locally free, SpecA is covered
by finitely many principal open subsets D(fi) such that Mfi is free over Afi for all
i ∈ I. Replacing A0 by A0[fi, i ∈ I] if necessary, we assume that fi ∈ A0 for all
i ∈ I.

We are thus reduced to consider the case where the module M is free of rank r
over A, and there exist a subring A0 and an A0-module M0 such that M0⊗A0A 'M .
Write down an isomorphism Ar → M . Increasing A0 if necessary, we may assume
that there exists a set of r elements of M0 which becomes a basis of M0 ⊗A0 A. In
other words, the given isomorphism Ar → M descends to a surjective linear map
Ar0 → M0. We therefore have an exact sequence of the form Aq0 → Ar0 → M0, such
that the first map Aq0 → Ar0 becomes the 0-map when tensored by A. It is therefore
already the 0-map, and M0 is free.

To conclude the proof in the non-noetherian case, we apply the noetherian case
to the ring A1 and the module M1, and tensor everything back with A to obtain the
result for M . �

Remark 6.6 The corollary strengthens, in the affine case, the classical splitting
lemma for vector bundles ([8], V.2.7). When A is of finite type over an algebraically
closed field k, and is regular, it is shown in [35], 3.1, that it is possible to find a
finite faithfully flat regular A-algebra B over which M splits.

Let S be a scheme and let U ⊂ S be an open subset. Given a family C → U of
stable curves over U , conditions are known (see, e.g., [16]) to insure that this family
extends to a family of stable curves over S. It is natural to consider the analogous
problem of extending a given family D → Z of stable curves over a closed subset
Z of S. For this, we may use the existence of finite quasi-sections in appropriate
moduli spaces, as in the proposition below.

Proposition 6.7. Let S be a noetherian affine scheme. Let Z be a closed subscheme
of S, and let D → Z be a stable curve of genus g ≥ 2. Then there exist a finite
surjective morphism T → S, a stable curve D → T of genus g, a finite surjective
morphism Z ′ → Z, a closed S-immersion Z ′ → T , and a morphism D ×Z Z ′ → D
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such that the diagram below commutes and the top square in the diagram is cartesian:

D ×Z Z ′

��

� � // D

��
Z ′

��

� � // T

��
Z

� � // S

Proof. Let F := Mg be the Deligne-Mumford stack of stable curves of genus g
over S (see [6], 5.1). The general theory ([18], 1.3 (1)) implies the existence of a
coarse moduli space M for F , with M an algebraic space, and a proper S-morphism
F → M . In the case of Mg over SpecZ, it is known that the coarse moduli space
Mg is a scheme which is projective over SpecZ, and that the fibers of Mg → SpecZ
all have the same dimension ([14], 2.1, 3.8). The curve D → Z corresponds to an
element in the set F(Z), which in turn corresponds to a closed immersion of Z into
F , since F → S is proper and Z is a closed subscheme of S. Our proposition follows
then from the following ‘stacky’ version:

Let F be a separated Deligne-Mumford stack over a noetherian affine scheme S.
Let M be the coarse moduli space for F , with M an algebraic space, and associated
proper S-morphism F →M . Assume the following: There exist a scheme M ′ and a
surjective S-morphism M ′ → M such that the morphism M ′ → S is projective and
surjective, and its fibers all have the same dimension. Let Z be a closed substack of
F , finite over S.

Then there exist: a scheme T with an S-morphism of stacks T → F and such that
T → S is finite and surjective, and a closed scheme Z ′ of T with a finite surjective
morphism Z ′ → Z, making the following diagram commute:

Z ′

��

� � // T

��
Z // F // S.

Let F ′ := F ×M M ′. Since F ′ is a separated Deligne-Mumford stack with M ′

as moduli space (or algebraic stack in the terminology of [39]), there exists a finite
surjective morphism from a scheme X to F ′ ([39], 2.6). It follows from the construc-
tion in the proof of [39], 2.6, that the composition X → M ′ is a finite surjective
morphism of schemes. Thus X/S is projective since S is affine and M ′ → S is
projective. Moreover, for each s ∈ S, dimXs = dimM ′

s because X → M ′ is finite
and surjective. Consider the stack Z ′ := (Z×MM ′)×F ′X. Since Z → F is a closed
immersion, Z ′ is a closed substack of the scheme X and, thus, is a closed subscheme
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of X. The situation is represented in the following diagram:

Z ′ := (Z ×M M ′)×F ′ X

��

// X

��
Z ×M M ′ //

��

F ′ := F ×M M ′

��

// M ′

��
Z // F // M.

By Theorem 6.2, there exists a finite quasi-section T of X/S containing Z ′. Since
X → F ′ is finite surjective and M ′ → M is surjective, then Z ′ → Z is surjective.
Since Z/S is finite and Z ′/S is finite because Z ′ is a closed subscheme of T which
is finite over S, we find that Z ′ → Z is finite.

Let us apply the above considerations to the Deligne-Mumford stack F := Mg.
The stable curve D → T whose existence is asserted in the statement of the propo-
sition corresponds to the element of F(T ) associated with the morphism T → F
whose existence has just been demonstrated. �

Some condition on the dimension of the fibers of X → S in 6.2 is necessary for a
finite quasi-section to exist, as the following easy facts show.

6.8 Let S be noetherian. Let f : X → S be a projective morphism between integral
schemes, and let T be a finite quasi-section.

(a) Assume that f is birational. Then f is finite, and dimXs = 0 for all s ∈ S.
(b) Assume that S is affine, that X is regular, and that the generic fiber of X → S

has dimension 1. Then dimXs = 1 for all s ∈ S.

Proof. (a) Since f is birational, X and S have the same dimension. Since T → S is
finite, T and S have the same dimension. Thus, T and X have the same dimension,
and since T is closed in X, it must contain the generic point of X. Hence, T = X.

(b) Since T contains an irreducible component which surjects onto S, replacing
T by this component if necessary, we can suppose T irreducible. Replacing T by
Tred if necessary, we may also assume that T is reduced. Since the fibers of T → S
are of dimension 0, the closed set T satisfies the hypothesis of Theorem 5.3, and
we find a locally principal hypersurface H of X containing T , and such that for all
s ∈ S, dimHs = dimXs−1. In particular the generic fiber of H/S has dimension 0.
Therefore, the preimage of the generic point of S in H contains only generic points
of H. It follows that T coincides (as closed subsets) with an irreducible component
of H. Since X is regular, we find that T is then also a Cartier divisor on X, locally
defined by one equation in X. Thus, 0 = dimTs ≥ dimXs − 1, and if follows that
dimXs = 1 for all s. �

A slight improvement to Theorem 6.2 in a case of interest in arithmetic geometry
is as follows.

6.9 Let S be a noetherian excellent regular integral scheme, with function field K.
Let X → S be a projective morphism such that every fiber Xs, s ∈ S, is an abelian
variety or, more generally, does not contain a rational curve. Then the closure T of
any K-rational point of the generic fiber of X → S is finite over S.



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 32

Proof. Consider the projective birational morphism T → S, and denote by T → T
the normalisation of T . Then f : T → S is a birational morphism of finite type.
Denote by E(f) the exceptional set of f , that is, the set of points x ∈ T such that
f is not a local isomorphism at x. Since S is assumed to be regular, we can apply a
theorem of Abhyankar ([1], see also [20], Appendix, VI.1.3) to f : T → S and obtain
that every irreducible component of E is ruled over its image in S. It follows that if
E is not empty, then there exists s ∈ S such that Es contains a rational curve. Since
the morphism T → T is finite, it follows that Xs contains a rational curve, and this
is a contradiction. So E is empty and the morphism T → S is an isomorphism. �

7. Moving lemma for 1-cycles

We review below the basic notation needed to state our moving lemma. Let X be
a noetherian scheme. Let Z(X) denote the free abelian group on the set of closed
integral subschemes of X. An element of Z(X) is called a cycle, and if Y is an
integral closed subscheme of X, we denote by [Y ] the associated element in Z(X).

Let KX denote the sheaf of meromorphic functions on a noetherian scheme X
(see [19], top of page 204 or [21], Definition 7.1.13). Let f ∈ K∗X(X). Its associated
principal Cartier divisor is denoted by div(f) and defines a cycle on X:

[div(f)] =
∑
x

ordx(fx)[{x}]

where x ranges through the points of codimension 1 in X, and ordx : K∗X,x → Z
is defined, for a regular element of g ∈ OX,x, to be the length of the OX,x-module
OX,x/(g).

A cycle Z is rationally equivalent to 0 or rationally trivial, if there are finitely
many integral closed subschemes Yi and principal Cartier divisors div(fi) on Yi,
such that Z =

∑
i[div(fi)]. Two cycles Z and Z ′ are rationally equivalent in X if

Z − Z ′ is rationally equivalent to 0.
A proper morphism of schemes π : X → Y induces by push forward of cycles a

group homomorphism π∗ : Z(X) → Z(Y ). If Z is any integral subscheme of X,
then π∗(Z) := [k(Z) : k(π(Z))][π(Z)], with the convention that [k(Z) : k(π(Z))] = 0
if dim(Z) > dim(π(Z)).

7.1 Assume now that both X/S and Y/S are schemes of finite type over a scheme S
which is universally catenary and equidimensional at every point, and let f : X → Y
be a proper morphism of S-schemes. Let C and C ′ be two cycles on X which are
rationally equivalent. Then f∗(C) and f∗(C

′) are rationally equivalent on Y ([38],
Proposition 6.5, and 3.11).

We are now ready to state the main theorem of this section.

Theorem 7.2. Let R be a Dedekind domain satisfying Condition (T*) in 1.2, and
let S := SpecR. Let X → S be a flat and quasi-projective morphism, with X integral
and regular. Let C be a horizontal 1-cycle on X. Let F be a closed subset of X such
that for all s ∈ S, F ∩ Xs has codimension at least 1 in Xs. Then some positive
multiple mC of C is rationally equivalent to a horizontal 1-cycle C ′ on X whose
support does not meet F . When R is semi-local, we can take m = 1.
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Let us briefly introduce facts about contraction morphisms needed in the proof of
Theorem 7.2.

Proposition 7.3. Let R be a Dedekind domain, and S := Spec(R). Let X → S be
a projective morphism of relative dimension 1, with X integral. Let C be an effective
Cartier divisor on X, flat over S. Then

(a) There exists m0 ≥ 0 such that the invertible sheaf OX(mC) is generated by its
global sections for all m ≥ m0.

(b) The morphism X ′ := Proj (⊕m≥0H
0(X,OX(mC))) −→ S is projective, with X ′

integral, and the canonical morphism u : X → X ′ is projective, with u∗OX =
OX′ and connected fibers.

(c) For any vertical prime divisor Γ on X, u|Γ is constant if Γ ∩ SuppC = ∅, and
is finite otherwise.

(d) Let Z be the union of the vertical prime divisors of X disjoint from SuppC.
Then u induces an isomorphism X \ Z → X ′ \ u(Z).

Proof. In [2], Theorem 1 in 6.7, a similar statement is proved, with R local, and X
normal. (The normality is not assumed in [7] and [29]. A global base is considered
in [21], 8.3.30.) We leave it to the reader to check that the proof of [2], 6.7/1, can
be used mutatis mutandis to prove 7.3. Part (a) follows from the first part of the
proof of 6.7/1. Part (b) follows from 6.7/2. Part (c) follows from the second part
of the proof of 6.7/1. We now give a proof of (d). The morphism u is birational
because it induces an isomorphism Xη → X ′η over the generic point η of S, since
Cη is ample, being effective of positive degree. It follows that Z is the union of
finitely many prime divisors of X. As u has connected fibers, it follows from (c)
that Z = u−1(u(Z)). The restriction v : X \ Z → X ′ \ u(Z) of u is thus projective
and quasi-finite. Therefore, v is finite and, hence, affine. As OX′\π(Z) = v∗OX\Z , v
is an isomorphism. �

We are now ready to prove Theorem 7.2. The end of our proof below is reminiscent
of 4.3 in the proof of Rumely’s Local-Global Principle given in [25].

Proof of Theorem 7.2. It suffices to prove the theorem in the case where C is integral.
As in the proof of Theorem 3.3 in [9], we reduce the proof of 7.2 to the case where
C → X is l.c.i. as follows.

Proposition 4.2 in [9] shows the existence of a finite morphism D → C such that
the composition D → C → S is an l.c.i. morphism. Since C is affine, there exists for
some N ∈ N a closed immersion D → C×SPNS ⊆ X×SPNS . We claim that it suffices
to prove the theorem for the 1-cycle D and the closed subset F := F ×S PNS in the
regular scheme X ×S PNS . Indeed, let D′ be a horizontal 1-cycle whose existence is
asserted by the theorem in this case. In particular, Supp(D′)∩F = ∅. Consider the
projection p : X ×S PNS → X, which is a projective morphism. Then p∗(D) = C
because D → C is birational. It follows from 7.1 that C = p∗(D) is rationally
equivalent to the horizontal 1-cycle C ′ := p∗(D

′) on X. Moreover, Supp(C ′)∩F = ∅.
Since D/S is l.c.i., each local ring OD,x, x ∈ D, is an absolute complete intersection
ring, and the closed immersion D → X×SPNS is a regular immersion ([11], IV.19.3.2).

Let us now assume that C → X is l.c.i. Let d denote the codimension of C in X.
Since S is universally catenary and C → S is surjective, we find that Xs is pure of
dimension d for all s. We can thus apply Theorem 3.1 (as stated in section 3) and



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 34

obtain a closed subscheme Y of X such that C is the support of a Cartier divisor
on Y and such that F ∩ Ys is finite for all s ∈ S. Clearly, C is also the support of
a Cartier divisor on Yred, and on any irreducible component of Yred passing through
C. Thus, we are reduced to proving the theorem when X is integral of dimension 2
and F is quasi-finite over S.

Let X be an integral projective compatification of X. Let F be the Zariski
closure of F in X (it is finite over S). Let u : X → X ′ be the contraction morphism
associated to C in 7.3. Let Z denote the union of the irreducible components E of
the fibers of X → S such that E ∩ C = ∅. Let U = X \ (Z ∩ X). Then C ⊂ U ,
and u|U is an isomorphism onto its image. Let F ′ = u(F ∪Z ∪ (X \X))∪C. Then
X ′ \ F ′ ⊆ U , and F ′ is finite over S. We endow F ′ with the structure of reduced
closed subscheme of X ′.

Now suppose that R satisfies Condition (T*). Then Pic(F ′) is a torsion group
because F ′ is the disjoint union of a closed subscheme finite flat over S, and some
isolated points. So, fix n > 0 such that OX′(nC)|F ′ is trivial. Since C meets every
irreducible component of every fiber of X ′ → S, the sheaf OX′(C) is relatively ample
for X ′ → S ([11], III.4.1.7). Let I denote the ideal sheaf of F ′ in X ′. Then there
exists a multiple m of n such that H1(X ′, I ⊗ OX′(mC)) = (0). It follows that a
trivialization of OX′(mC)|F ′ lifts to a section f ∈ H0(X ′,OX′(mC)).

Recall that by definition, OX′(mC) is a subsheaf of KX′ . We thus consider f ∈
H0(X ′,OX′(mC)) ⊂ KX(X) as a rational function. The support of the divisor
divX′(f) + mC is disjoint from F ′ by construction. In particular, it is contained in
U and horizontal, and divX′(f) has also its support contained in U . Considering the
pull back of the divisors under X → X → X ′ shows that the divisor divX(f) +mC
contained in U is disjoint from F , horizontal and linearly equivalent to mC.

When R is semi-local, the set F ′ ⊂ X ′ is a finite set of points. Thus we may apply
Proposition 6.1 of [9] directly to the Cartier divisor whose support is C to find a
Cartier divisor D linearly equivalent to C and whose support does not meet F ′. �

Example 7.4 Let R be any Dedekind domain. Let S = SpecR. Our next example
shows that Theorem 7.2 can hold only if R has the property that Pic(S ′) is a
torsion group for all S ′ := Spec(R′) such that R′ is the integral closure of R in a
finite extension of the field of fractions of R, and R′ is finite over R.

Indeed, choose an invertible sheaf L over S, and consider the projective scheme
X := P(OS ⊕ L), with the associated projective morphism π : X → S. Denote by
C0 and C∞ the images of the two natural sections of π obtained from the projections
OS ⊕ L → OS and OS ⊕ L → L. Let C := C0 + C∞. Let F := Supp(C).

If Theorem 7.2 holds, then a multiple of C can be moved, and there exists a
1-cycle C ′ of X such that Supp(C ′) ∩ F = ∅. Since the fibers of π are projective
lines and, hence, irreducible, every irreducible component in Supp(C ′) dominates
S. Since π is proper, we find the existence of an integral subscheme Y of X, finite
over S, and disjoint from F . Let S ′ → Y denote the normalization of Y and let
g : S ′ → S denote the composition S ′ → Y → S. Let X ′ := X×SS ′, with projection
π′ : X ′ → S ′. Clearly, π′ corresponds to the natural projection P(OS′ ⊕ g∗L)→ S ′.
We find that the morphism π′ has now three pairwise disjoint sections, corresponding
to three homomorphisms from OS′ ⊕ g∗L to lines bundles, two of them being the
obvious projection maps.



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 35

7.5 We claim that three such pairwise disjoint sections can exist only if L′ := g∗L
is the trivial invertible sheaf. Let N ⊂ OS′ ⊕L′ be the submodule corresponding to
the third section ([11], II.4.2.4). For any s′ ∈ S ′, N⊗k(s′) is different from L′⊗k(s′)
because in the fiber above s′, the section defined by N is different from the section
defined by the projection to OS′ , so the image of N ⊗ k(s′) in the quotient k(s′) is
non zero. Therefore the canonical map N → OS′ is surjective, hence isomorphic.
Similarly, the canonical map N → L′ is an isomorphism. Therefore L′ ' OS′ .

Lemma 7.6 shows that L is a torsion element in Pic(S). Thus, for Theorem 7.2 to
hold, it is necessary that Pic(S) be a torsion group. Repeating the same argument
starting with any invertible sheaf L′ over any S ′ (which is regular, and finite and flat
over S) and considering the map P(OS′ ⊕ L′) → S ′ → S we find that for Theorem
7.2 to hold, it is necessary that Pic(S ′) be a torsion group.

Lemma 7.6. Let L/K be a finite extension of degree d. Let R be a Dedekind domain
with field of fractions K, and let R′ denote a subalgebra of L, integral over R. Then
the kernel of Pic(R)→ Pic(R′) is killed by d.

Proof. When R′ is finite over R, this is well-known (see, e.g., [12], 2.1). (The hy-
pothesis that R is Dedekind is used here to insure that the ring R′ is flat over R.) In
general, let M be a locally free R-module of rank 1 such that M ⊗RR′ is isomorphic
as R′-module to R′. Consider then an isomorphism f ′ : R′ → M ⊗R R′ and its
inverse. Then there exist a finite R-algebra A contained in R′ and two morphisms
of A-modules f : A→ M ⊗R A and g : M ⊗R A→ A such that (g ◦ f)⊗A R′ is an
isomorphism. Let h := g ◦ f : A → A. This morphism is determined by h(1), and
h(1) is a unit in R′. Since R′ is integral over R, we find that h(1) is a unit in A and,
hence, g is an isomorphism. It follows that M⊗d is trivial in Pic(R), since A/R is
finite. �

Example 7.7 Keep the notation introduced in Example 7.4, and choose a non-
trivial line bundle L of finite order in Pic(S). Let X := P(OS ⊕ L). Let C := C0,
and let F := C0 ∪ C∞. Then C itself cannot be moved away from F . Indeed,
otherwise, X → S would have a third section C1 disjoint from C0 and C∞. But as
Example 7.4 shows, this can only happen if L is trivial.

8. Finite morphisms to PdS.

Theorem 8.1. Let R be a Dedekind domain satisfying Condition (T*) in 1.2, and
let S := SpecR. Then, for any d ≥ 0, and for any projective morphism X → S such
that dimXs = d for all s ∈ S, there exists a finite surjective S-morphism X → PdS.

Proof. Fix an ample invertible sheaf OX(1) on X. We first apply Theorem 5.3 to
X → S with C = ∅ and F = X. We then find n0 > 0 and f0 ∈ H0(X,OX(n0))
such that Hf0 → S has fibers of dimension d− 1. We apply again Theorem 5.3, this
time to Hf0 → S and the sheaf OX(n0)|Hf0

. We find an integer n1 and a section

f1 ∈ H0(Hf0 ,OX(n0n1)|Hf0
) whose associated hypersurface Hf1 ⊂ Hf0 has fibers

over S of dimension d− 2. We continue this process d− 2 additional times, to find
a sequence of hypersurfaces Hfd−1

⊂ . . . ⊂ Hf1 ⊂ Hf0 , where Hfd−1
→ S has all its

fibers of dimension 0 and, hence, is finite (and surjective, 5.1 (1)) over S since it is
projective.
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Note that replacing f0 by a positive power of f0 does not change the topological
properties of the closed set Hf0 . We can thus use the vanishing properties of the H1

groups to obtain the following: there exist n > 0 and sections g0, . . . , gd−1 ∈ OX(n)
such that Y := Hg0 ∩ . . . ∩Hgd−1

has all its fibers of dimension 0 and, thus, Y → S
is finite and surjective.

By Condition (T*), Pic(Y ) is a torsion group. So there exists m ≥ 1 such that
OX(nm)|Y ' OY . Therefore, we can find k large enough such that a trivializa-
tion of OX(nmk)|Y lifts to a section hd ∈ H0(X,OX(nmk)). Consider now h0 :=
gmk0 , . . . , hd−1 := gmkd−1 ∈ H0(X,OX(nmk)). By construction, Hh0∩ . . .∩Hd−1∩Hd =
∅.

Consider the homomorphism ρ : (Od+1
S ) ⊗OS

OX → OX(nmk) which maps the
ith element of the canonical basis of Od+1

S to hi. By construction, ρ is surjective.
It then induces a morphism r : X → P(Od+1

S ) = PdS such that r∗O(1) ' OX(nmk).
This morphism is finite because it is proper and fiberwise finite (see [17], Lemma
3). �

Remark 8.2 The morphism r obtained in the above theorem is often flat. Indeed,
suppose that S is a noetherian regular scheme, and that X is Cohen-Macaulay. As
PdS is regular since S is, and r is finite and surjective, r is flat ([11], IV.15.4.2).

Remark 8.3 One may wonder whether Theorem 8.1 can be generalized to other
situations. Let S be the spectrum of a complete discrete valuation domain R with
field of fractions K. A smooth projective geometrically connected curve YK/K of
genus g > 0 (in short, a curve) has a ‘canonical’ model Y/S, namely, its minimal
regular model. Theorem 8.1 shows that given any curve XK/K with minimal regular
model X/S, there exists a finite S-morphism X → P1

S. One may wonder, given a
curve XK/K which admits a finite K-morphism XK → YK to another curve YK ,
whether there exists a finite S-morphism of minimal regular models X → Y . This
question has a negative answer in general (see, e.g., section 6 of [22]), even when X
and Y are allowed to be any regular models of their generic fibers.

We can prove a partial converse to Theorem 8.1.

Proposition 8.4. Let R be a Dedekind domain with field of fractions K, and let
S := SpecR. Suppose that for any d ≥ 0, and for any projective morphism X → S
such that dimXs = d for all s ∈ S, there exists a finite surjective S-morphism
X → PdS. Then Pic(R′) is a torsion group for any Dedekind domain R′ obtained as
the integral closure of R in a finite extension L/K and such that R′ is finite over R.

Proof. Let us show first that Pic(S) is a torsion group. Assume that it is not, and
choose a line bundle L of infinite order in Pic(S). Let X := P(OS ⊕ L). We claim
that there exists no finite S-morphism X → P1

S. Indeed, since P1
S has three pairwise

disjoint sections, such a morphism would induce three pairwise disjoint finite quasi-
sections on X. After a finite flat base change S ′ → S, the morphism X ×S S ′ → S ′

would have three pairwise disjoint sections. But we saw in 7.5 that this is only
possible when L has finite order in Pic(S).

Let L/K be any finite extension, and let R′ denote the integral closure of R in
L, assumed to be finite over R. Let S ′ := SpecR′. Since the morphism S ′ → S is
finite, we find that for any d ≥ 0, and for any projective morphism X ′ → S ′ such
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that dimX ′s = d for all s ∈ S ′, there exists a finite surjective S ′-morphism X ′ → PdS′ .
Thus, our argument above applies and Pic(S ′) is a torsion group. �

Remark 8.5 We thank Robert Varley for the following example of a Dedekind
domain R with infinitely many maximal ideals, satisfying Condition (T*), and where
Condition (T)(b) in 1.1 does not hold. Consider the ring C[x] and let S denote the
multiplicative subset of all polynomials which do not vanish on Z or, more generally,
on a given countable subset of C. Then R := S−1(C[x]) is a principal ideal domain
satisfying Condition (T*).

More generally, let A/Q be a Dedekind domain, finitely generated as a Q-algebra.
Let S denote the multiplicative subset of all elements of A⊗QC which do not vanish
at any maximal ideal M of A⊗QC restricting under the inclusion A→ A⊗QC to a

maximal ideal of A. Then R := S−1(A⊗Q C) is a principal ideal domain satisfying
Condition (T*).

Example 8.6 Let K be a number field, and let S = Spec(OK). Consider a class
of smooth projective varieties XK/K which admit a ‘canonical’ model X/S. To fix
ideas, let us say that XK/K is a smooth projective geometrically connected curve of
genus g > 0, and that X/S is its minimal regular model over S. For any open subset
U of S, we can define an invariant d(XK/K,U) as the smallest degree of a finite U -
morphism XU → P1

U . Note that in general, this invariant depends on the reduction
type of the curve XK at various places of bad reduction. Indeed, the degree of any
finite morphism XU → P1

U is at least equal to the number of irreducible components
of any closed fiber Xs, s ∈ U .

Suppose that XK/K is either an elliptic curve or a hyperelliptic curve, and that
its minimal regular model X → S has only integral fibers. If Pic(S) = (0), then X
admits a finite morphism X → P1

S of degree 2 and, thus, d(XK/K, S) = 2.

Proof. By definition, a hyperelliptic curve XK/K is endowed with a K-involution
σ : XK → XK , with quotient XK/ 〈σ〉 isomorphic to P1

K . Since the model X is
minimal, this involution extends to an S-involution σ : X → X. The quotient
X/ 〈σ〉 is a normal model of P1

K with integral fibers, hence is smooth over S. It
is isomorphic to P1

S because Pic(S) = (0). The same is true for elliptic curves by
considering the involution multiplication-by-(−1). �
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[26] L. Moret-Bailly, Groupes de Picard et problèmes de Skolem I, Ann. Sci. Ecole Norm. Sup. (4)

22 (1989), 161–179.
[27] D. Mumford, Lectures on curves on an algebraic surface, With a section by G. M. Bergman,

Annals of Mathematics Studies 59, Princeton University Press, Princeton, N.J., 1966.
[28] B. H. Neumann, Groups covered by finitely many cosets, Publ. Math. Debrecen 3 (1954),

227–242.
[29] R. Piene, Courbes sur un trait et morphismes de contraction, Math. Scand. 35 (1974), 5–15.
[30] B. Poonen, Bertini theorems over finite fields, Ann. of Math. (2) 160 (2004), no. 3, 1099-1127.
[31] J. Roberts, Chow’s moving lemma, Appendix 2 to: ”Motives” (Algebraic geometry, Oslo 1970

(Proc. Fifth Nordic Summer School in Math.), 53–82, Wolters-Noordhoff, Groningen, 1972)
edited by S. Kleiman.

[32] R. Rumely, Arithmetic over the ring of all algebraic integers, J. reine angew. Math. 368 (1986),
127–133.

[33] P. Samuel, About Euclidean Rings, J. Algebra 19 (1971), 282–301.
[34] E. Sernesi, Deformations of algebraic schemes, Grundlehren der Mathematischen Wis-

senschaften 334, Springer-Verlag, 2006.
[35] H. Sumihiro, A theorem on splitting of algebraic bundles and its applications, Hiroshima Math.

J. 12 (1982), 435–452.



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 39

[36] I. Swanson and C. Huneke, Integral closure of ideals, rings, and modules, London Mathematical
Society Lecture Note Series 336, Cambridge University Press, Cambridge, 2006.

[37] A. Tamagawa, Unramified Skolem problems and unramified arithmetic Bertini theorems in
positive characteristic, Kazuya Kato’s fiftieth birthday, Doc. Math. (2003), Extra Vol., 789-
831.

[38] A. Thorup, Rational equivalence theory on arbitrary Noetherian schemes, Enumerative geom-
etry (Sitges, 1987), 256–297, Lecture Notes in Math. 1436, Springer, Berlin, 1990.

[39] A. Vistoli, Intersection theory on algebraic stacks and on their moduli spaces, Invent. Math.
97 (1989), no. 3, 613-670.
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