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ABSTRACT. Let X/S be a quasi-projective morphism over an affine base. We
develop in this article a technique for proving the existence of closed subschemes
H/S of X/S with various favorable properties. We offer several applications of
this technique, including the existence of finite quasi-sections in certain projective
morphisms, and the existence of hypersurfaces in X/S containing a given closed
subscheme C', and intersecting properly a closed set F'.

Assume now that the base S is the spectrum of a Dedekind domain R such
that for any finite surjective morphism Z — S, Pic(Z) is a torsion group. This
condition is satisfied if R is the ring of integers of a number field, or the ring of
functions of a smooth affine curve over a finite field. We prove in this context
a moving lemma pertaining to horizontal 1-cycles on a regular scheme X quasi-
projective and flat over S. We also show the existence of a finite S-morphism
to P for any scheme X projective over S when X/S has all its fibers of a fixed
dimension d.
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1. INTRODUCTION

Let S = Spec R be an affine scheme, and let X/S be a quasi-projective scheme.
The core of this article is a method, summarized in 1.4 below, for proving the exis-
tence of closed subschemes Y of X with various favorable properties. As the technical
details can be somewhat complicated, we start this introduction by discussing the
applications of the method that the reader will find in this article.
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Recall that a global section f of an invertible sheaf £ on X defines a closed subset
Hy of X, consisting of all points x € X where the stalk f, does not generate L,.
Since fOx C L, the ideal sheaf 7 := fOx @ L' endows H; with the structure of
closed subscheme of X.

It is classical that if X/k is a projective scheme over a field, C' C X a proper
closed subset, and &, ...,&, are points of X not contained in C, then there exists
a hypersurface H in X such that C C H and &,...,& ¢ H. Such a statement is
commonly referred to as an Avoidance Lemma (see, e.g., 4.3). Our next theorem
establishes an Avoidance Lemma for Families. As usual, Ass(X) denotes the set of
associated points of a scheme X, and this set is finite when X is noetherian.

Theorem 5.3 Let S be an affine noetherian scheme and let X — S be a quasi-
projective morphism. Let C be a closed subscheme of X, proper over S, and such
that C N Ass(X) = 0. Let F be a closed subset of X. Assume that for all s € S, Cj
does not contain any irreducible component of positive dimension of Fy and of X.

Fiz an ample invertible sheaf Ox(1) on X. Then there exist n > 0 and a global
section [ of Ox(n) such that the ideal sheaf T of the associated closed subscheme
Hy is invertible, and such that

(1) C is a closed subscheme of Hy,
(2) Hy does not contain any irreducible component of positive dimension of Fs and

of X, forall s € S.

We use Theorem 5.3 to establish in 6.2 the existence of finite quasi-sections in
certain projective morphisms X/S, as we now discuss. Let X — S be a surjective
morphism. Following EGA [11], IV.14, p. 200, we call a closed subscheme C' of
X a finite quasi-section when C' — S is finite and surjective. Some authors call
multisection a finite quasi-section C' — S which is also flat, with C' irreducible (see
e.g., [15], p. 12 and 4.7).

When dim S = 1 and X — S is proper, the existence of a finite quasi-section C' is
well-known and easy to establish. It suffices to take C' to be the Zariski closure of a
closed point of the generic fiber of X — S. When dim S > 1, the process of taking
the closure of any closed point of the generic fiber does not always produce a closed
subset finite over S (see 6.1).

Theorem 6.2 Let S be an affine scheme and let X — S be a projective and finitely
presented morphism. Suppose that all fibers of X — S are of the same dimension
d > 0. Let C be a finitely presented closed subscheme of X, with C' — S finite but
not necessarily surjective. Then:

(1) There exists a finite quasi-section T which contains C'.
(2) Assume that S is noetherian. If X — S is flat with Cohen-Macaulay fibers, then
there exists a finite quasi-section which contains C' and is flat over S.

This theorem is used in the proof of Theorem 8.1 discussed below. As an appli-
cation to Theorem 6.2, we obtain in 6.5 a strengthening in the affine case of the
classical splitting lemma for vector bundles. Another application to the problem of
extending a given family of stable curves D — Z after a finite surjective base change
is found in 6.7.
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When X — S is quasi-projective and S is the spectrum of a Dedekind domain
R, an irreducible finite quasi-section is also called an integral point in [26], 1.4.
The existence of a finite quasi-section in the quasi-projective case over S = SpecZ
when the generic fiber is geometrically irreducible is Rumely’s famous Local-Global
Principle [32]. This existence result was extended in [26], 1.6, and holds when S is
excellent and satisfies Condition (T') recalled below. That Condition (T) is necessary
in the Local-Global Principle is showed by an example of Raynaud ([25], 3.2).

1.1 As in [26], Définition 1.5, we say that S satisfies Condition (T) if:

(a) For any finite extension L of the field of fractions K of R, the normalization S’
of S in Spec L has torsion Picard group Pic(S’), and
(b) The residue fields at all closed points of S are algebraic extensions of finite fields.

For example, S satisfies Condition (T) if S is an affine integral curve over a finite
field, or if S is the spectrum of the ring of P-integers in a number field K, where P
is a finite set of finite places of K.

The following weaker condition is needed for our next two theorems:

1.2 We say that S satisfies Condition (T*) if Pic(Z) is a torsion group for any finite
surjective morphism Z — S.

It is clear that a semi-local Dedekind domain R satisfies Condition (T*), but may
not satisfy Condition (T). It is shown in [26], 2.3, that if an excellent' Dedekind
domain satisfies Condition (T), then it satisfies Condition (T*).

Assume that dim(S) = 1. An integral subscheme C' of X/S such that C — S is
a finite quasi-section is called an irreducible horizontal 1-cycle on X. A horizontal
1-cycle on X is an element of the free abelian group generated by the irreducible
horizontal 1-cycles. Our next application of the method developed in this article is
a Moving lemma for horizontal 1-cycles.

Theorem 7.2 Let R be a Dedekind domain satisfying Condition (T*), and let S :=
Spec R. Let X — S be a flat and quasi-projective morphism, with X integral and
reqular. Let C be a horizontal 1-cycle on X. Let F' be a closed subset of X such
that for all s € S, F'N X, has codimension at least 1 in X.

Then some positive multiple mC' of C' is rationally equivalent to a horizontal 1-
cycle C" on X whose support does not meet F'. When R is semi-local, we can take
m = 1.

Example 7.4 shows that the Condition (T)(a) is necessary for Theorem 7.2 to
hold. A different proof of Theorem 7.2 when S is semi-local is given in [9], 3.3,
where it is then used to prove a formula for the index of an algebraic variety over a
Henselian field ([9], 8.4).

Even for schemes of finite type over a finite field, Theorem 7.2 is not a consequence
of the classical Chow’s Moving Lemma. Indeed, let X be a quasi-projective variety
over a field k. Let X®"8 denote the singular locus of X. The classical Chow’s
Moving Lemma [31] and its generalization ([5], I1.9, assuming k algebraically closed)
immediately imply the following statement:

!The hypothesis that R be excellent is not explicitly stated in [26], 2.3. However, it is likely
needed in its proof, particularly in 2.5, where the conductor of a domain into its integral closure
needs to be non-zero.
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1.3 Let Z be a 1-cycle on X with Supp(Z) N X®"8 = (). Assume that dim(X®"8) <
codim(Z, X). Let F be a closed subset of X of codimension at least 2 in X. Then
there exists a 1-cycle Z' on X, rationally equivalent to Z, and such that Supp(Z’) N
(F U Xsing) = ().

Consider a morphism X — S as in Theorem 7.2, and assume in addition that S is
a smooth affine curve over a finite field k. Let F' be a closed subset as in 7.2. Such
a subset may be of codimension 1 in X. Thus, Theorem 7.2 is not a consequence of
Chow’s Moving Lemma for 1-cycles just recalled, since 1.3 can only be applied to
X — S when F is a closed subset of codimension at least 2 in X.

The following theorem generalizes to schemes X /S of any dimension Theorem 2
in [10] and Theorem 1.2 in [4].

Theorem 8.1 Let R be a Dedekind domain satisfying Condition (T*), and let S =
Spec R. Letd > 0, and let X — S be a projective morphism such that dim X, = d
for all s € S. Then there exists a finite S-morphism X — P%.

Now that the main applications of our method for proving the existence of hy-
persurfaces Hy in projective schemes X /S with certain desired properties have been
discussed, let us summarize the method.

1.4 Let X — S be a projective morphism with S = Spec R affine. Let O(1) be a
very ample sheaf on X relative to S. Let C' C X be a closed subscheme defined by
an ideal Z, and set Z(n) := Z ® O(n). Our goal is to show the existence, for some n
large enough, of a global section f of Z(n) such that the associated subscheme H;
has the desired properties.

To do so, we fix a system of generators fi,..., fy of H°(X,Z(n)), and we consider
for each s € S a subset X(s) C AV (k(s)) consisting of all the vectors (o, ..., ay)
such that ). a; fix, does not have the desired properties. We show then that all
these subsets X(s) are contained in a single constructible subset 7' of AN /S (which
depends on n). To find a desired global section f := ). a, f; with a; € R which avoids
the subset T" of ‘bad’ sections, we show that for some n large enough the constructible
subset T satisfies the hypotheses of the following proposition. The section ¢ whose
existence follows from 2.3 provides the desired vector (ay,...,ay) € RY.

Proposition 2.3. Let S = Spec R be a noetherian affine scheme. Let T be a

constructible subset of AY. Suppose that:

(1) dim(T") < N.

(2) For all s € S, there exists a k(s)-rational point in Aff(s) which does not belong
to T,.

Then there exists a section o of w: AY — S such that o(S)NT = 0.

The proof of (a slightly stronger version of) Proposition 2.3 is given in section 2,
along with the construction exhibiting a non-trivial constructible subset 7" contain-
ing all X(s) (2.2).

We present our next theorem as a final illustration of the strength of the method.
This theorem, stated in a slightly stronger form in section 3, is the key to the proof
of Theorem 7.2, as it allows for a reduction to the case of relative dimension 1. Note
that Condition (T*) is not needed as a hypothesis in this theorem.
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Theorem 3.1 Let S be an affine noetherian scheme of dimension 1, and let X — S
be a quasi-projective morphism. Let C be a closed irreducible subscheme of X, of
codimension d > 0 in X. Assume that C — S is finite and surjective, and that
C — X is a regular immersion. Let F' be a closed subset of X. Fix an ample
invertible sheaf Ox (1) on X. Then there exist n > 0 and a section f of Ox(n) such
that:

(i) C is a closed subscheme of codimension d —1 in Hy, and C' — Hy is a regular
1MMErsion;

(ii) For all s € S, any irreducible component I' of F'N X, is such that dim(I" N
(Hy)s) < max(dim(I') —1,0).

The proof of Theorem 3.1 is quite subtle and spans sections 3 and 4. Even though
the scheme X is assumed to be regular in Theorem 7.2, it is not possible in general to
expect that a hypersurface H; containing C' can be chosen to also be regular. Thus,
when the total space is not regular, we impose regularity conditions by assuming
that C' is regularly immersed in X. Great care is then needed in the proof of 3.1 to
insure that a hypersurface Hy can be found with the property that C' is regularly
immersed in Hy. Our proof uses the hypothesis that dim(S) =1 (3.9).

Section 3 contains most of the proof of Theorem 3.1. We have discussed separately
in section 4 all results using properties of m-regular sheaves needed in the proof of
3.1, such as results pertaining to the existence of a constructible set T" satisfying
Condition (2) in 2.3. Sections 5, 6, 7, and 8, contain the proofs of the applications
of our method. It is our pleasure to thank Robert Varley for Example 8.5.

2. CONSTRUCTIBLE SUBSETS

2.1 Let S = Spec R be an affine noetherian scheme. Let AY — S be an affine space
over S. Let T C AY be a subset. Endow T with the topology induced by that
of AY, and define the dimension of T to be the Krull dimension of the topological
space T. As usual, dim(T") < 0 if and only if T = (). For all s € S, we denote by T}
the subset TN Afc\’(s) of A,]CV(S) c AY.

Let Z — S be a proper morphism and let F be a coherent sheaf on Z with support
equal to Z. Fix fi,...,fxv € HY(Z,F). For s € S, denote by f;z,, or simply by
fi.s the pullback in H%(Z,, F;) of the section f;. Recall that a section of H°(Z,, F)
vanishes at £ € Z, if its image in F(§) := F, @ k(&) is zero. Consider the set

X(s) = {(al, ay) € k(s)Y ) Zaifi7s vanishes at some generic point of ZS} .

When Z, = (), we set X(s) := 0.

Proposition 2.2. Let S = Spec R be an affine noetherian scheme, let 7 : Z — S
be a proper morphism, and let F be a coherent sheaf on Z with support equal to Z.
Then there exists a constructible subset T of AY such that for all s € S, X(s) is
equal to the set of k(s)-rational points of AY contained in T.
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The constructible subset 7' whose existence is proved in 2.2 is not unique.> The
proof of 2.2 exhibits one construction of such a set T', and within this proof, we will
make notes on how to bound the dimension of the sets T, for s € S. We will then
apply the construction of 2.2 to provide explicit bounds on the dimension of T in
the special cases discussed in 3.6 and 3.7. These explicit bounds will allow us to
apply Proposition 2.3, where the hypothesis that dim7" < N — 1 is essential.

Proof of Proposition 2.2. We start with the following observations:

(i)

(iii)

(iv)

Let Z' C Z be a closed subscheme defined by a nilpotent ideal sheaf. Con-
sider the sheaf F|z/, with global sections f{,..., fy, images of fi,..., fy in
H(Z' Fl|z). Suppose that T satisfies the statement of the proposition for
the morphism Z" — S, sheaf F|z, and sets ¥/(s). Then 7" also satisfies the
statement of the proposition for Z — S and F, since X(s) = ¥'(s) for all
s € S. In particular, it suffices to prove the proposition when both Z and S
are reduced.
Suppose that S; and Sy are two affine, open or closed, subschemes of S, and
that as a set, S is the disjoint union of S; and Ss. Let Z; := Z x¢.S;. Suppose
that there exist constructible subsets T; C Agi , 1 = 1,2, satisfying the state-
ment of the proposition for Z; — S, F|z, and with respect to the sections
filz;s -+, fnlz,. Then T := T, U T, satisfies the statement of the proposition
for Z — S.
We claim that given any Z — S as in the proposition, the proposition is proved
if we can prove the statement of the proposition for Zy — U, F|y, and the
sections fi|y, ..., fv|u, where U C S is some dense affine open subset. Indeed,
let Z; := S\ U and consider a dense open subset U; of Z; where the statement
of the proposition holds. Construct in this way a sequence

of closed subsets Z D Z; D .... The noetherian hypothesis implies that this
sequence is finite, and the proposition follows using (ii) repeatedly.
Any S contains a dense open subset consisting in a finite disjoint union of
irreducible affine open subsets. Using (i), (ii), and (iii), we conclude that it
suffices to prove the proposition when S is integral. Moreover, given .S integral
and Z — S as in the proposition, it suffices as in (iii) to prove the proposition
for Zy; — U for some non-empty affine open subset U.
It suffices to prove the proposition after a finite surjective base change g :
S" — S, in the following sense. Let Z' := Z xg S’, with h : Z/ — Z. Let
F':= h*F. The support of F' is equal to Z'. Let fi,..., fy denote the images
of fi,..., fn under the natural map H°(Z, F) — H°(Z',F'). For any s’ € ',
we define ¥'(s') as in 2.1 for the above data. Suppose that 77 C AY, is a
constructible subset which satisfies the conclusion of the proposition for the
morphism Z’' — S’ and associated data. Let T be the image of 7" in AY under
the natural morphism AY, — AY. By Chevalley’s Theorem ([11], IV.1.8.4), T
is constructible. We claim that T satisfies the conclusion of the proposition for
Z — S. It is clear that dim 7, = dim 77,.

2However, one can show that the set 7" we will construct satisfies Ty (k(s')) = X'(s) for all affine
morphisms S — S and all s’ € S’ lying over s, where ¥(s’) is defined in a natural way as in
Observation (v). This fact is not used in the sequel.
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Let us show first that when s € S, then X(s) is equal to the set of k(s)-
rational points of (AY)s contained in Ty. Let (aq,...,any) € %(s). Let
fs == Y qifis € H'(Zs,Fs). Then f, vanishes at a generic point £ of Z;
by hypothesis. Let s’ € S’ be a preimage of s, and let £ be a point of
Z!, = (Zs)k(sy lying over £. Then £ is a generic point of Z!, because k(s’)/k(s)
is finite, and fs, viewed as an element of H°(Z!,, F/,), vanishes at ¢'. There-
fore, (ay,...,an) € k(s)N C k(s')V belongs to ¥/ (s') and thus corresponds to
a k(s')-rational point of A%, contained in T7,. Its image under AY, — AY is
therefore a k(s)-rational point of 7.

Conversely, let (o, ..., ay) be k(s)-rational point of Ts. As T — T is surjec-
tive, there exists s’ € S’ lying over s such that (a4, ..., ay) is a k(s')-rational
point of A% contained in T7,. So fs, viewed as an element of H°(Z!,, F.),
vanishes at some generic point & of Z/,. The image £ of ¢’ in Z is a generic
point of Z,. We have F. () = Fs(&) Q) k(&'), so fs vanishes at &, and
(o, ...,ay) € 3(s).

Using (i) and (iv), we can suppose that S is integral, with m(Z) = S. Let n be
the generic point of S. Then there exists a finite extension L/k(n) such that each
irreducible component of (Z1)eq is geometrically integral (see [11], IV.4.5.11 and
IV.4.6.6). Restricting S to an open subscheme if necessary, we can find a finite
surjective morphism S" — S with S’ integral that extends Spec L — Speck(n).
Using (v), we are reduced to proving the proposition for Z xg S" — S’. Using (i),
it suffices to prove it for 7' := (Z x5 S )ea — S’. Each irreducible component
Z1)S', ..., Z]S" of Z'/S’ has a geometrically integral generic fiber by construction.
It follows from [11], IV.9.7.7, that there exists a dense affine subscheme U of S’ such
that Z! xg U — U has geometrically integral fibers for all i = 1, ..., r. Restricting
U further if necessary, we can suppose that the number of geometric irreducible
components in the fibers of Z’ xg U — U is constant ([11], IV.9.7.8). Note now
that for each s € U, the irreducible components of Z/ are exactly the fibers (Z))s, i =
1,...,r. Hence, it suffices to prove that the proposition holds for each Z! x s U — U.
We may thus assume in the statement of the proposition that Z is integral, and that
7 Z — S has (geometrically) integral fibers.

The reduction steps discussed above depend only of the morphism Z — S. Our
next reduction depends on the coherent sheaf F. Consider the torsion subsheaf Fi,.
of F (defined as the kernel of the morphism F — F ® k(Z), as Z is integral), and
the associated exact sequence

0 — Fios —F —G—0

defining the coherent sheaf G. The sheaf G is torsion-free and, thus, is torsion-free
when restricted to the generic fiber of Z — S. We may restrict S to an open subset
W such that G|z« w has torsion-free fibers G, for all s € W ([11], IV.9.7.6). Since
7 is proper, m.(G) is coherent. Since the function ¢(s) = dimy)(m.(G)s ® k(s))
is upper semi-continuous, we find that there exists a dense open subset U of W
such that o(s) is constant on U, m.(G)|y is free, and the natural map H°(Z xg
U,Glzxsv) @ k(s) = H°(Z,,G,) is an isomorphism.
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We may now assume that S = Spec R, and that the morphism Z — S and the
sheaf F have all the favorable properties discussed above. In particular, the R-
module HY(Z,G) is free. Consider the linear composition o : RN — H(Z, F) —
H°(Z,G) defined by sending the standard basis vector e; of RY to the image in
H(Z,G) of f; € H*(Z,F). Choosing a basis for H°(Z,G), we find that the map
a is defined by a matrix with coefficients in R, and the rows of the matrix are the
relations describing the kernel of a. We use these same relations to define a closed
subscheme of AY that we denote by T', and such that T'(R) = Ker(a). We claim
that T satisfies the conditions of the proposition for the morphism Z — S. Indeed,
let s € S. Consider the natural commutative diagram

0 k(s )
S T

HYZ,F)® k(s) —= H(Z,G) @ k(s)

N !

H(Z,, Fy) H(Z,, Gs)

Fle) 6.

The map S, is an isomorphism by construction. The map 7, is injective because
G, is torsion-free. The support of Fi. is a strict closed subset of Z. By further
restricting S, we can suppose that Supp(Fios) N Zs # Zs for all s € S. Hence the
kernel of Fy; — G, has support in a strict closed subset of Z,. This implies that J;
is an isomorphism. It follows now easily that T'(k(s)) = ker as = ker pus = 3(s).

We note for use at the end of the proof of 3.7 that dim T} is equal to the dimension
of the vector space ker j;. O

The following proposition is an essential part of our method for producing in-
teresting closed subschemes of projective schemes X/S. In our applications of this
proposition in 3.9 and in 5.3, Condition (1) below will be satisfied with V' =S, and
in 3.9 the set B is empty.

Proposition 2.3. Let S = Spec R be a noetherian affine scheme. Let T be a
constructible subset of AY. Let B be a subset of AY (in general, not constructible)
with By a proper closed subset of the fiber A;’C\is) for all s € S, and By = 0 for all but

finitely many s € S. Suppose that:
(1) There exists an open subset V- C S with finite complement such that

dim(7T N AY) < N.

(2) For all s € S, there exists a k(s)-rational point in Aff(s) which does not belong
to Ty, U Bq.

Then there exists a section o of w: AY — S such that o(S) N (T U B) = 0.

Proof. Let us start by recording two uses of the noetherian hypothesis on R. First,
we claim that:
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(a) There ezists § > 1 such that for all s € V', Ty U By is contained in a hypersur-
face of degree < §. Indeed, as dim T NAY < N, no fiber T, s € V, is dense in Aﬁs)-
Every point s € V has an open neighborhood W such that Ty is contained in a
hypersurface of A%, of some degree d,. As V is quasi-compact since S is noetherian,
there exists an upper bound for the ds’s. Since B, is a proper closed subset and
there are only finitely many non-empty Bs, we can increase § so that for all s € .S,
Ts U By is contained in a hypersurface of degree < 4.

The noetherian hypothesis on R is also used when applying the following lemma.
A proof of this lemma in the affine case is given in [33], Proposition 13. We provide
here an alternate proof.

Lemma 2.4. Let S be any scheme. Let ¢ € N. Then the subset {s € S |
Card(k(s)) < c} is closed in S and has dimension 0. When S is noetherian, this
subset is then finite.

Proof. It is enough to prove that when S is a scheme over a finite prime field F),
and ¢ is a power of p, the set {s € S| Card(k(s)) = ¢} is closed of dimension 0.
Let F, be a field with ¢ elements. Then any point s € S with Card(k(s)) = ¢
is the image by the projection Sp, — S of a rational point of Sy, . Therefore we
can suppose that S is a F,-scheme and we have to show that S(F,) is closed of
dimension 0. Let Z be the Zariski closure of S(F,) in S, endowed with the reduced
structure. Let U be an affine open subset of Z. Let f € Oz(U). For any z € U(F,),
(fT— f)(z) = 0 in k(x), hence x € V(f?— f). As U(F,) is dense in U and U is
reduced, we have f? — f = 0. For any irreducible component I' of U, this identity
then holds on O(I'), so I is just a rational point. Hence U = U(F,) and dim U = 0.
Consequently, Z = S(F,) is closed and has dimension 0. O

The key to the proof of Proposition 2.3 is the following assertion:

(b) There ezist t :==t; +ay € Rlty,...,tn]|, a1 € R, and an open subset U C S
with finite complement, such that the closed subscheme H =V (t) — S of AY has
the following properties:

(i) dim(HyNT) < N —1,

(i) dim(H;NB) < N —1 for all s € U,
(iii) for all s € S, there exists a k(s)-rational point in Hs which does not belong to
T, U B,.

Using (b), we can conclude the proof of our proposition as follows. First, note that
when N = 1, (b) implies that the closed subset H is disjoint from 7'U B. Indeed,
(i) and (ii) imply that Hy N T = () = HyN B, for all s € U. As H, contains exactly
one k(s)-rational point, when s ¢ U, (iii) shows that this point is not in 75 U Bs.

When N > 1, we apply (b) repeatedly to obtain a sequence of closed sets

Ag > V(t1+a1) DD V(t1—l—al,t2+a2,...,tN+aN).
The latter set is the image of the desired section, as we can use the case N =1 on
V(tl + ai, ... ;tN—l + CLN_l) to show that
V(tl + Ay, ... 7tN—1 + aN—17tN + (IN) N (T U B) = @

Proof of (b): A constructible subset T of a noetherian scheme X has the following

property: there exists a finite set of points &;,...,&, of T such that T C U;{¢;}.
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Indeed, T is a the disjoint union of finitely many locally closed subsets F; N U,
i=1,...,m, with F; closed and U; open. We can take {&,...,&,} to be the set of
generic points of the irreducible components of the closed subset U; F; which belong
to T

Let now X = AY and let V be the open set as in (1), with dim(7' N AY) < N.
Apply the above discussion to the constructible set TN A, to obtain the associated
set {&1,...,&,}. When B is not empty, we will abuse notation and also denote by
{&,...,&,} the union of the generic points of 7N A{} with the union of the generic
points of the finitely many non-empty closed sets By of Aﬁs). If W is any locally
closed subset of X, to show that dim(7'NW) < dim(7") and dim(B; NW) < dim By
when B; # (), it suffices to show that & ¢ W for alli=1,...,p.

Upon renumbering the points of {&,...,&,} if necessary, we can assume that the
image of & under 7 : AY — S has finite residue field if and only if i > r for some
r < p. Let Z be the union of S\ V with {n(§11),...,7(§,)} and with the finite
subset of the closed points of S satisfying Card(k(s)) < ¢ (that this set is finite
follows from 2.4. We will later set ¢ to be as in (a)). For each s € Z, we can use 2.3
(2) and fix a k(s)-rational point z, € (A%), which does not belong to T, U B.

Since every point of Z is closed in S, the Chinese Remainder Theorem implies that
the canonical map R — [[,., k(s) is surjective. Let a € R be such that a = t,(x,)
in k(s), for all s € Z. Replacing ¢, by t; — a, we can assume that ¢;(zs) = 0 for all
s€E .

Let p; C R[t1,...,tn] be the prime ideal corresponding to ¢;. Let my; C R denote
the maximal ideal of R corresponding to s. Let I := Nyczm,. We claim that

I+t € Uicjcrp;

Indeed, the intersection (I + t1) N p; is either empty, or contains a; + t; for some
a; € I. In the latter case, (I +t1)Np; =t +a; + (p;NI). If I+t C Ui<j<,py,
then every ¢, + ¢ with ¢ € I belongs to some t; + a; + (p; N I). Let q; := RNp,. It
follows that
I € Uj(a; + ;)

where the union possibly runs only over a subset of {1,...,r}. Since the domains
R/q; are all infinite when j < r, Lemma 2.5 below implies that I is contained in
some qj, for 1 < jo < 7. As I = Ngezm,, we find that q;, = m, for some s € Z. This
is a contradiction, since for j < r, m(&;) does not belong to Z because the residue

field of 7(¢;) is infinite and 7(&;) ¢ S\ V.

Now that the claim is proved, we can choose t € (I +t1)\Ui<j<.p;. Let U := S\ Z
and let H := V(t). Clearly, t is of the form ¢t = t; + a; for some a; € R, as desired.
We have H ~ AY .

To prove that (b)(i) holds, that is, that dim(HyNT') < N—1, we use the hypothesis
(1) that dim(AY NT) < N. By construction, ¢ ¢ Uj<;j<.p;, so V(t) does not contain
any generic point & such that 7(¢§;) € U. It follows that dim(H N AN NT) <
dim(AY NT).

To prove that (b)(ii) holds, that is, that dim(H;NB) < N—1 for all s € U, we use
the hypothesis that By is a proper closed subset of A]kv(s), so that dim(B;) < N — 1.
Again, V(t) does not contain any generic point §; such that m(&;) € U. It follows
that dim(H N B;) < dim(Bsy).
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[t remains to prove (b)(iii). Let s € Z. Since a; € I and t;(xs) = 0 for all s € Z,
we find that z; is a k(s)-rational point of V'(¢; +a;). The point x5 was chosen above
such that it does not belong to T5 U B,. Let now s ¢ Z. Then |k(s)] > 0 + 1 by
construction. Choose now § with the property in (a). Then, since ¢ has degree 1, we
find that H, N (T'U B) is contained in a hypersurface V(f) of H, with deg(f) < 4.
We conclude that H, contains a k(s)-rational point that does not belong to B, U Ty
using the following claim:

Assume that k is either an infinite field or that |k| = ¢ > 6 + 1. Let f €
k[T, ..., T, with deg(f) <6, f#0. Then V(f)(k) & A*(k).

Indeed, when £ is a finite field, an easy induction on £ shows that Card(V'(f)(k)) <
¢" — (g —0)* < ¢*. When k is infinite, the k-rational points are dense in A*/k. [

Our next lemma follows from [23], Theorem 5. We provide here a more direct
proof using the earlier reference [28].

Lemma 2.5. Let R be a commutative ring, and let qq,...,q, be (not necessarily
distinct) prime ideals of R with infinite quotients R/q; for alli=1,...,r. Let I be
an ideal of R and suppose that there exist ay,...,a, € R such that

I C Uici<r(a; + q;).

Then I s contained in the union of those a; + q; with I C q;. In particular, I s
contained in at least one q;.

Proof. We have I = U;((a;+q,)NI). If (a;+q;)NI # 0, then it is equal to a;+ (q;N 1)
for some «a; € I. Hence

I'=Ui(o; + (q: N 1))
where the union runs on part of {1,...,r}. By [28], I is the union of those a;+(q;N 1)

with I/(q;N1) finite. For any such 4, the ideal (I +q;)/q; of R/q; is finite and, hence,
equal to (0) because R/q; is an infinite domain. O

Remark 2.6 The hypothesis in 2.3 (1) is needed. Indeed, let S = SpecZ, and
N = 1. Consider the closed subset V(t* — t) of SpecZ[t] = A}. Let T be the
constructible subset of A}, obtained by removing from V(¢* — ¢) the maximal ideals
(2,t—1) and (3, —1). Then, for all s € S, the fiber T is distinct from Ay (k(s)),
and dim T, = 0. However, dim 7" = 1, and we note now that there exists no section
of Al disjoint from 7. Indeed, let V' (t —a) be a section. If it is disjoint from T, then
a#0,1,—1,and 6 | a — 1. So there exists a prime p > 3 with p | a, and V(¢ — a)
meets T at the point (p,t).

For a more geometric example, let k be any infinite field. Let S = Spec k[u] and
A} = Speck[u,t]. When T := V(t* —u) C A}, then AL \ T does not contain any
section V(¢ — g(u)) of AL. Indeed, otherwise (t* —u,t — g(u)) = (1), and g(u)* — u
would be an element of k*.

3. LOCAL COMPLETE INTERSECTION SUBSCHEMES

The theorem below is the key to reducing the proof of the Moving Lemma 7.2 to
the case of relative dimension 1. This section and the next are devoted to its proof,
which follows the outline given in 1.4.
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Theorem 3.1. Let S be an affine noetherian scheme of dimension 1, and let X — S
be a quasi-projective morphism. Let C' be a closed subscheme of X, finite over S,
and such that:

(1) C — X is a regular immersion and C' has pure codimension d > 0 in X ;

(2) For all non-empty Cs, codim(Cs, X;) > d.

Let F be a closed subset of X. Fix an ample invertible sheaf Ox (1) on X. Then
there exist n > 0 and a section f of Ox(n) such that:

(i) C is a closed subscheme of Hy, C'— Hy is a regular immersion, and C' has
pure codimension d — 1 in Hy;
(ii) For all non-empty Cs, codim(Cy, (Hy)s) > d — 1;
(iii) For all s € S, any irreducible component I' of F' N X is such that dim(I' N
(Hy)s) < max(dim(I') — 1,0).

Furthermore, there exists a closed subscheme Y of X containing C, such that C
1s the support of a Cartier divisor on'Y , and such that for all s € S, any irreducible
component I' of F'N X is such that dim(I' NY;) < max(dim(I") — (d — 1),0). In
particular, if the codimension of Fs in X, is at least 1 in a neighborhood of Cs, then
FNYs has dimension at most 0 in a neighborhood of Cs.

Remark 3.2 The hypothesis that C' — X is a regular immersion is equivalent to
the condition that C' — X is a local complete intersection morphism (see, e.g.,
[21], 6.3.21). If in addition C' is connected, then the hypothesis that C' has pure
codimension d > 0 in X implies that C' — X is a regular immersion of codimension
d (see, e.g., [21], 6.3.9).

Remark 3.3 Keep the hypotheses of 3.1 above. The following are equivalent:

a) Every irreducible component of X which meets C; has dimension at least d.

b) Condition (2) holds.

This is immediate since by hypothesis, C; is the union of finitely many closed points
of X,. Condition 3.1(2) is satisfied when 3.1(1) holds and C is flat over S.

Consider now any closed subscheme H; in X containing C. Fix s € S. Let I'

be an irreducible component of (Hy), which meets C;. Then I' is contained in an
irreducible component I” of X, which meets C,. Thus, since 3.1 (2) is satisfied,
dim(I") > d. Then T is an irreducible component of (Hy), N I". Since (Hy), is
defined in X by a single equation, we find that dim(I") > dim(I") — 1 > d — 1. It
follows that 3.1 (ii) is satisfied.
Remark 3.4 Let us note that if X/S and C satisfy the hypotheses of the version of
3.1 given in the introduction, then they satisfy the hypotheses of the above version
of 3.1. In other words, assume that C'/S is finite and surjective, with C' irreducible.
We need to show that Condition 3.1(2) holds.

Under these additional hypotheses, S is irreducible, and we let 7 denote its generic
point. Let A denote an irreducible component of X containing C. Then A, is an
irreducible component of X, containing the closed point C,. By hypothesis, C' has
codimension at least d in X, so C), has codimension at least d in X,,. Hence, A, has
dimension at least d. Using [11], IV.13.1.1, we find that for all s € S, the irreducible
components of A; have dimension at least d. It follows that for all s € S, every
irreducible component of X which meets C, has dimension at least d. As noted in
3.3, this latter condition is equivalent to 3.1(2).
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3.5 Proof of Theorem 3.1. We first give a complete proof of 3.1 in the case where
X — S is projective. The proof of 3.1 when X/S is only assumed to be quasi-
projective is in 3.10.

Let us start our discussion with hypotheses slightly more general than in 3.1.
Fix the following notation. Let S = Spec R be a noetherian affine scheme, not
necessarily of dimension 1. Consider a projective morphism X — S. Fix a very
ample sheaf Ox(1) on X relative to S. Let C' C X be a closed subscheme. Let J
be the ideal sheaf defining C'. If F is any sheaf on X and s € S, let F; denote the
pull-back of F on a fiber X;. For n > 1, set J(n) := J ® Ox(n), and for s € S, let
J.(n) = T, ® Ox,(n). Let J, denote the image of J, — Ox..

To prove Theorem 3.1, we will show the existence of f € H°(X, 7 (n)), for some
n sufficiently large, such that the associated closed subscheme H; C X satisfies
the conclusion of the theorem. Note that when X/S is projective, the subscheme
denoted by H; in the introduction is often denoted by V. (f).

To enable us to use the results of the previous section to produce the desired f, we
introduce the following notation. Let n be big enough such that J(n) is generated
by its global sections. Fix a system of generators fi,. .., fy of H(X, 7 (n)). Denote
by TLS the image of f; in J,(n). For s € S, consider the following sets:

e Let X (s) denote the set of (ay,...,an) € k(s)V such that there exists some
r € CNX, with Y7 a;(filx,) = 0 in Ji(n)/T2(n) @ k(x).

e Let F' be a closed subset of X. Let 35(s) denote the set of (a,...,ayn) €
k(s)N such that the closed subset V, (32N, a;f;,) in X, defined by the

section Zfil 04171-78 of Ox,(n), contains at least one irreducible component
of Fy of positive dimension.

We will use the fact that if f € H°(X,J(n)) and f, is its image in J,(n), then
Vi(f)N X, = Vi(f,). Assume now that C — S is as in 3.1. Note then that by
the hypothesis 3.1 (2), Cs does not contain any isolated point of X since such a
point would be an irreducible component of X, and in a neighborhood of C, all
components of X have dimension at least d. Therefore, for any x € Cj, (js)gC # 0
and, hence, both J,(n)/J2(n) ® k(x) and Js(n)/J2(n) ® k(z) are non-zero.

Our goal is to prove, using 2.2 and for an appropriate choice of n, the existence
of constructible subsets 77 and T3 associated with the sets 31 (s) and Ya(s). Great
care will be needed in 3.6 and 3.7 to insure that the dimension of the fibers of T}
and T, are controlled, so that Proposition 2.3 can be used to produce the desired
f € H°X,J(n)). For this, we will use results which depends on properties of m-
regular sheaves on a projective variety. These properties and results are discussed
in 4.1-4.4. The proof of Theorem 3.1 when X — §' is projective ends in 3.9.

For use in our next lemma, we now assume that n is large enough so that
HY (X, J%(n)) = (0) for all s € S. That such an n exists follows from 4.4.

Lemma 3.6. Keep the above notation and assume that C is as in 3.1. Then there
exists a constructible subset Ty of AY such that for all s € S, dim(T})s < N —d,
and 31 (s) is exactly the set of k(s)-rational points of (AY)s contained in (T})s.
Proof. We apply Proposition 2.2 to the following Z and F. Let Z := C, and let F
denote the sheaf J(n)/J?%(n) considered as a coherent sheaf on C. Its support is
C. As Cs is finite, ¥ (s) is nothing but the set X(s) considered in 2.2.
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By hypothesis, for each s € S, we have an isomorphism H°(X,F) ® k(s) —
H(X,, Fs) = HY(Cy, Fs) = Duec, (Fs)e- It follows that for each z € Cj, the natural
map H°(C,, F,) — (Fs), is surjective. By hypothesis, (F,), is free of rank d, so we
find using 2.2 that dim(7,5) < N —d. O

Lemma 3.7. Keep the notation of 3.5. In particular, S is an affine noetherian
scheme, C is a closed subscheme of X (not necessarily finite over S, or l.c.i. in
X ), and F a closed subset of X. Assume also that for all s € S, no irreducible
component of Fy of positive dimension is contained in Cs. Let ¢ € N.

Then there exists ng € N such that for all n > ng and for any choice {fi,..., fn}
of generators of H°(X, J(n)), there exists a constructible subset Ty of AY such that
for all s € S, 3y(s) is exactly the set of k(s)-rational points of (AY)s contained in
(T3)s, and such that dim(Ty)s < N — c.

Proof. As F' — S is proper, Zariski’s Main Theorem implies that the subset of
the points of F' which are isolated in their fibers is open in F. Let Z denote the
complement of this open subset in F', endowed with the structure of reduced closed
subscheme of X. The fibers of Z — S have no isolated points and, hence, have no
zero-dimensional irreducible components. We plan to apply Proposition 2.2 to the
scheme Z — S and the coherent sheaf F := J(n)|z. Note that Supp F = Z since
the fibers of Z — S have no isolated points.

We recall below the stratification of S introduced in the proof of 2.2 which does
not depend on F. First, S is written as a finite set-theoretically disjoint union
S =[], Si of integral schemes S; locally closed in S, and we also require now that
C xgS; — §; is flat. Second, for each ¢, there exists a finite surjective morphism
S — S; such that (Z xg S!)ea — S; has good properties. In order to facilitate
the notation, let us denote by S” any of the schemes S!. Then we require that the
irreducible components 71, ..., Z, of (Z x5 )rea — S’ have integral fibers and such
that for all s € S, (Z1)y,...,(Z,)s are exactly the irreducible components of Z .
Let T" be any of the irreducible components of (Z X g S5")eq. We prove the lemma in
three steps.

First step. We claim that there exists n; € N such that for all n > n; and for all
s’ € 5, the natural map

HY(X, J(n)) @) k(s') — H(Ly, (T (n) @os Os)Ir)s)

is surjective. Indeed, we have closed immersions Z — X and I' — (Z X5 .5 )req —
Z xgS'. Since Ox(1) is very ample relatively to X — S, there exists n; such that
for all n > nq, both maps

(2) HY(X,J(n)) — H(Z,J (n)|2)
and
(3) H(Zs, (T (n) ®os Os)|z,,) — H(T, (T (n) @0y Os)]r)

are surjective. We use now properties of m-regular sheaves as in 4.4, and find that
after increasing n, if necessary, we can assume that for all n > ny, and for all s € S,

(4) HY(Z,J(n)|z) ® k(s) — H*(Zs, (T (n)]2)s)
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is an isomorphism, and for all s’ € S’ lying over s,

(5)  HT,(JI(n) ®os Os)|r) @ k(s') — H(Ty, (T (n) ®os Os')|r)s)

is an isomorphism. Hence, tensoring (2) and (4) by k(s’), we obtain the surjection
(6) HY(X, T (n)@k(s') — H(Z,T(n)]2) @k(s") — H(Z,, (T (n)]2)s) @ k(s").
Recall now that there is a natural isomorphism

(7) HY(Zs, (T (n)]2)s) @ k(s") — H*((Zs')s, (T () @05 Os1)]z4,)s')-
Consider the commutative square

H*(Zg, (T (n) ®og Og')|z,,) @ k(s') —— H((Zs)w, (T (n) @os Os)|zg))

7| |
H'(T, (J(n) ®os Og)lr) @ k(s')  ——  H°(Ty, (T (n) o5 Og/)Ir)s)-
The right vertical map d is surjective because tensoring (3) by k(s’) and composing
(6

with (5) shows that the map « o § is surjective. Composing (6), (7), and § produces
the desired surjection.

Second step. For simplicity, let us write J' := (J ®o4 Og)|r. The pull-back
of Ox(1) to I' will be denoted by Or(1). It is clear that J'(n) := J' ® Or(1)
is isomorphic to (J(n) ®os Os/)|r. Let H denote the image of the natural map
J" — Or. The ideal sheaf H defines the closed scheme (" := Csr xx_, I' of I,

We claim that there exists no € N such that for all n > ny and for all 8" € 57,

dimk(s/) HO(FS/, j/(n)s/) Z C.

Indeed, recall that for all s’ € ', I'y is integral. We note that for all s € S, C,
is a strict subset of I'y and, hence, has smaller dimension than I'y,. The former
fact follows from our hypothesis that for all s € S, no irreducible component of
F of positive dimension is contained in C§. It follows that the Hilbert polynomial
PC;/ of C, satisfies deg PC/ < deg Pr . As the set of Hilbert polynomials Pr, and

Per, s € 5, is finite ([27] p. 58, (11)) and such polynomials have positive leading
coefficient ([13], I11.9.10), there exists ny such that for all n > ns,

Pr,(n) — Pcr,(n) > c.

We use now properties of m-regular sheaves as in 4.4, and find that after increasing
no if necessary, we can assume that for all n > no, for all 7 > 1 and for all s’ € 57,

(Fsaof‘ ( )) (0) HZ(C/HOC’( ))

Since Pr,(n) = x(Or,(n)) for all n > 0, the first vanishing above implies that
for n > ny and for all ¢/,

PFS,(TL) = dim HO(FS/, OFS, (TL))

Similarly, the second vanishing implies that P (n) = dim H(C%,, Ocr,(n)).
Denote by H the image of Hy — Or,. Theideal H is the defining ideal of C”, in

['y. Increasing ns if necessary, we can assume that for all n > no, H'(T', H(n)) = (0),
and that for all ', H°(C", Oc/(n)) @ k(s') — H°(C’,, Ocr,(n)) is an isomorphism.
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This implies that H(I'y, Or,(n)) — H°(C!,,O¢,(n)) is surjective. Hence, for all
n > ny and for all s’ € 57,

dim H°(Cy, Hy(n)) = dim H°(Ty, Or,(n)) — dim H°(C.,, Ocr, (n)) > c.

Final step. Now let ng = max{nj,ns}. Choose and fix n > ng, and then fix a
system of generators fi,..., fy of H*(X,J(n)). This allows us to define the set
Yo(s) as in 3.5:

Yo(s) denotes the set of (ay,...,an) € k(s)N such that the closed

subset V+(Zij\;1 aif;s) in X contains at least one irreducible compo-
nent of Fy of positive dimension.

Consider the scheme Z, along with the coherent sheaf F := J(n)|z on Z and the
sections fif,, ..., fn), of H*(X,J(n)|z). As in 2.2, we define

X(s) = {(al, ay) € k(s)Y ’ Zaifi,s vanishes at some generic point of Zs} :
Let ¢ be any generic point of Z,. As no irreducible component of F of positive di-
mension is contained in C, £ ¢ C. Hence, (J(n)|z,)e = Oz ¢ Let f € H'(X,T(n))
with image f|z, in H%(Z,, J(n)|z,). It follows that V., (f) contains £ if and only if
flz. vanishes at £, and that 35(s) = X(s).

We now apply 2.2 to Z and to F to obtain the existence of a constructible set
T, C AY such that for all s € S, ¥(s) is exactly the set of k(s)-rational points of
(AY)s contained in (T3)s.

As the proof of 2.2 shows, to prove that dim(73); < N — ¢ for all s € S, it is
enough to show a similar statement for all the constructible subsets T" associated
with the morphisms I' — S’ and with the associated data consisting of the sheaf
J'(n) = (J(n) ®o, Og)|r and the sections {fi|r,..., fn|r}) (where f;|r is the
canonical image of f; in H(I',J'(n)), and I' — S’ is as at the beginning of the
proof). We can further argue on each piece of the stratification of S” = LS! implicitly
appearing in the discussion in the last part of the proof of 2.2.

Consider the composition

k(s — HY(X,J(n)) @ k(s'") — H Ty, T (n)s),

which first sends the standard basis vector e; of k(s')" to f; ® 1 in H(X,J(n)) ®
k(s"). Step 1 shows that the composition of these two maps is surjective for all
n > ng, and for all s’ € S’. The reader will check that this composition is nothing
but the map corresponding in our situation to the map p in the diagram (1) in the
proof of 2.2. Let £ denote the generic point of I'y. The dimension of (75)y is given
by the dimension over k(s’) of the kernel of the natural map v is the diagram below:

k(s )N —=" H(T'y, J'(n)y) = H(T'y, H(n).)
J'(n)y @ k(€).

Increasing ng if necessary to apply Lemma 3.8 to I' — S’ and C’, we find that the
map p is surjective for all s’ € S’. To conclude the proof of the lemma, it suffices
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to note that the map @ is injective. Indeed, then Step 2 shows that the dimension
of H(Ty,J(n)s) is bounded by c. Hence, the kernel of ;1 has dimension at most
N —c. [l

Lemma 3.8. Let X — S be a projective scheme over an affine noetherian scheme
S. Let C be a closed subscheme of X with ideal sheaf J. Let J, denote the image
of Js in Ox,. Then there exists ng € N such that for all n > ny and for all s € S,
the canonical map J,(n) — Js(n) induces a surjection

H(X,,J(n)s) — H*(X,, Js(n)).

Proof. Using the flattening stratification of S induced by the sheaf Ox /7, we deduce
the existence of finitely many irreducible locally closed subsets U; of S such that
S = UU; (set theoretically), and when each U; is endowed with the structure of
integral scheme, then C' xg U; — Uj; is flat.

Denote by U one of the integral schemes U;. Denote by K and J’ the kernel and
image of the natural morphism J ®o, Oy — Ox,,, with associated exact sequence
of sheaves on Xy,

0—K— T ®0s Oy — J — 0.

For all n € Z, we then have the exact sequence
0= K(n) = J(n) @y Oy = J'(n) — 0.

Since Xy — U is projective, we can find ng > 1 such that H'(Xy, K(n)) = (0) for
all n > ng. Increasing ng if necessary and using properties of m-regular sheaves, we
can assume that for all n > ngy and for all s € U,

H(Xy,J'(n)) @ k(s) — H*(X,, T (n)s)

is an isomorphism. Since C' xg U — U is flat, the sequence 0 — J; — Ox, —
Oc, — 0 is exact for all s € U. It follows that J'(n)s = Js(n). For any s € U and
for n > ng, consider the commutative diagram:

H(Xy,J(n) ® Op) @ k(s) —= H(Xy, J'(n)) @ k(s)

| |

H(X,, T (n)s) H(X, Ts(n)).

The top horizontal map is surjective because H' (X, K(n)) = (0), and the right ver-
tical arrow is an isomorphism by construction. Thus, we see that H(X,, J(n),) —
H°(X,, Js(n)) is surjective for all n > ng and all s € U. O

3.9 We proceed now to prove Theorem 3.1 in d — 1 steps, under the assumption
that X — S is projective. When d = 1, there is nothing to prove.

Fix n large enough so that 3.6, 3.7, and 4.4, can be applied to our situation. Let
Ty and T be the constructible subsets of AY, pertaining to ¥;(s) and Y5(s), and
whose existence is proved in 3.6 and 3.7. Let T := T} UT,. For each s € S, the
element f,, € H*(X,, Js(n)) exhibited in Lemma 4.4 defines a k(s)-rational point
of AY not contained in T} , U Ty, because (J,(n)/J2(n)) @ k(z) # 0 for all z € C.

It follows that for all s € S, there exists a k(s)-rational point of A% not contained
in T,. We also have when d > 2, that dim7y; < N — 2 for all s € S (3.6 and
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3.7). Since we assume that dim(S) = 1, we find that dim(7) < N — 1. We can
thus apply Proposition 2.3 to find a section (ay, ...,ax) € AY(S) such that for all
s €9, (a1(s),...,an(s)) is not a k(s)-rational point of (AL ), contained in Tj. Let
f = Zﬁ\; a; f;, and consider the closed subscheme V, (f) C X. By definition of f,
we have C' C V.(f), and by definition of 7', we have:

(i) for all z € C, the image of f in (J(n)/J?(n)) ® k(x) is non-zero;

(ii) forall s € S, V., (f) does not contain any irreducible component of Fj of positive

dimension.

The first condition implies that C' is l.ci. in Vi (f), pure of codimension d — 1.
Indeed, this is a local question. Fix z € C. Let I = pOx, and let g € I correspond
to the section f. Since the image of g in I/I* ® k(p) is not zero, the image of g
in the free O¢,-module I/I* can be completed into a basis of I/I?, and it is then
well-known that g belongs to a regular sequence generating 1.

The second condition implies that for all s € .S, and for all irreducible components
I' of F N X, we have dim(I' NV (f)s) < max(dim(I") — 1,0).

The closed subscheme Y whose existence is asserted at the end of Theorem 3.1 is
obtained by repeating the above arguments (d—2) times, starting with X’ := V(f),
F' .= FNV,.(f), and C C X'. This concludes the proof of 3.1 when X — S is
projective.

3.10 Assume now that X — S is quasi-projective. Using a power of the given
ample sheaf for X — S, we can consider a projective morphism X — S and an
open immersion X — X of S-schemes, along with a very ample sheaf O(1) which
restrict on X to some power of the initial ample sheaf on X. Then C' — S is a
closed subset of X of pure codimension d, and C' — X is a regular immersion. The
subset C' of X also satisfies Condition (2) of 3.1 for the morphism X — S.

Let F C X be the given closed subset, and denote by F its closure in X. The
conclusion of 3.1 in the case of C, X — S, and F, implies the existence of a
closed subscheme H of X containing C' such that C'— H; is a regular immersion,
and such that for all s € S, any irreducible component I' of F N X, is such that
dim(I' N (Hy)s) < max(dim(I') — 1,0).

We claim that the closed subset H := H; N X of X satisfies the conclusion of
3.1 for the morphism X — S and the closed subset F'. Clearly, since C' is closed
in X, C is contained in H and C' — H is a regular immersion. Suppose now
that © is an irreducible component of F;. We need to show that dim(© N Hy) <
max(dim(©) — 1,0). This will follow if the closure of © in (F), is an irreducible
component of (F'),. That this is indeed the case follows from the fact that F' is open
in F'. 0

4. m-REGULAR SHEAVES

It remains to prove various assertions used in the proof of Theorem 3.1.

4.1 We start by recalling the definition and properties of m-regular sheaves needed
in our next lemmas. Let X be a projective variety over a field k, with a fixed
very ample sheaf Ox(1). Let F be a coherent sheaf on X, and let F(n) := F ®
Ox(n). Let m € Z. Recall ([27], Lecture 14, p. 99) that F is called m-reqular if
HY (X, F(m —1)) =0 for all : > 1.
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Assume that F is m-regular. Then it is known (see, e.g., [34], Proposition 4.1.1)
that for all n > m,
(a) F is n-regular,
(b) H(X,F(n)) =0 for all i > 1,
(c) F(n) is generated by its global sections, and
(d) The canonical homomorphism

H(X,F(n))® H'(X,0x(1)) — H°(X,F(n +1))
is surjective.

Lemma 4.2. Let X be a projective variety over a field k with a fized very ample
sheaf Ox(1). Let C be a finite closed subscheme of X. Let I'y,... T, be irreducible
closed subsets of X not contained in C. Let J denote the ideal sheaf of C in X,
and assume that J is m-reqular for some m > 0.

(a) If Card(k) > r + Card(C), then for all n > m, there exists a section f, €
H(X,J(n)) such that V,.(f,) does not contain any T;, and such that the image
of fr in (T (n)/T*(n))®k(x) is non-zero for allx € C such that (J(n)/J?*(n))®
k() # (0).

(b) There exists an integer ng > 0 such that for all n > nyg, there ezists a section

fn€ H(X,J(n)) as in (a).

Proof. (a) Let z € C and n > m, and consider the k-linear map H°(X,J(n)) —
(J(n)/T*(n)).. Since J(n) is generated by its global sections (4.1 (c)), this map
is not zero for all x € C' such that (7 (n)/J?*(n)). # (0). Let H, denote its kernel.
Then H, # H°(X, J(n)) for all x € C such that (J(n)/T?*(n)). # (0).

Use now a closed embedding X — P¢ associated with the very ample sheaf Ox (1)
to identify X with Proj B, where B = @&,>0B(n) is a graded k-algebra isomor-
phic to k[xo, ..., x4 modulo a homogeneous ideal. Let py,...,p, be the homoge-
neous prime ideals of B defining I'y,...,I".. Under the appropriate identification,
®n>0H(X, J(n)) is identified with a homogeneous ideal &,,50.J(n) of B correspond-
ing to the closed subscheme C'. Neither p; nor @,>¢J(n) contain B(1). Since I'; is
not contained in C, we find that @,>0.J(n) is not contained in p;. Then there exists
no > 0 such that each J(n) with n > ny is not contained in p; (4.3 (a)). We claim
that for each ¢ < r, and for each n > m, the preimage in H°(X, J(n)) of J(n) Np;
is a proper subvector space of H°(X, J(n)). Indeed, if J(n) Np; = J(n) for some
n > m, then the surjectivity of the map in 4.1 (d) implies that J(n') Np; = J(n')
for all n’ > n. This would contradict the existence of ny.

For each n > m, we have thus constructed r + Card(C') subvector spaces of
H°(X,J(n)). Any element f, in the complement of the union of these subvector
spaces satisfies the desired properties. Since r + Card(C) < Card(k) by hypothesis,
the union cannot be the whole space H°(X, J(n)), and (a) follows.

(b) Choose m > 0 large enough such that both J and J? are m-regular. As
HY (X, J%*(n)) = (0) for n > m by 4.1 (b), the map

HY(X,J(n)) — H(X, T (n)/T*(n)) = Saec(T (n)/T*(n))q
is surjective for all n > m. Let then f € H°(X, J(m)) be a section such that its im-

age in (J(m)/J?*(m))®k(x) is non-zero for each z € C such that (J(m)/J?*(m))®
k(z) # (0). Let I := @®,>0H°(X,J*(n)). Keep the notation introduced in (a), and
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identify I with a homogeneous ideal of B. Then I Z p; for all i < r, since otherwise
Gr>oH (X, J(n)) C p;, which contradicts the hypothesis that I'; is not contained in
C'. Let p,41,...,ps be the homogeneous ideals of B corresponding to the (reduced)
points of C.

Lemma 4.3 (b) below implies then the existence of ng > 0 such that for all n > nq,
there exist z,, € H'(X,J7%(n)) and g, € H*(X,Ox(n —m)) \ Ui<i<sp; such that
fGn + Tn & Ur<i<,pi. Clearly, f,, := fg, +x, € H(X,J(n)). As g, is invertible in
Ox(n —m)g, fn is non-zero in (J(n)/J?*(n)) ® k(zx) for all x € C. O

The following Prime Avoidance Lemma for graded rings is needed in the proof of
4.2. (For related statements, see [36], Theorem A.1.2., or [3], III, 1.4, Prop. 8, page
161.)

Lemma 4.3. Let B = ®,>0B(n) be a graded ring. Let I = ®,>0l(n) be a homo-
geneous ideal of B. Let py,...,p, be homogeneous prime ideals of B not containing
B(1) and not containing I.

(a) Then there exists an integer ng > 1 such that for all n > ngy, I(n) € Ui<i<,/pi.

(b) Let f € B(m) for some m > 1. Assume in addition that py,...,p, do not
contain fB + 1. Let s > r, and when s > r, let p,11,...,ps be additional
homogeneous prime ideals not containing B(1). Then there exists ng > 1 such
that for all n > ng, there are g, € B(n —m) \ Ui<;<sp; and x,, € I(n) with
fon + 7y & Ui<ic, i

Proof. (a) We proceed by induction on r. If r = 1, choose t € B(1) \ p; and a
homogeneous element o € I\ py, say of degree ng. Then t" ™« € I(n) \ p; for all
n > ng, as desired. Let r > 2 and suppose that the lemma is true for r — 1. We
can suppose that p; is not contained in p, for all ¢ # r, so that Ip;---p,—1 € p,.
Similarly, we can suppose that p, is not contained in p; for all ¢ # r, so that Ip, &
(p1U...Up,_1). Hence, we can apply the case r = 1 and the induction hypothesis to
obtain that there exists ng such that for all n > ng, there are homogeneous elements
fon€1Ipr---p1 \prand g, € Ip, \ (p1 U...Up,_1) of degree n. It is easy to check
that f,, + gn € I(n) \ Ui<i</pi, as desired.

(b) As p; does not contain B(1) for all i < s, we can find n; > 0 such that for all
n > ny, there exists g, € B(n —m) \ Ui<i<sp; (use (a) with I = B). We proceed by
induction on 7. First suppose that r = 1. If f ¢ p;, then the property is true with
xn, = 0. Suppose then that f € p;. Then I ¢ p; since p; does not contain fB + [
by hypothesis. Choose t € B(1) \ p1, and choose a homogeneous element o € I\ py,
of some degree ny. Set ng := max(ny,n2). Then fg, +t" "2« ¢ p; for all n > ny.

Assume now that r > 2. We can suppose that there is no inclusion relation
between pq,...,p,. By induction hypothesis, there exists n; > 0 such that for all
n > nq, there exists z,, € I(n) such that fg, + z, ¢ Ui<,—1p;. If n is such that
fgn+n & p,, we are done. Suppose that n is such that fg, +z, € p,. Then I Z p,
since p, does not contain fB + I. It follows that Ip;---p,_1 € p,. Hence, there
exists mg > 0 such that for each n > ny, there exists y, € (Ipy---p,—1)(n) \ p, (use
(a)). Then for any n > max(ny,n2), fgn + (Tn + Yn) ¢ Ur<i<,Pi, as desired. O

Keep the notation introduced in 3.5.
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Lemma 4.4. Let S be a noetherian affine scheme, and let X — S be projective.
Let Ox (1) be a relatively very ample sheaf for X — S. Let C :=V(J) be a closed
subscheme of X, finite over S. Then there exists ng > 0 such that for alln > ng and
for all s € S, the sheaves J,(n) and J2(n) are n-regular, and the canonical maps

HY(X, J(n)) @ k(s) — H*(X,, Ji(n)) — H(X,, T(n))

are surjective.

Let F' be a closed subscheme of X. Then, for each s € S and n > ng, there
exists fon € HY(X,J(n)), whose image in (J,(n)/T2(n)) ® k(x) is non-zero for all
x € C with (T,(n)/J2(n)) @ k(x) # (0), and whose zero locus V., (fs,) in X does
not contain any irreducible component of Fy of positive dimension.

Proof. The following results are found in [34], step 3 in the proof of Theorem 4.2.11.
Let F be a coherent sheaf on P5. Then there exists an integer N such that for all
n > N and for every s € 5, HJ(HDZ(S),]:S(n)) = (0) for 7 > 1. Moreover, letting
p : PL — S denote the canonical projection map, then the natural map of k(s)-vector
spaces p.(F(n)) @ k(s) — H°(Py), Fs(n)) is an isomorphism.

We use these facts in the following context. Let G be any coherent sheaf on X.
Associated with the very ample sheaf Ox(1) is an embedding i : X — P for some
r. Since H(X,,G,) = (0) for all i > dim(X), we find from the above facts applied
to F := i,G that G, is (r + N)-regular for all s € S. It follows that there exists
m such that for all n > m and for all s € S, J,(n) and J2(n) are n-regular, and
HY(X,J(n)) ® k(s) — H°(X,, Js(n)) is surjective.

Let s € S and recall that J, is the image of J, — Ox.. As the kernel K, of
Js — J, is coherent and supported on the affine (finite) subscheme C;, we find that
HI(X,,Ks(n)) = (0) for 5 > 1, and HI(X,, Jo(n)) — HI(X,, Js(n)) is surjective for
all n and all j > 0. It follows that since J, is m-regular, then so is J,.

We see by [11], IV.9.7.8, that there exists a positive integer ¢y such that for all
s € S, Cs and F, each have at most ¢ irreducible components. Let

Zy={s €S| Card(k(s)) < 2co}.

Lemma 2.4 shows that Z; is a finite set.

Let s ¢ Zy, and let 'y, ..., T, denote the irreducible components of F of positive
dimension. Then the existence for all n > m of the desired f;, follows from Lemma
4.2(a) applied to J, and the fact that H°(X,J(n)) ® k(s) — H°(X,, Js(n)) is
surjective. For the finitely many s € Zj, the existence of f;, for all n large enough
follows from 4.2(b). O

5. HYPERSURFACES

Our main result in this section is Theorem 5.3, a variant on Theorem 3.1. Let
S be an affine scheme and let X — S be a quasi-projective morphism. Let Ox (1)
denote a very ample invertible sheaf on X relatively to X — S. Let n > 1, and let
f be a global section of Ox(n).

For convenience, we will call the closed subscheme H; of X defined by the ideal
sheaf 7 := fOx®Ox(—n) a hypersurface when no irreducible component of positive
dimension of X, is contained in Hy, for all s € S. If, moreover, the ideal sheaf 7 is
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invertible, we will say that the hypersurface H; is locally principal. Note that when
7 is invertible, H; is the support of an effective Cartier divisor on X.

Lemma 5.1. Let S be an affine scheme. Let X — S be a quasi-projective morphism
and let Ox (1) be a relatively very ample sheaf on X. Let H be a hypersurface of X
as above.

(1) If dim X > 1, then either Hy is empty, or dim Hy < dim X, — 1. If, moreover,
X — S is projective, then Hg meets every irreducible component of positive
dimension of Xy, and in particular dim Hy, = dim X, — 1.

(2) If X — S is finitely presented, then so is H — S.

(3) Assume that S is noetherian and that X — S is flat. Then H is locally principal
and flat over S if and only if for all s € S, H does not contain any embedded
point of X.

(4) Assume S noetherian. If H does not contain any associated point of X, then H
18 locally principal.

Proof. (1) By hypothesis, H, does not contain any irreducible component of X of
positive dimension. Since H, is locally defined by one equation, we obtain that
dim Hy < dim X, — 1. The strict inequality may occur for instance in case dim X >
2, and H, does not meet any component of X, of maximal dimension. Assume now
that X, is projective. Let f denote the section of Ox(n) defining the open set X
such that H = X \ X;. Then X; N X, is affine and, thus, can only contain an
irreducible component of X, of dimension 0.

(2) Results from the fact that H is locally defined by a single equation in X.

(3) See [11], IV.11.3.8, and use the fact that in a noetherian ring R, an element is
regular if and only if it is not contained in any associated prime. Since by hypothesis,
H is a hypersurface, it does not contain any generic point of any component of any
fiber X,.

(4) Let f € H(X, Ox(n)) be such that H = H;. Cover X by affine open subsets
U; such that Ox(n)|y, is free for all i = 1,...,m. Choose a basis ¢; of Ox(n)|y, for
each ¢, and write Ox(n)|y, = ¢;0x. Then f|y, = e;h; for some h; € Ox(U;), and
HNU; = V(h;). The hypothesis HNAss(X) = () implies that h; is a regular element
of Ox(U;) ([24], (7.B), Corollary 2, where the noetherian hypothesis is used). The
system {(U;, h;)}; defines an effective Cartier divisor D whose support is H, and
the ideal sheaf 7 defining the closed subscheme H is isomorphic to the ideal sheaf
defined on each U; by Ox (U;)h;. In other words, Z ~ Ox(—D). O

Theorem 5.2. Let S be an affine scheme, and let X — S be a quasi-projective and
finitely presented morphism. Let C be a closed subscheme of X, proper and finitely
presented over S. Let A be a finite subset of X such that ANC = 0. Let F be a
closed subset of X defined by an ideal sheaf of finite presentation. Assume that for
all s € S, C' does not contain any irreducible component of positive dimension of F
and of X.

Fiz an ample invertible sheaf Ox(1) on X. Then there exist n > 0 and a global
section f of Ox(n) such that the hypersurface Hy of X contains C' as a closed
subscheme, AN Hy = 0, and Hy does not contain any irreducible component of
positive dimension of F.
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Proof. Without loss of generality, we may assume that Ox(1) is a relatively very
ample invertible sheaf on X. Let us first show that it suffices to prove the theorem
when the base S is noetherian and of finite dimension. For this, we will use the
machinery developed in [11], IV.8 (see in particular the scholie IV.8.8.3). Using [11],
IV.8.9.1 and IV.8.10.5, we find the existence of an affine scheme S; of finite type
over Z, and of a morphism S — Sy such that all the objects of Theorem 5.2 descend
to Sp. More precisely, there exists a quasi-projective scheme X, — Sy such that
X is isomorphic to Xy xg, S. We will denote by p : X — X the associated ‘first
projection’” morphism. There also exists an invertible relatively very ample sheaf
Ox,(1) on X, whose pull-back to X is Ox(1). There exists a closed subscheme Cj
of Xy, proper over Sy, such that C' is isomorphic to Cy x g, S. Finally, there exists
a closed subset Fy of X such that F is isomorphic to Fy xg, S. Let Ay := p(A).

Since Sy is of finite type over Z, S is noetherian and of finite dimension. Suppose
the theorem proven for Xy, Ox, (1), Fy, Co, and Ay, and let Hy denote the hyper-
surface of Xy as in the conclusion of the theorem. Let H := Hy xx, X. Then H is
a hypersurface in X satisfying the required properties with respect to Ox (1), F, C,
and A. (Note that for all s € S, if 59 € Sy is the image of s, then the image of an
irreducible component of Fy in Xj is an irreducible component of (Fp)s, of the same
dimension.)

We suppose from now on that S is noetherian and of finite dimension. Using the
same arguments as in the proof of Theorem 3.1 in 3.10, we reduce further to the
case where X — S is projective.

Assume now that X — S is projective. Let J C Ox denote the ideal sheaf of C.
Let n > 1, and fix generators fi,..., fn, for the finitely generated Og(S)-module
H°(X,J(n)). As in the proof of Theorem 3.1, we will exhibit an integer n and
a section f = Zf\il a;fi, a; € Og(S), producing H; with the required properties,
using Proposition 2.3. The element (a1, . . ., ay) will correspond to a section of AY /S
which does not meet both a constructible set 7" and an auxiliary set B, sets which
we now describe.

As in the proof of 3.7, we note that since F' — S is proper, Zariski’s Main Theorem
implies that the subset of the points of F' which are isolated in their fibers is open
in F'. Let F denote the complement of this open subset in F. Then the fibers of
F — S have no isolated points and, hence, have no zero-dimensional irreducible
components. Consider the coherent sheaf F := J(n)|r on F, and note that the
support of F is F. Define for each s € S as in 2.1 the set ¥;(s) associated with
Z :=F and F := J(n)|p:

Yi(s) = {(al, o ay) € k()Y ‘ Z@ifi,s vanishes at some generic point of ZS} .

When Z; = (), we set ¥1(s) := 0. Let ¢ := dim(S)+2 in Lemma 3.7, and apply 3.7 to
Z :=F and F := J(n)|p. It follows that for all n > ny, there exists a constructible
subset T} of AY such that for all s € S, ¥(s) is exactly the set of k(s)-rational
points of (A%), contained in (7}),, and such that dim(7}), < N —2 — dim S. In
particular, dim(77) < N —1 < N.

We now repeat the construction above with the set X instead of F', obtaining
first X with the sheaf J(n)|x, and then applying 3.7 to obtain the existence for all
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n > ny > ng of a constructible subset Ty, € AY with dim(73) < N associated with
the collection of sets Yo(s). We let T := T} U Ts.

Let us now define the subset B = UyegBs. Let s € S. If X, N A =0, set B, := (.
If X, N A is not empty, consider the set D, of all (ay,...,ax) € k(s)" such that
Y icicn Qifis vanishes at some point of X, N A. Our hypothesis that C;, N A = ()
implies that D, is contained in a proper closed hypersurface of A]k\gs), since for any
point x € Ay \ Cs, the sheaf (J(n)|x,). is not trivial and, hence, J(n)|x, is not
trivial in an open set of X, containing x. We denote by B, such a hypersurface.

By construction, the sets 7" and B (for all n large enough) satisfy Condition (1)
in the statement of Proposition 2.3. To be able to apply 2.3, we show now that
Condition (2) is also satisfied for some n large enough, namely, that for all s € 5,
T, U B does not contain all the k(s)-rational points of AkN(S). We proceed as in 4.4.
(The arguments that follow also give a direct proof of the theorem when S is the
spectrum of a field, using a variation on the Avoiding Lemma 4.3(a).)

By [11], IV.9.7.8, there exists a positive integer ¢y such that for all s € S, F;, Xj,
and A, each have at most ¢y irreducible components. Let

Zy={s €S| Card(k(s)) < 3co}.

Lemma 2.4 shows that Z, is a finite set.

Let s ¢ Zy, and let T'y, ... T, denote the irreducible components of F; and of X
of positive dimension, and the closures in X of the points of A;. Then the existence
for all n > m of a k(s)-rational point of Aﬁs) not contained in Ty U B; follows from

a variation on Lemma 4.2(a) applied to J, and the fact that H°(X, J(n)) ® k(s) —
HY%(X,, Js(n)) is surjective. For the finitely many s € Zy, the existence of the desired
k(s)-rational point for all n large enough follows from a variation on 4.2(b).

We can thus apply Proposition 2.3 to find, for some n large enough, a section
(a,...,ay) € AY(S) such that for all s € S, (ai(s),...,an(s)) is not a k(s)-rational
point of (AY), contained in T,UB,. Let f := S, a;f; € H*(X, J(n)), and consider
the closed subscheme V., (f) C X. By definition of f, we have C' C V| (f), and by
definition of 17, T,, and B, we have:

(i) forall s € S, V. (f) does not contain any irreducible component of F of positive
dimension,
(ii) for all s € S, Vi (f) does not contain any irreducible component of X, of
positive dimension,
(iii) Vi (f) does not contain any point of A,

as desired. O

Theorem 5.3. Let S be an affine scheme and let X — S be a quasi-projective and
finitely presented morphism. Let C be a closed subscheme of X, proper and finitely
presented over S. Let F be a closed subset of X, such that when F is endowed with
the induced reduced structure of scheme, the morphism F — S is finitely presented.
Assume that for all s € S, Cs does not contain any irreducible component of positive
dimension of Fs and of Xj.

Fiz an ample invertible sheaf Ox(1) on X. Then there exist n > 0 and a global
section f of Ox(n) such that

(1) C is a closed subscheme of Hy,
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2) H¢ does not contain any irreducible component of positive dimension of Fy and
f
of X, forall s € S.

Assume in addition that S is noetherian, and that C N Ass(X) = (0. Then there
exists such a hypersurface Hy which is locally principal.

Proof. Apply 5.2 with A = Ass(X). The fact that H; is locally principal when
Hy N Ass(X) =0 is noted in 5.1, (4). O

Remark 5.4 It is classical that if X/k is a projective scheme over a field, C C X a
proper closed subset, and &;, ..., &, are points of X not contained in C', then there
exists a hypersurface H in X such that C' C H and &, ..., ¢ H.

Let S be a noetherian scheme, and let X/S be a projective morphism. Let
Fy, ..., F, be finitely many irreducible closed subsets of X, finite and surjective over
S. It is not always possible to find a hypersurface H in X which does not intersect
UI_, F;. The reader can use 7.7 to produce an example of the form X =P(Og & L)
with £ a non-trivial invertible sheaf of finite order. This shows that in general
Condition (2) in 5.3 cannot be strengthened by asserting that Hy N Fs = ) for all
seS.

Recall that a locally noetherian scheme Z is (S;) for some integer ¢ > 0 if for all
z € Z, the depth of Oy, is at least equal to inf{¢,dim Oy} ([11], IV.5.7.2).

Corollary 5.5. Let S be an affine scheme, and let X — S be a quasi-projective and
finitely presented morphism. Let C be a closed subscheme of X, proper and finitely
presented over S. Assume that for all s € S, C' does not contain any irreducible
component of positive dimension of Xs. Suppose that for some £ > 1, X, is (S;) for
all s € S.

Then there exists a hypersurface H C X such that C is a closed subscheme of
H, and the fibers of H — S are (Sy—1). In particular, if the fibers of X — S are
Cohen-Macaulay, then the same is true of the fibers of H — S.

Assume that S is noetherian and Ass(X) N C = 0. Then we may in addition
assume H to be locally principal, and if X — S is flat, then H — S can be assumed
to be flat.

Proof. We apply Theorem 5.2 to X — S and C, with F' = X, and with A = Ass(X)
if the latter is finite and A = ) otherwise. Let H be a hypersurface in X as given
by 5.2. For all s € S, Hy does not contain any irreducible component of X,. Since
X, is (Sy) with ¢ > 1, X has no embedded points. It follows that H; is locally
generated everywhere by a regular element and, thus, H; is (S,_1). This also implies

that H — S is flat when X — S is flat (5.1, (3) and (4)). O

Remark 5.6 Let S be an affine scheme and let X — S be projective and smooth.
Fix an ample invertible sheaf Ox (1) on X as in Theorem 5.3. It is not possible in
general to find n > 0 and a global section f € Ox(n) such that Hy — S is smooth.
Examples of N. Fakhruddin illustrating this point can be found in [30], 5.14 and
5.15.

Corollary 5.7. Let S be an affine noetherian irreducible scheme of dimension 1.
Let X — S be quasi-projective and flat, and assume that its generic fiber is (Sq).
Then there exists a locally principal hypersurface H C X, flat over S.
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Proof. We have to find a hypersurface H which avoids both the finite set Ass(X)
(5.3), and the set M of all x € X such that x is an embedded point of X, (5.1 (4)).
For all s € S, the set of embedded points of X is finite. By [11], IV.9.9.2(viii), M is
constructible, and by hypothesis, it does not meet the generic fiber of X — S. Since
the image of a constructible set is constructible, and S is irreducible of dimension 1,
the image of M is a finite set. Therefore, M is finite. Now apply 5.2 with ' = C = ()
and A = M U Ass(X). O

6. FINITE QUASI-SECTIONS

Let X — S be a surjective morphism. We call a closed subscheme T of X a finite
quasi-section when T' — S is finite and surjective. We establish in 6.2 the existence
of a finite quasi-section for certain types of projective morphisms. The existence of
quasi-finite quasi-sections for flat or smooth morphisms is discussed in [11], 17.16.

When dim S =1 and X — S is proper, the existence of a finite quasi-section 7" is
well-known and easy to establish. It suffices to take T" to be the Zariski closure of a
closed point of the generic fiber of X — S. When dim S > 1, the process of taking
the closure of a closed point of the generic fiber does not always produce a closed
subset finite over S, as the simple example below shows.

Example 6.1 Let S = Spec A with A a noetherian integral domain, and let K =
Frac(A). Let X = P4. Choose coordinates and write X = Proj A[tg,t;]. Let
P € Xk(K) be given as (a : b), with a,b € A\ {0}. When (bty — aty) is a prime
ideal in A[tg,t;], then T := V (bty — aty) is the Zariski closure of P in X. When in
addition aA+bA # A, T is not finite over S. For a concrete example with S regular
of dimension 2, take k a field and A = klt, s], with @ = ¢, and b = s. (Note that
when dim(A) = 1 and aA+bA # A, the ideal (bty — aty) is never prime in Altg, t]).

More generally, to produce K-rational points on the generic fiber of P4 — S for
some n > 1 whose closure is not finite over S, we can proceed as follows. Let T" — S
be the blowing-up of S with respect to a coherent sheaf of ideals I, and choose I so
that T — S is not finite. Then T" — S is a projective morphism, and we can choose
T — P§ to be a closed immersion over .S for some n > 0. Let £ denote the generic
point of the image of 7" in X :=P¢. Then ¢ is a closed point of the generic fiber of
X — S, and the closure of £ in X is not finite over S.

Theorem 6.2. Let S be an affine scheme and let X — S be a projective, finitely
presented morphism. Suppose that all fibers of X — S are of the same dimension
d > 0. Let C' be a finitely presented closed subscheme of X, with C' — S finite but
not necessarily surjective. Then there exists a finite quasi-section T which contains
C. Assume now that S is noetherian. Then:

(1) If C and X are irreducible, then there exists an irreducible finite quasi-section
T which contains C.

(2) If X — S s flat with Cohen-Macaulay fibers (e.g., if S is reqular and X is
Cohen-Macaulay), then there exists a finite quasi-section containing C which is
flat over S.
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(3) If X — S is flat and a local complete intersection morphism?, then there exists
a finite quasi-section T containing C with T — S flat and a local complete
intersection morphism.

Proof. To prove the first conclusion of the theorem, it suffices to show that X /S has
a finite quasi-section 7. Then 7T'U C' is a finite quasi-section which contains C. If
d = 0, then X — S itself is finite. Suppose d > 1. It follows from Theorem 5.2,
with A = ) and F = X, that there exists a hypersurface H in X. By definition
of a hypersurface, for all s € S, Hy does not contain any irreducible component of
X of positive dimension. Lemma 5.1(1) and our hypotheses show that every fiber
H, has dimension d — 1. Lemma 5.1(2) shows that H/S is also finitely presented.
Repeating this process another d — 1 times produces the desired quasi-section.

Assume now S noetherian, and let us prove (1). Note that since X is irreducible
and the fibers of X — S are all not empty by hypothesis, then X — S is surjective
and S is irreducible. When d = 0, X — S'is then an irreducible finite quasi-section,
and contains C. Assume now d > 1. Then we can find a hypersurface H; which
contains C'. Using 6.3 below and the assumption that C' is irreducible, we can find
an irreducible component I' of H which contains C, dominates S, and such that all
fibers of I' — S have dimension d — 1. If d — 1 > 0, we repeat the process.

Part (2) is proved similarly to the first statement of the theorem, using Corollary
5.5. Note that when d = 0, the statement is obvious. When d > 0, we find that
since X — S is flat with Cohen-Macaulay fibers of positive dimension, the depth
formula [11], IV.6.3.1, implies that Ass(X) consists of the generic points of X for
each s € Ass(S). Since C' — S is finite, we find that Ass(X)NC = 0.

To prove (3), note that as X — S is flat and lc.i, the fibers X are Cohen-
Macaulay and, hence, have no embedded points. Let H be a locally principal hy-
persurface in X containing C, as in 5.5. By 5.1(3), H is flat over S. Then H, does
not contain any associated point of X. By 5.1(4), Hy is locally principal in X and,
hence, l.c.i. over k(s). Therefore, H — S is flat and l.c.i. Repeating this process
another d — 1 times produces the desired quasi-section. O

Lemma 6.3. Let S be noetherian and irreducible. Let m : X — S be a projective
morphism with dim(X) > 0 for all s € S. Let H C X be a hypersurface. If
all 1rreducible components of X dominate S, then all irreducible components of H
dominate S. Assume in addition that for each irreducible component A of X, the
fibers of A — S all have dimension d > 1. Then the fibers of any irreducible
component I of H all have dimension d — 1.

Proof. Let n denote the generic point of S. Let I' be an irreducible component of
H, and let Z denote its image in S. Let ¢ be the generic point of Z. Fix any
closed point x of I';, and denote also by x its image in I". Assume that z does
not belong to any other irreducible components of H, so that dim Or, = dim Og,.
We have dim Or, = dim O, ,. Because H is a hypersurface and the fibers have
positive dimension, we have dim Or, , = dim Ox, , — 1. We also have dim Ox , =
dim Or, + 1. Indeed, for each z € H, dimOp, > dimOx, — 1, with equality if
and only if H does not contain an irreducible component A of X passing through

3Since the morphism X — S is flat, it is a local complete intersection morphism if and only if
every fiber is a local complete intersection morphism (see, e.g., [21], 6.3.23).
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x. But the latter is not possible, since A, # () by hypothesis, and thus A, is an
irreducible component of X,,. It follows that

dim OX,:U = dim OF,I +1= dim OXt,z'
Since dim Oy, , < dim O;-1(z),, and dim Oy, = codim({z}, X), we find that
codim({z}, X) = codim({z},771(2)).

Thus, one irreducible component of X is contained in the closed set 77!(Z). Since
all irreducible components of X dominate S, we find that Z = S.

Now that we know that I' — S is surjective, we can apply [11], IV.13.1.6, and
find that for all s € S, dimI'y > dimT",. Suppose now that dim X, = d > 1 for all
s € S. Our hypothesis that H is a hypersurface implies that for all s € S, Hy does
not contain any irreducible component of X, of positive dimension. Thus, for all
s € S, we have

d—1=dimX; —-1>dimDl; > dimT,.
By hypothesis, we find that all irreducible components of X, have dimension d.
Hence, the equality dim Or, , = dim Oy, , — 1 proved above implies that dimI’, =
d—1. Thus, dimI'y =d — 1. 0

Remark 6.4 Let S be an affine scheme, and let X — S be a smooth, projective,
and surjective, morphism. We may ask whether X — S always admits a finite étale
quasi-section. A positive answer to this question over S = Spec Z would imply that
any smooth, projective, surjective, morphism X — SpecZ has a generic fiber which
has a Q-rational point. Note that the existence of a quasi-finite étale quasi-section
is proved in [11], 17.16.3 (ii).

Let K be a number field, let B C Z be a finite set of primes, and denote by
Oxp = Ok[l/p,p € B] the ring of B-integers in K. Let S := SpecOg p. Let
again X — S be smooth, projective, and surjective. A weaker question would be to
ask whether the generic fiber X/ Spec K of X — S always has a point in a finite
extension L/K such that any ramified prime of L/K lies over a prime in B. In other
words, we may ask whether the morphism X — S always has a finite quasi-section
T such that the normalisation T — T is étale over S.

Let now S be a smooth affine geometrically irreducible curve over a finite field.
Let X — S be a smooth and surjective morphism, with geometrically irreducible
generic fiber. Then X/S has a finite étale quasi-section ([37], Theorem (0.1)).

Corollary 6.5. Let A be a commutative ring. Let M be a finitely generated projec-
tive A-module of constant rank r > 1. Then there exist an A-algebra B, finite and
faithfully flat over A, with B a local complete intersection over A, and locally free
B-modules Ly, ..., L, of rank 1 such that M @4 B and Ly @ - - - ® L, are isomorphic
B-modules.

Proof. Let us first consider the case where A is noetherian. Let S := Spec A. Assume
r > 1. Let M denote the locally free Og-module of rank r associated with M. Let
X :=P(M). Then the natural map X — S is projective, smooth, and its fibers all
have dimension r — 1. We are thus in a position to apply Theorem 6.2 (3) to obtain
the existence of a finite flat quasi-section 7' — S as in (3). In particular, T'= Spec B
for some finite and faithfully flat A-algebra B, with B a local complete intersection
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over A. Moreover, the existence of an S-morphism ¢g : T — X corresponds to the
existence of an Op-invertible sheaf £, and of a surjective morphism ¢g*M — L. Let
M denote the kernel of this morphism. The Op-module M is locally free of rank
r—1,and ¢*M = L, & M;. We may thus proceed as above and use Theorem 6.2
(3) another r — 2 times to obtain the conclusion of the corollary.

We now show how to reduce the general case to the case where A is noetherian.
The following holds: Let A be a commutative ring, and let M be a projective finitely
generated A-module. Then there exist a subring Ay of A, with Ay finitely generated
over Z (and, hence, noetherian), and a finitely generated projective Ay-module My,
such that My ®4, A >~ M.

Indeed, first note that M is finitely presented since it is projective and finitely
generated. By [11], IV.8.9.1, there exist a subring Ay of A and a finitely generated
projective module M; over A, such that Aj is finitely generated over Z and such
that My ®4, A >~ M. We claim that there exists an extension Ap C A; C A such
that M := My®a4, A is locally free over A;. As M is locally free, Spec A is covered
by finitely many principal open subsets D(f;) such that My, is free over Ay, for all
i € I. Replacing Ay by Ag[fi,i € I] if necessary, we assume that f; € Ag for all
1€ 1.

We are thus reduced to consider the case where the module M is free of rank r
over A, and there exist a subring Ay and an Aj-module Mj such that My®4, A ~ M.
Write down an isomorphism A" — M. Increasing A if necessary, we may assume
that there exists a set of r elements of M, which becomes a basis of My ®4, A. In
other words, the given isomorphism A" — M descends to a surjective linear map
Al — My. We therefore have an exact sequence of the form Af — Aj — My, such
that the first map A — Af becomes the 0-map when tensored by A. It is therefore
already the O-map, and M, is free.

To conclude the proof in the non-noetherian case, we apply the noetherian case
to the ring A; and the module M, and tensor everything back with A to obtain the
result for M. O

Remark 6.6 The corollary strengthens, in the affine case, the classical splitting
lemma for vector bundles ([8], V.2.7). When A is of finite type over an algebraically
closed field k, and is regular, it is shown in [35], 3.1, that it is possible to find a
finite faithfully flat reqular A-algebra B over which M splits.

Let S be a scheme and let U C S be an open subset. Given a family C' — U of
stable curves over U, conditions are known (see, e.g., [16]) to insure that this family
extends to a family of stable curves over S. It is natural to consider the analogous
problem of extending a given family D — Z of stable curves over a closed subset
Z of S. For this, we may use the existence of finite quasi-sections in appropriate
moduli spaces, as in the proposition below.

Proposition 6.7. Let S be a noetherian affine scheme. Let Z be a closed subscheme
of S, and let D — Z be a stable curve of genus g > 2. Then there exist a finite
surjective morphism T — S, a stable curve D — T of genus g, a finite surjective
morphism Z' — Z, a closed S-immersion Z' — T, and a morphism D Xz Z' — D



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 30

such that the diagram below commutes and the top square in the diagram is cartesian:

DXZZ/(—>D

L

Z/(—> T

L

7——38

Proof. Let F := M, be the Deligne-Mumford stack of stable curves of genus g
over S (see [6], 5.1). The general theory ([18], 1.3 (1)) implies the existence of a
coarse moduli space M for F, with M an algebraic space, and a proper S-morphism
F — M. In the case of M, over SpecZ, it is known that the coarse moduli space
M, is a scheme which is projective over SpecZ, and that the fibers of M, — Spec Z
all have the same dimension ([14], 2.1, 3.8). The curve D — Z corresponds to an
element in the set F(Z), which in turn corresponds to a closed immersion of Z into
F,since F' — S is proper and Z is a closed subscheme of S. Our proposition follows
then from the following ‘stacky’ version:

Let F be a separated Deligne-Mumford stack over a noetherian affine scheme S.
Let M be the coarse moduli space for F, with M an algebraic space, and associated
proper S-morphism F — M. Assume the following: There exist a scheme M’ and a
surjective S-morphism M' — M such that the morphism M' — S is projective and
surjective, and its fibers all have the same dimension. Let Z be a closed substack of
F, finite over S.

Then there exist: a scheme T with an S-morphism of stacks T — F and such that
T — S is finite and surjective, and a closed scheme Z' of T with a finite surjective
morphism Z' — Z, making the following diagram commute:

Let F' := F xp M'. Since F' is a separated Deligne-Mumford stack with M’
as moduli space (or algebraic stack in the terminology of [39]), there exists a finite
surjective morphism from a scheme X to F' ([39], 2.6). It follows from the construc-
tion in the proof of [39], 2.6, that the composition X — M’ is a finite surjective
morphism of schemes. Thus X/S is projective since S is affine and M’ — S is
projective. Moreover, for each s € S, dim X = dim M| because X — M’ is finite
and surjective. Consider the stack Z’' := (Z Xy M) x @ X. Since Z — F is a closed
immersion, Z’ is a closed substack of the scheme X and, thus, is a closed subscheme
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of X. The situation is represented in the following diagram:

Z/::(ZXMM,)X]:/X X

| |

Z Xy M Fli=F xy M — M

| | l

Z F M.

By Theorem 6.2, there exists a finite quasi-section T' of X /S containing Z’. Since
X — F' is finite surjective and M’ — M is surjective, then Z' — Z is surjective.
Since Z/S is finite and Z’/S is finite because Z' is a closed subscheme of 7" which
is finite over S, we find that Z’ — Z is finite.

Let us apply the above considerations to the Deligne-Mumford stack F := M,.
The stable curve D — T whose existence is asserted in the statement of the propo-
sition corresponds to the element of F(T') associated with the morphism 7' — F
whose existence has just been demonstrated. 0

Some condition on the dimension of the fibers of X — S in 6.2 is necessary for a
finite quasi-section to exist, as the following easy facts show.

6.8 Let S be noetherian. Let f: X — S be a projective morphism between integral
schemes, and let T" be a finite quasi-section.

(a) Assume that f is birational. Then f is finite, and dim Xy =0 for all s € S.
(b) Assume that S is affine, that X is reqular, and that the generic fiber of X — S
has dimension 1. Then dim Xy =1 for all s € S.

Proof. (a) Since f is birational, X and S have the same dimension. Since T' — S is
finite, 7" and .S have the same dimension. Thus, T" and X have the same dimension,
and since T is closed in X, it must contain the generic point of X. Hence, T'= X.

(b) Since T contains an irreducible component which surjects onto S, replacing
T by this component if necessary, we can suppose T irreducible. Replacing T' by
T)cq if necessary, we may also assume that 7' is reduced. Since the fibers of T'— S
are of dimension 0, the closed set T satisfies the hypothesis of Theorem 5.3, and
we find a locally principal hypersurface H of X containing 7', and such that for all
s € §,dim H; = dim X — 1. In particular the generic fiber of H/S has dimension 0.
Therefore, the preimage of the generic point of S in H contains only generic points
of H. It follows that T coincides (as closed subsets) with an irreducible component
of H. Since X is regular, we find that T" is then also a Cartier divisor on X, locally
defined by one equation in X. Thus, 0 = dim 7 > dim X, — 1, and if follows that
dim X, =1 for all s. O

A slight improvement to Theorem 6.2 in a case of interest in arithmetic geometry
is as follows.

6.9 Let S be a noetherian excellent reqular integral scheme, with function field K.
Let X — S be a projective morphism such that every fiber X, s € S, is an abelian
variety or, more generally, does not contain a rational curve. Then the closure T of
any K-rational point of the generic fiber of X — S is finite over S.
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Proof. Consider the projective birational morphism 7 — S, and denote by T — T
the normalisation of 7. Then f : T — S is a birational morphism of finite type.
Denote by E(f) the exceptional set of f, that is, the set of points # € T such that
f is not a local isomorphism at z. Since S is assumed to be regular, we can apply a
theorem of Abhyankar ([1], see also [20], Appendix, VI.1.3) to f : T — S and obtain
that every irreducible component of E is ruled over its image in S. It follows that if
E' is not empty, then there exists s € S such that E contains a rational curve. Since
the morphism 7 — T is finite, it follows that X, contains a rational curve, and this
is a contradiction. So E is empty and the morphism 7" — S is an isomorphism. [J

7. MOVING LEMMA FOR 1-CYCLES

We review below the basic notation needed to state our moving lemma. Let X be
a noetherian scheme. Let Z(X) denote the free abelian group on the set of closed
integral subschemes of X. An element of Z(X) is called a cycle, and if Y is an
integral closed subscheme of X, we denote by [Y] the associated element in Z(X).

Let Kx denote the sheaf of meromorphic functions on a noetherian scheme X
(see [19], top of page 204 or [21], Definition 7.1.13). Let f € K% (X). Its associated
principal Cartier divisor is denoted by div(f) and defines a cycle on X:

div(f)] = 3 ord, (£) o]

where z ranges through the points of codimension 1 in X, and ord, : K%, — Z
is defined, for a regular element of g € Ox,, to be the length of the Ox ;-module
Ox./(9).

A cycle Z is rationally equivalent to 0 or rationally trivial, if there are finitely
many integral closed subschemes Y; and principal Cartier divisors div(f;) on Y;,
such that Z = ) [div(f;)]. Two cycles Z and Z' are rationally equivalent in X if
7 — 7' is rationally equivalent to 0.

A proper morphism of schemes 7w : X — Y induces by push forward of cycles a
group homomorphism 7, : Z(X) — Z(Y). If Z is any integral subscheme of X
then m,(Z2) := [k(Z) : k(w(Z))][n(Z)], with the convention that [k(Z) : k(w(Z))] =0
if dim(Z) > dim(7(2)).

7.1 Assume now that both X/S and Y/S are schemes of finite type over a scheme S
which is universally catenary and equidimensional at every point, and let f : X — Y
be a proper morphism of S-schemes. Let C' and C’ be two cycles on X which are
rationally equivalent. Then f.(C) and f.(C") are rationally equivalent on Y ([38],
Proposition 6.5, and 3.11).

We are now ready to state the main theorem of this section.

Theorem 7.2. Let R be a Dedekind domain satisfying Condition (T*) in 1.2, and
let S := Spec R. Let X — S be a flat and quasi-projective morphism, with X integral
and reqular. Let C be a horizontal 1-cycle on X. Let F be a closed subset of X such
that for all s € S, FF N X, has codimension at least 1 in X,. Then some positive
multiple mC' of C' is rationally equivalent to a horizontal 1-cycle C' on X whose
support does not meet F'. When R is semi-local, we can take m = 1.
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Let us briefly introduce facts about contraction morphisms needed in the proof of
Theorem 7.2.

Proposition 7.3. Let R be a Dedekind domain, and S := Spec(R). Let X — S be
a projective morphism of relative dimension 1, with X integral. Let C' be an effective
Cartier divisor on X, flat over S. Then

(a) There exists mo > 0 such that the invertible sheaf Ox(mC') is generated by its
global sections for all m > my.

(b) The morphism X' := Proj (®m>0H (X, Ox(mC))) — S is projective, with X'
integral, and the canonical morphism u : X — X' is projective, with u,Ox =
Ox: and connected fibers.

(c) For any vertical prime divisor T' on X, u|r is constant if T N Supp C' = 0, and
1s finite otherwise.

(d) Let Z be the union of the vertical prime divisors of X disjoint from Supp C.
Then u induces an isomorphism X \ Z — X'\ u(Z).

Proof. In [2], Theorem 1 in 6.7, a similar statement is proved, with R local, and X
normal. (The normality is not assumed in [7] and [29]. A global base is considered
in [21], 8.3.30.) We leave it to the reader to check that the proof of [2], 6.7/1, can
be used mutatis mutandis to prove 7.3. Part (a) follows from the first part of the
proof of 6.7/1. Part (b) follows from 6.7/2. Part (c) follows from the second part
of the proof of 6.7/1. We now give a proof of (d). The morphism w is birational
because it induces an isomorphism X, — X, over the generic point 7 of S, since
C, is ample, being effective of positive degree. It follows that Z is the union of
finitely many prime divisors of X. As wu has connected fibers, it follows from (c)
that Z = u'(u(Z)). The restriction v : X \ Z — X'\ u(Z) of u is thus projective
and quasi-finite. Therefore, v is finite and, hence, affine. As Oxn\rz) = v.O0x\z, v
is an isomorphism. O

We are now ready to prove Theorem 7.2. The end of our proof below is reminiscent
of 4.3 in the proof of Rumely’s Local-Global Principle given in [25].

Proof of Theorem 7.2. 1t suffices to prove the theorem in the case where C'is integral.
As in the proof of Theorem 3.3 in [9], we reduce the proof of 7.2 to the case where
C — X is lLc.i. as follows.

Proposition 4.2 in [9] shows the existence of a finite morphism D — C such that
the composition D — C' — S is an l.c.i. morphism. Since C'is affine, there exists for
some N € N a closed immersion D — C' xgPY C X xgPY. We claim that it suffices
to prove the theorem for the 1-cycle D and the closed subset F := F xg PY in the
regular scheme X x g P%. Indeed, let D’ be a horizontal 1-cycle whose existence is
asserted by the theorem in this case. In particular, Supp(D’) NF = (). Consider the
projection p : X xgPY — X, which is a projective morphism. Then p,(D) = C
because D — C'is birational. It follows from 7.1 that C' = p.(D) is rationally
equivalent to the horizontal 1-cycle C” := p,(D’) on X. Moreover, Supp(C")NF = .
Since D/S is l.c.., each local ring Op ., x € D, is an absolute complete intersection
ring, and the closed immersion D — X x gP¥ is a regular immersion ([11], 1V.19.3.2).

Let us now assume that C' — X is l.c.i. Let d denote the codimension of C'in X.
Since S is universally catenary and C' — S is surjective, we find that X, is pure of
dimension d for all s. We can thus apply Theorem 3.1 (as stated in section 3) and
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obtain a closed subscheme Y of X such that C' is the support of a Cartier divisor
on Y and such that F'NY; is finite for all s € S. Clearly, C is also the support of
a Cartier divisor on Y,.4, and on any irreducible component of Y., passing through
C. Thus, we are reduced to proving the theorem when X is integral of dimension 2
and F' is quasi-finite over S.

Let X be an integral projective compatification of X. Let F be the Zariski
closure of F'in X (it is finite over S). Let u : X — X’ be the contraction morphism
associated to C'in 7.3. Let Z denote the union of the irreducible components E of
the fibers of X — S such that ENC = 0. Let U = X \ (ZNX). Then C C U,
and u|y is an isomorphism onto its image. Let F' = u(F U ZU (X \ X)) UC. Then
X'\ F' C U, and F' is finite over S. We endow F’ with the structure of reduced
closed subscheme of X'.

Now suppose that R satisfies Condition (T*). Then Pic(F”) is a torsion group
because F” is the disjoint union of a closed subscheme finite flat over S, and some
isolated points. So, fix n > 0 such that Ox/(nC)|z is trivial. Since C' meets every
irreducible component of every fiber of X’ — S| the sheaf Ox.(C) is relatively ample
for X! — S ([11], 111.4.1.7). Let Z denote the ideal sheaf of F’ in X’. Then there
exists a multiple m of n such that H(X',Z ® Ox,(mC)) = (0). It follows that a
trivialization of Ox/(mC)|p lifts to a section f € H(X', Ox/(mC)).

Recall that by definition, Ox/(mC') is a subsheaf of Kx,. We thus consider f €
H(X',Ox/(mC)) C Kx(X) as a rational function. The support of the divisor
divx/(f) + mC is disjoint from F’ by construction. In particular, it is contained in
U and horizontal, and divy(f) has also its support contained in U. Considering the
pull back of the divisors under X — X — X' shows that the divisor divy(f) +mC
contained in U is disjoint from F', horizontal and linearly equivalent to mC'.

When R is semi-local, the set F' C X' is a finite set of points. Thus we may apply
Proposition 6.1 of [9] directly to the Cartier divisor whose support is C' to find a
Cartier divisor D linearly equivalent to C' and whose support does not meet F’. [J

Example 7.4 Let R be any Dedekind domain. Let S = Spec R. Our next example
shows that Theorem 7.2 can hold only if R has the property that Pic(S’) is a
torsion group for all S’ := Spec(R’) such that R’ is the integral closure of R in a
finite extension of the field of fractions of R, and R’ is finite over R.

Indeed, choose an invertible sheaf £ over S, and consider the projective scheme
X :=P(Og @ L), with the associated projective morphism 7 : X — S. Denote by
Cp and C, the images of the two natural sections of 7 obtained from the projections
Os®L — Ogand Og® L — L. Let C:= Cy+ Cw. Let F' := Supp(C).

If Theorem 7.2 holds, then a multiple of C' can be moved, and there exists a
1-cycle C”" of X such that Supp(C’) N F = (). Since the fibers of 7 are projective
lines and, hence, irreducible, every irreducible component in Supp(C”) dominates
S. Since 7 is proper, we find the existence of an integral subscheme Y of X, finite
over S, and disjoint from F. Let S’ — Y denote the normalization of Y and let
g : S’ — S denote the composition " -+ Y — S. Let X' := X x4.5’, with projection
' X' — S’ Clearly, n’ corresponds to the natural projection P(Og & ¢g*L) — 5.
We find that the morphism 7’ has now three pairwise disjoint sections, corresponding
to three homomorphisms from Og @ ¢*L to lines bundles, two of them being the
obvious projection maps.
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7.5 We claim that three such pairwise disjoint sections can exist only if £' := ¢*L
is the trivial invertible sheaf. Let N' C Og & L’ be the submodule corresponding to
the third section ([11], I1.4.2.4). For any s’ € S', N ®@k(s') is different from £ ®@k(s’)
because in the fiber above s, the section defined by N is different from the section
defined by the projection to Og, so the image of N’ ® k(s’) in the quotient k(s') is
non zero. Therefore the canonical map N' — Qg is surjective, hence isomorphic.
Similarly, the canonical map N — £ is an isomorphism. Therefore £’ ~ Og.

Lemma 7.6 shows that £ is a torsion element in Pic(S). Thus, for Theorem 7.2 to
hold, it is necessary that Pic(S) be a torsion group. Repeating the same argument
starting with any invertible sheaf £’ over any S’ (which is regular, and finite and flat
over S) and considering the map P(Og¢ & L") — S" — S we find that for Theorem
7.2 to hold, it is necessary that Pic(S’) be a torsion group.

Lemma 7.6. Let L/ K be a finite extension of degree d. Let R be a Dedekind domain
with field of fractions K, and let R’ denote a subalgebra of L, integral over R. Then
the kernel of Pic(R) — Pic(R') is killed by d.

Proof. When R’ is finite over R, this is well-known (see, e.g., [12], 2.1). (The hy-
pothesis that R is Dedekind is used here to insure that the ring R’ is flat over R.) In
general, let M be a locally free R-module of rank 1 such that M ®g R’ is isomorphic
as R’-module to R'. Consider then an isomorphism f' : R — M ®g R’ and its
inverse. Then there exist a finite R-algebra A contained in R’ and two morphisms
of A-modules f: A— M ®rAand g: M ®r A — A such that (go f) ®4 R is an
isomorphism. Let h :=go f: A — A. This morphism is determined by h(1), and
h(1) is a unit in R'. Since R’ is integral over R, we find that A(1) is a unit in A and,
hence, ¢ is an isomorphism. It follows that M®? is trivial in Pic(R), since A/R is
finite.

Example 7.7 Keep the notation introduced in Example 7.4, and choose a non-
trivial line bundle £ of finite order in Pic(S). Let X :=P(Os @ L). Let C := Cy,
and let F' := Cy U Cy. Then C itself cannot be moved away from F. Indeed,
otherwise, X — S would have a third section ('} disjoint from Cy and C,. But as
Example 7.4 shows, this can only happen if £ is trivial.

8. FINITE MORPHISMS TO P¢.

Theorem 8.1. Let R be a Dedekind domain satisfying Condition (T*) in 1.2, and

let S := Spec R. Then, for any d > 0, and for any projective morphism X — S such
that dim X, = d for all s € S, there exists a finite surjective S-morphism X — P%.

Proof. Fix an ample invertible sheaf Ox (1) on X. We first apply Theorem 5.3 to
X — S with C = 0 and F = X. We then find ny > 0 and f, € H*(X, Ox(no))
such that Hy — S has fibers of dimension d — 1. We apply again Theorem 5.3, this
time to Hy, — S and the sheaf Ox(ng)|m, . We find an integer n; and a section
fi € H°(Hy,, Ox(nom)|m,, ) whose associated hypersurface Hy, C Hjy, has fibers
over S of dimension d — 2. We continue this process d — 2 additional times, to find
a sequence of hypersurfaces Hy, | C ... C Hy C Hy,, where Hy, | — S has all its
fibers of dimension 0 and, hence, is finite (and surjective, 5.1 (1)) over S since it is
projective.
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Note that replacing fy by a positive power of f; does not change the topological
properties of the closed set Hy,. We can thus use the vanishing properties of the H*
groups to obtain the following: there exist n > 0 and sections gy, ..., gs—1 € Ox(n)
such that Y := Hy N...N H,y, | has all its fibers of dimension 0 and, thus, ¥ — S
is finite and surjective.

By Condition (T*), Pic(Y) is a torsion group. So there exists m > 1 such that
Ox(nm)ly =~ Oy. Therefore, we can find k large enough such that a trivializa-
tion of Ox(nmk)|y lifts to a section hy € H°(X, Ox(nmk)). Consider now hg :=
gyt . haoy = gk € HY(X, Ox(nmk)). By construction, Hy,N...NHy 1NH,; =
0.

Consider the homomorphism p : (Og“) ®os Ox — Ox(nmk) which maps the
1th element of the canonical basis of Og“ to h;. By construction, p is surjective.
It then induces a morphism r : X — P(O%!) = P¢ such that 7*O(1) ~ Ox (nmk).
This morphism is finite because it is proper and fiberwise finite (see [17], Lemma
3). O

Remark 8.2 The morphism r obtained in the above theorem is often flat. Indeed,
suppose that S is a noetherian regular scheme, and that X is Cohen-Macaulay. As
P4 is regular since S is, and r is finite and surjective, r is flat ([11], IV.15.4.2).

Remark 8.3 One may wonder whether Theorem 8.1 can be generalized to other
situations. Let S be the spectrum of a complete discrete valuation domain R with
field of fractions K. A smooth projective geometrically connected curve Yy /K of
genus g > 0 (in short, a curve) has a ‘canonical’ model Y/S, namely, its minimal
regular model. Theorem 8.1 shows that given any curve X /K with minimal regular
model X/, there exists a finite S-morphism X — PL. One may wonder, given a
curve Xy /K which admits a finite K-morphism Xx — Yy to another curve Yk,
whether there exists a finite S-morphism of minimal regular models X — Y. This
question has a negative answer in general (see, e.g., section 6 of [22]), even when X
and Y are allowed to be any regular models of their generic fibers.

We can prove a partial converse to Theorem 8.1.

Proposition 8.4. Let R be a Dedekind domain with field of fractions K, and let
S := Spec R. Suppose that for any d > 0, and for any projective morphism X — S
such that dim Xy = d for all s € S, there exists a finite surjective S-morphism
X — P4. Then Pic(R') is a torsion group for any Dedekind domain R' obtained as
the integral closure of R in a finite extension L/K and such that R’ is finite over R.

Proof. Let us show first that Pic(S) is a torsion group. Assume that it is not, and
choose a line bundle £ of infinite order in Pic(S). Let X := P(Og @ L£). We claim
that there exists no finite S-morphism X — P{. Indeed, since P} has three pairwise
disjoint sections, such a morphism would induce three pairwise disjoint finite quasi-
sections on X. After a finite flat base change S” — S, the morphism X xg S — 5’
would have three pairwise disjoint sections. But we saw in 7.5 that this is only
possible when £ has finite order in Pic(.S).

Let L/K be any finite extension, and let R’ denote the integral closure of R in
L, assumed to be finite over R. Let S’ := Spec R’. Since the morphism S — S is
finite, we find that for any d > 0, and for any projective morphism X’ — S’ such
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that dim X’ = d for all s € S’, there exists a finite surjective S-morphism X' — P,.
Thus, our argument above applies and Pic(S’) is a torsion group. [l

Remark 8.5 We thank Robert Varley for the following example of a Dedekind
domain R with infinitely many maximal ideals, satisfying Condition (T*), and where
Condition (T)(b) in 1.1 does not hold. Consider the ring C[z] and let S denote the
multiplicative subset of all polynomials which do not vanish on Z or, more generally,
on a given countable subset of C. Then R := S~!(C[z]) is a principal ideal domain
satisfying Condition (T*).

More generally, let A/Q be a Dedekind domain, finitely generated as a Q-algebra.
Let S denote the multiplicative subset of all elements of A®gC which do not vanish
at any maximal ideal M of A ®g C restricting under the inclusion A - A®z5C to a
maximal ideal of A. Then R := S~'(A ®g C) is a principal ideal domain satisfying
Condition (T*).

Example 8.6 Let K be a number field, and let S = Spec(Ok). Consider a class
of smooth projective varieties X /K which admit a ‘canonical’ model X/S. To fix
ideas, let us say that Xk /K is a smooth projective geometrically connected curve of
genus g > 0, and that X/S is its minimal regular model over S. For any open subset
U of S, we can define an invariant d(Xx /K, U) as the smallest degree of a finite U-
morphism X — P{;. Note that in general, this invariant depends on the reduction
type of the curve Xy at various places of bad reduction. Indeed, the degree of any
finite morphism X — P, is at least equal to the number of irreducible components
of any closed fiber X, s € U.

Suppose that X /K is either an elliptic curve or a hyperelliptic curve, and that
its minimal reqular model X — S has only integral fibers. If Pic(S) = (0), then X
admits a finite morphism X — Py of degree 2 and, thus, d(Xr/K,S) = 2.

Proof. By definition, a hyperelliptic curve Xy /K is endowed with a K-involution
o : Xg — X, with quotient X/ (o) isomorphic to P}. Since the model X is
minimal, this involution extends to an S-involution & : X — X. The quotient
X/ (@) is a normal model of Pk with integral fibers, hence is smooth over S. Tt
is isomorphic to P} because Pic(S) = (0). The same is true for elliptic curves by
considering the involution multiplication-by-(—1). O

REFERENCES

[1] S. Abhyankar, On the valuations centered in a local domain, Amer. J. Math. 78 (1956), 321-
348.

[2] S. Bosch, W. Liitkebohmert, and M. Raynaud, Néron Models, Ergebnisse der Math., 3. Folge,
Bd. 21, Springer, 1990.

[3] N. Bourbaki, Commutative algebra. Chapters 1-7, Translated from the French, reprint of the
1972 edition, Springer-Verlag, Berlin, 1998.

[4] T. Chinburg, G. Pappas, and M. J. Taylor, Finite morphisms from curves over Dedekind rings
to Pt, arXiv:0902.2039

[5] C. Consani, A moving-lemma for a singular variety and applications to the Grothendieck group
Ky(X), Algebraic K-theory, commutative algebra, and algebraic geometry (Santa Margherita
Ligure, 1989), 21-45, Contemp. Math., 126, Amer. Math. Soc., Providence, RI, 1992.

[6] P. Deligne and D. Mumford, The irreducibility of the space of curves of given genus, Inst.
Hautes Etudes Sci. Publ. Math. 36 (1969), 75-109.



[7]

8]

[10]
[11]
[12]
[13]
[14]

[15]

HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 38

J. Emsalem, Projectivité des schémas en courbes sur un anneau de valuation discrete, Bull.
Soc. Math. France 101 (1974), 255-263.

W. Fulton and S. Lang, Riemann-Roch algebra, Grundlehren der Mathematischen Wis-
senschaften 277, Springer-Verlag, New York, 1985.

O. Gabber, Q. Liu, and D. Lorenzini, The index of an algebraic variety, Preprint 2010.

B. Green, Geometric families of constant reductions and the Skolem property, Trans. Amer.
Math. Soc., 350, no. 4 (1998), 1379-1393.

A. Grothendieck, J. Dieudonné, Eléments de géométrie algébrique, Publ. Math. IHES 24 (2-7),
28 (8-15), and 32 (16-21), 1962—-1966.

R. Guralnick, D. Jaffe, W. Raskind, and R. Wiegand, On the Picard group: torsion and the
kernel induced by a faithfully flat map, J. Algebra 183 (1996), no. 2, 420-455.

R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, 52. Springer-Verlag, New
York-Heidelberg, 1977.

B. Hassett, Moduli spaces of weighted pointed stable curves, Adv. Math. 173 (2003), no. 2,
316-352.

B. Hassett and Y. Tschinkel, Density of integral points on algebraic varieties, Rational points
on algebraic varieties, 169-197, Progr. Math. 199, Birkh auser, Basel, 2001.

A. de Jong and F. Oort, On extending families of curves, J. Algebraic Geom. 6 (1997), no. 3,
545-562.

K. Kedlaya, More étale covers of affine spaces in positive characteristic, J. Algebraic Geom.
14 (2005), no. 1, 187-192.

S. Keel and S. Mori, Quotients by groupoids, Ann. of Math. (2) 145 (1997), no. 1, 193-213.
S. Kleiman, Misconceptions about Kx, Enseign. Math. 25 (1979), 203-206.

J. Kolldr, Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge, 32, Springer-Verlag, Berlin, 1996.

Q. Liu, Algebraic geometry and arithmetic curves, Oxford Graduate Texts in Mathematics 6,
Oxford University Press, paperback new edition (2006).

Q. Liu and D. Lorenzini, Models of curves and finite covers, Compositio Math. 118 (1999),
no. 1, 61-102.

S. McAdam, Finite coverings by ideals, in Ring Theory, Proc. Conf. Univ. Oklahoma, 1973,
Lecture Notes in Pure and Appl. Math. 7, Dekker, New York (1974), 163-171.

H. Matsumura, Commutative algebra (second edition), The Benjamin/Cummings Company,
Inc., 1980.

L. Moret-Bailly, Points entiers des variétés arithmétiques, Séminaire de Théorie des Nombres,
Paris 1985-86, 147-154, Progr. Math. 71, Birkh&duser Boston, Boston, MA, 1987.

L. Moret-Bailly, Groupes de Picard et problémes de Skolem I, Ann. Sci. Ecole Norm. Sup. (4)
22 (1989), 161-179.

D. Mumford, Lectures on curves on an algebraic surface, With a section by G. M. Bergman,
Annals of Mathematics Studies 59, Princeton University Press, Princeton, N.J., 1966.

B. H. Neumann, Groups covered by finitely many cosets, Publ. Math. Debrecen 3 (1954),
227-242.

R. Piene, Courbes sur un trait et morphismes de contraction, Math. Scand. 35 (1974), 5-15.
B. Poonen, Bertini theorems over finite fields, Ann. of Math. (2) 160 (2004), no. 3, 1099-1127.
J. Roberts, Chow’s moving lemma, Appendix 2 to: "Motives” (Algebraic geometry, Oslo 1970
(Proc. Fifth Nordic Summer School in Math.), 53-82, Wolters-Noordhoff, Groningen, 1972)
edited by S. Kleiman.

R. Rumely, Arithmetic over the ring of all algebraic integers, J. reine angew. Math. 368 (1986),
127-133.

P. Samuel, About Fuclidean Rings, J. Algebra 19 (1971), 282-301.

E. Sernesi, Deformations of algebraic schemes, Grundlehren der Mathematischen Wis-
senschaften 334, Springer-Verlag, 2006.

H. Sumihiro, A theorem on splitting of algebraic bundles and its applications, Hiroshima Math.
J. 12 (1982), 435-452.



HYPERSURFACES OF PROJECTIVE SCHEMES AND A MOVING LEMMA 39

[36] I. Swanson and C. Huneke, Integral closure of ideals, rings, and modules, London Mathematical
Society Lecture Note Series 336, Cambridge University Press, Cambridge, 2006.

[37] A. Tamagawa, Unramified Skolem problems and unramified arithmetic Bertini theorems in
positive characteristic, Kazuya Kato’s fiftieth birthday, Doc. Math. (2003), Extra Vol., 789-
831.

[38] A. Thorup, Rational equivalence theory on arbitrary Noetherian schemes, Enumerative geom-
etry (Sitges, 1987), 256-297, Lecture Notes in Math. 1436, Springer, Berlin, 1990.

[39] A. Vistoli, Intersection theory on algebraic stacks and on their moduli spaces, Invent. Math.
97 (1989), no. 3, 613-670.

IHES, 35 ROUTE DE CHARTRES, 91440 BURES-SUR-YVETTE, FRANCE

UNIVERSITE DE BORDEAUX 1, INSTITUT DE MATHEMATIQUES DE BORDEAUX, 33405 TAL-
ENCE, FRANCE

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF GEORGIA, ATHENS, GA 30602, USA



