MODELS OF CURVES AND WILD RAMIFICATION

DINO LORENZINI

Dedicated to John Tate

1. INTRODUCTION

Let K be a complete discrete valuation field with ring of integers Ok and residue field
k of characteristic p > 0, assumed to be algebraically closed. Let X/K denote a smooth
proper geometrically connected curve of genus g > 1, and let X'/Og denote its minimal
regular model. When g > 2, or g = 1 and X (K) # (), there exists a finite Galois extension
L/K minimal with the property that X /L has semi-stable reduction. Let X’/Op, denote
the minimal regular model of X /L.

Which properties of the special fiber of X’ or of the extension L/K can be inferred from
the knowledge of the combinatorial properties of the special fiber of X'? Let us consider
first the case of an elliptic curve E/K. Tate noted the following in the summary of his
famous algorithm® [26]:

Letp # 2,3. Let E/K be an elliptic curve with additive reduction over Og. Then E/K
has potentially multiplicative reduction if and only if it has reduction of type I, for some

n > 0. In other words, E/K has potentially good reduction if and only if its reduction
type over O is either 11, 11*, 111, IIT*, IV, IV* or I§.

A slight refinement when p = 3 is noted in the summary of the algorithm given in
[24], page 365, and it is well-known to the experts that the above statement is true if
p # 2. When p = 2, the ‘if and only if’ statement does not hold anymore, as it is easy
to find examples of elliptic curves with potentially good reduction and reduction type I,
(n > 0). On the other hand, we will show in 2.8 that if £/ K has potentially multiplicative
reduction, then [L : K] =2 and E/K has reduction of type I}, ., where v > 0 is such
that Ep /L has reduction of type Iy, and s, /K + 1 is the valuation of the different of the
extension L/K.

As the example of elliptic curves suggests, the cases where p | [L : K] are the most
difficult to analyze. It is well-known that if p | [L : K], then p < 2g + 1. We note in
21 thatif g+ 1 < p <29+ 1, [L: K] = p°, and the reduction of the Jacobian A/K
of X/K is purely additive, then A/K has potentially good reduction. When p = g + 1,
the reduction is either potentially good or potentially purely multiplicative. In the latter
case we provide in Theorem 2.2 a precise description, similar to the case g = 1, for the
possible types of reduction of a curve X/K of genus g with p = g+ 1 such that p | [L : K]
and Jac(X) has purely multiplicative reduction. This theorem provides some evidence
that the general questions raised below may have a positive answer.

Date: April 27, 2007.

IGiven a Weierstrass equation for F/K, Tate’s algorithm produces a minimal such equation, and an
explicit description of the type of reduction of E/K when k is perfect. The possible types of reduction
are denoted by the symbols Iy (good reduction), I,,, n > 0 (multiplicative reduction), and II, IT*, III,
IIT*, IV, IV* and I, n > 0 (additive reduction). In the case of imperfect residue fields, see [25] for an
analogue algorithm, and [11], Appendix, for the list of reduction types of curves of genus 1.
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To state these questions, we need to recall the following notation. Let X}, = Z;’:l r,C;
denote the special fiber of a regular model X' /O, where C; is an irreducible component
of multiplicity r; and has geometric genus g(C;). All curves X/ K discussed in this article
will be assumed, unless stated otherwise, to have a reqular model with ged(rq, ..., r,) = 1.
This condition holds for instance if X (K) # 0. Let ‘R := (r1,...,7,), and let M(X) :=
((C; - C))) denote the intersection matrix of Xj; then MR = 0. We call the model
good if each component C;/k is smooth, and the reduced special fiber (X},)"*? has normal
crossings. Such a model can be obtained from the minimal regular model by a sequence
of blow-ups of closed points. There exists a minimal good regular model. To a model X
we associate a graph G := G(X) as follows: The vertices of G are the curves C;’s, and
C}, is linked to C; by (Cj, - C;) edges. The main invariant of this graph is its first Betti
number 3(G). When the model X is good, 3(G) is independent of the choice of a good
model, as we now recall.

Let A/K be an abelian variety of dimension g. Let A/O denote its Néron model. The
connected component of zero A? of the special fiber A of A/Of is an extension of an
abelian variety B/k by the product of a torus 7'/k and a unipotent group U/k. We shall
call the dimensions of B/k, T'/k, and U/k respectively, the abelian, toric, and unipotent
ranks of A/K, denoted by ag, tx, and ux. When Ay /L has semi-stable reduction, uy = 0.
We shall say that A/K has potentially good reduction if a;, = g, and potentially purely
multiplicative reduction if ¢, = g. Let now A = Jac(X/K). Given a regular model
X /Ok of X/K, Raynaud [20] has shown that ax = >, _, ¢(C;), and that when X is
good, tx = B(G(X)).

The degree of a vertex C; on G is the integer d; := ), ,(C; - Cj). A vertex of degree 1
is called a terminal vertex, and a vertex of degree d > 2 is called a node. The topological
space obtained by removing all nodes from a graph is a union of connected components.
A chain in G is the closure of such a connected component. If a chain contains a terminal
vertex, we call it a terminal chain. It also contains exactly one node, unless the graph is
reduced to a single chain. The other chains are called connecting chains, and contain two
nodes. The weight of a chain D is the integer w(D) := ged(r;, C; a vertex on D). When
g = 1, all graphs associated with good models have only a single node?, except for the
graphs I, n > 0, which have two nodes linked by a chain of weight 2.

Question 1.1 Let X/K be a curve with a good model X /Oy with ax =>7 , g(C;) =0
and such that its graph G(&X) is a tree. If all chains of G(X') have weight equal to 1, is it
true that Jac(X)/K has potentially good reduction?

When the multiplicities of all nodes of G(X') are coprime to p, it is known that the
extension L/K is tame®; when one or more nodes has multiplicity divisible by p, the
extension L/K is wild (see 1.3 below). While trying to generalize further the above
question when L/K is wild, we were lead to ask the following optimistic question.

Question 1.2 Let X/K be a curve with a good regular model X and associated inter-
section matrix M (X'). Winters” Theorem [27] proves the existence of a discrete valuation

>The statement ‘if a good model for X/K has a graph with exactly one node, then the curve X/K
has potentially good reduction’ holds for instance if all components have multiplicities coprime to p, but
does not hold in general. When p = 3, there are curves X/K of genus 2 with good models having one
node only (types III, IV, or V in the classification of [19]), but whose semi-stable models have a special
fiber containing two elliptic curves (see [9], (6.4.1) and (6.4.2)). However, in these examples, Jac(X)/K
has potentially good reduction.

3When L/K is tame, an extension F/K where X /F has semi-stable reduction can be explicitly given
(1.3), and Question 1.1 has a positive answer in this case, obtained by explicitly desingularizing the
normalization of X xp, OFp.
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field F' of equicharacteristic zero and of a curve Y/F with a regular model )/Op such
that M(Y) = M(X).

Consider all discrete valuation fields F' of equicharacteristic zero and all curves Y/F'
with a regular model J/Op having intersection matrix M ()) = M(X). Let ty;x) denote
the maximum of the semi-stable toric ranks achieved by the abelian varieties of the form
Jac(Y)/F, where Y/F is any curve with a regular model such that M(Y) = M(X)
(by semi-stable toric rank of Jac(Y')/F, we mean the toric rank of the Néron model of
Jac(Yg/)/F" over any extension F’'/F such that Jac(Ypr/)/F’ has semistable reduction).
Is it true that ¢7(Jac(X)) < ta?

When X is as in Question 1.1, then one can show that #,;x) = 0. Thus, a positive
answer to Question 1.2 implies a positive answer to Question 1.1. It should be noted that
even when L/K is tame, it is possible that the graph G(X') has a connecting chain with
weight bigger than 1 while the Jacobian has potentially good reduction (see [14]). We
note also (3.11) that the special fiber of a good model X does not determine in general
the semi-stable toric rank ¢, (Jac(X)).

Since we would like to infer properties of the matrix M (X”) associated with a good
semi-stable model of X /L from the properties of the matrix M(X) associated with a
good model of X/K, we should find ways to relate these two matrices. When L/K is
tame, one is often successful in constructing a regular model for X /L by proceeding
as follows. Given a good model X' /Ok, consider the normalization W of the scheme
X Xgpec(0g) Spec(Or). When L/K is tame, the singularities of W can be explicitly
resolved; let V — W denote this resolution of singularities, so that V/Qy is a regular
model for X; /L. For instance, when p # 2 and an elliptic curve E/K has reduction I,
n > 0, this process shows that [L : K| = 2 and that £ /L has reduction Iy,.

Another way of relating the matrices M(X) and M(X') is through the components
groups of the associated Néron models. Indeed, let A := Jac(X/K), and denote by
A/Og and A’ /Oy, the Néron models of A/K and Ay /L, respectively. Then the component
group P4 x is isomorphic to the torsion subgroup of the group Z"/M(X)(Z"), and ®4, 1,
is isomorphic to the torsion subgroup of Z¥ /M (X')(Z""), where v and v’ denote the sizes
of the matrices M (X) and M (X"), respectively. Consider the canonical map

Cang r : A XSpec(Ok) SpeC(OL) — A

induced by the universal property of the Néron model. This map induces a canonical
group homomorphism ®4 x — P4, . When the group ®4 x is not trivial, one may hope
that the homomorphism ®4 g — @4, 1, will provide some information on the group ®4, 1,
and, hence, on M (X") itself.

Let Uk 1, denote the kernel of ®4 x — P4, . If A/K has potentially good reduction,
then Uy ;, = @4 k, since in this case 4, ;, = (0). Some evidence that Question 1.1 may
have a positive answer is provided by the following statements:

Theorem 3.1/3.4 Let X/K be a curve with a good reqular model X /Ok whose graph
G(X) is a tree with m > 1 nodes, all with multiplicity p and degree 3, and such that all
chains of G have weight 1. Let A = Jac(X) and assume that ax = 0. Then

(1) Vg = Pa g when char(K) = 0.
(2) If m is odd, then ar, > 0.
(3) If m =1 or 2, then A/K has potentially good reduction.

Possible relationships between the statements ‘W ; = ®4 x’ and ‘A/K has potentially
good reduction’ are discussed in 3.6.
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1.3 Recall that some information on the extension L/K can be read on a good regu-
lar model X /Ok for X/K. Let us call principal a component C; of X} such that ei-
ther g(C;) > 0, or C; is a node of G(X). When the model X does not contain any
principal components with multiplicity divisible by p, one may show, using the base
change /normalization /desingularization method described above, that [L : K] divides
the least common multiple of the multiplicities of the principal components of G(X) (see,
e.g., [8], 10.4.6, for a related statement). In this case, L/K is then tame and cyclic.

A theorem of T. Saito ([21], 3.11) shows that when g > 1, or g = 1 and X (K) # 0, the
extension L/K is wild? if and only if at least one principal component of the special fiber
of the minimal good regular model X of X /K has multiplicity divisible by p.

Question 1.4 In view of Saito’s theorem, it is natural to wonder whether, when p" divides

the multiplicity of a principal component of the minimal good model, then p” also divides

L : K.

Some evidence that this question may have a positive answer is provided in 4.1 and 4.2.
It is my pleasure to thank Jerry Hower, Qing Liu, and Michel Raynaud, for helpful

discussions, and the referee for a careful reading of the manuscript.

2. THE CASE WHERE p =g + 1.

Proposition 2.1. Let A/K be an abelian variety of dimension g achieving semi-stable
reduction after a minimal extension L/K. Let ¢ be an odd prime dividing [L : K]. Then

(1) If ¢ =29+ 1, then A/K has potentially good reduction.

(2) If tx =0, [L: K] =0, and g+ 1 < { < 29+ 1, then A/K has potentially good
reduction.

(3) Ifuk =g, [L: K] =%, and 29/3+ 1 < ¢ < g+ 1, then the reduction of A/K is
either potentially good or potentially purely multiplicative.

(4) If ¢ = 2g+1, then the (-part of Gal(L/K) is killed by ¢ and uy; = g for any extension
M/K of degree prime to (. If q is a prime dividing |® 4 k|, then either ¢ = ¢ or g = p.
If ¢ = p and in addition A/K is a Jacobian, then |®4 x| =1 or p.

(5) If t =g+ 1 and t;, = g, then the l-part of Gal(L/K) is killed by ¢, and up = g for
any extension M /K of degree prime to (. If q is a prime dividing |P 4 k|, then either
q="L orq=p. If { =p and in addition A/K is a Jacobian, then |®4 | =1 or p*.

Proof. (1), (2), and (3): Assume that Gal(L/K) contains an element of order ¢, r > 1.
Then, looking at the action of this element on the monodromy filtration of the Tate module
of A (see, e.g., [13], proof of 3.1), we find that either {—1 <t —tx, or {—1 < 2(ay —ak).
If ¢ =2g+ 1, we find that we must have £ — 1 = 2(ay, — ag), so a;, = g. Suppose now that
[L : K] is a power of £. Then, if t;, —tx > 0, then ¢ — 1 < t; — tg, and if ap, — ax > 0,
then £ — 1 < 2(ap — ag). Clearly, if £ — 1 > g, then t;, = tx = 0, and A/K has
potentially good reduction. It also follows that if both t;, — tx > 0 and a;, — ax > 0,
then ¢ — 1 < 2(9g — ax — tx)/3 < 2¢/3. Hence, if 2¢g/3 + 1 < ¢, either t;, = tx = 0 or
arp = g = 0.

(4) Assume that ¢ = 2g+1. Then ¢;, = 0, and the bound "~ '(¢—1) < 2(ar, —ax) ([13],
3.1) shows that r = 1. For any extension M /K of degree prime to ¢, we find that A, has

4Note that when L/K is wild, it is not true in general that [L : K] divides the least common multiple
of the multiplicities of the principal components of G(X). For instance, it may happen when p = 2 that
an elliptic curve has reduction of type Ij, but 6 | [L : K]. Note also that when L/K is wild, the least
common multiple of the multiplicities of the principal components of G(X) does not divide [L : K] in
general (see, e.g., 3.12 with m = 3).
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potentially good reduction after an extension L’'/M of degree divisible by ¢ = 2¢g + 1, and
up = g follows from the bound ¢"~1(¢ — 1) < 2(ar — ay).

Assume that ¢ | |®4 x| with ¢ # p,¢. Let N/K denote the maximal tamely ramified
extension of K in L of order coprime to ¢. Since [L : N| kills Wy ([15], 3.1 (5) and (10)),
we find that ¢ | |V |- Recall the bound ([15], 3.1 (5) and (10))

(211) ordq(|\IfK7N|)(q—1) SQ(CI,N—CLK)—I—(tN—tK).

Then (2.1.1) implies that ay > 0 (since ty = 0 here), which is a contradiction since
N+#L.

Assume now that ¢ = p and that A/K is a Jacobian. It is shown in [13], 2.4, that when
a Jacobian A/K has tx = 0, then

(2.1.2) > ordy(|Pax])(q—1) < 2ug.

q prime

If ¢ | |®ak|, then the above bound shows that ®,4 x is cyclic of order ¢. Otherwise,
|4 x| =1.

(5) Assume that £ = g+ 1 and that a;, = 0. Then the bound "' (¢ —1) < t; —tx ([13],
3.1) shows that » = 1. For any extension M /K of degree prime to ¢, we find that A, has
potentially purely multiplicative reduction after an extension L'/M of degree divisible by
¢ =g+1, and up; = g follows from the bound "~ 1(¢ — 1) < tp — ty.

Assume that q | |®4 x| with ¢ # p, £. Since [L : N]? kills @ 4,, x when ¢ty = 0 ([10], 1.8),
we find that ¢ | |V y|. Then (2.1.1) implies that ¢y > 0, a contradiction since N # L.

Assume now that £ = p and that A/K is a Jacobian. If £ | |® 4 x|, then £2 | [® 4 x| (3.13,
(2)), and then the above bound (2.1.2) shows that |® x| = ¢2. Otherwise, |®4 x| = 1.

O

To discuss the case where ¢ = g 4+ 1, we introduce the following notation. The graph
I(v,n) with v,n > 1, has two nodes of degree n connected by n chains with v edges each.
All vertices have multiplicity 1. The graph 1(4, 3) is represented below. For any arithmeti-
cal graph (G, M, R), a positive number near a vertex v; of G denotes the corresponding
coefficient 7; in R, and a negative number near v; denotes the coefficient (C; - C;) in M.

1

The properties of the graph I(v, n) are discussed in [5], p. 283, or [16], 2.5. The component
group of I(v,n) has order nv"~! and when ged(n,v) = 1, is isomorphic to Z/nZ x
(Z/vZ)".

The graph I*(v,n,a,b) for some v,n > 1 and 1 < a,b < n with ged(n,a,b) = 1, is
described below. The integer v is the number of edges on the chain linking the two nodes
of degree 3.

a b
gcdna)e ee e ee e @gcdnb)

gcda)® ee e ) ) _ e« @ gcdb)

n-a n-b
(The multiplicities of the vertices on a terminal chain are uniquely determined by the mul-
tiplicity of the initial component and the multiplicity of the node.) The component group

of this graph has order (m)2 ([12], 1.5). Tts structure depends on ged(n,v).
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When ged(n, a) = ged(n,b) = 1, the group is cyclic of order n? if and only if ged(n, v) =1
([7], Lemma 3). An example of a curve X/K having reduction of type I*(v,p,1,1) and
whose Jacobian has potentially good reduction is given in [7], Lemmata 4 and 5.

Theorem 2.2. Let g > 2 be an integer such that { = g+ 1 is an odd prime. Let X/K be
a curve of genus g whose Jacobian A/ K achieves purely multiplicative reduction after a
minimal extension L/K of degree divisible by . Then

(1) The graph of the minimal reqular semi-stable model of X1,/ L is of type 1(v, ) for some
v>1, and ordy([L : K]) = 1.

(2) Assume that [L : K] = €. Then the graph of the minimal reqular model of X/K is

I"(v+4s,0,a,b) for some s >0, and v as in (1). Moreover, s > 0 if and only if { = p.

More precisely, consider the quotient Z/QOk of the action of Gal(L/K) on the

minimal regular semi-stable model Y /Op. The special fiber 2 consists of a chain

of v+ 1 projective lines of multiplicity . When ¢ = p, Z is singular at only two

points Q1 and QQa, one on each terminal component of the chain 2. The resolution

of singularities of each singular point Q; is of type N(p, a;,71(1)), whose graph is given

below,
"1(|) 1
cee @
p % p % p
O---06—@ «==
-2 -2 -2 -2\ ) 1
cee @

The integer «; is the number of (bold) vertices of multiplicity p in this resolution. We
find that the type of reduction of X/K is I"(v + a1 + ag,p,m1(1),71(2)). Moreover,
plar and p| as.

(3) Assume that £ = p. Then the graph of the minimal reqular model of X/K is either
I*(u, p,a,b), or I*(u,2p,a',b') for some 1 < d,b < 2p with ged(2p,a’) = 2 and
ged(2p, V') = p. In the first case |Pa x| = p?, and in the latter case, @4  is trivial.

Proof of (1). To show that the semi-stable reduction is of type I(v,¢), we may assume,
without loss of generality, that [L : K] = ¢. The action of H := Gal(L/K) on X /L
extends to an action on the minimal regular semi-stable model Y/Op, of X /L. The
graph G := G()) has at most £ —1 = g independent cycles, and 5(G) = ¢ —1 if and only
if all the components of ), are smooth. We shall show below that this is indeed the case.

We claim that this graph can only be of the form I(v,¢). Indeed, note first that since
we assume that Ap/L has ay = 0, the graph G has no terminal vertices, as such a
vertex would have self-intersection —1, and this could only happen if the genus of the
corresponding component was bigger than 0, implying then that ay > 0.

The graph G has by hypothesis an action of the group H of order /. We claim that
the action of H on G is not trivial. Indeed, consider the normal quotient Z := Y/H,
and a desingularization X — Z with &), with normal crossings and smooth components.
If the action of H is trivial, then the first Betti number of the graph of X will not be
0, contradicting the fact that tx = 0 (2.1 (5)). This fact is obvious if 3(G) > 0. If
B(G) = 0, then any of the irreducible components of ) with an ordinary double point
as a singularity is mapped under the quotient map Y — Z to an irreducible component
whose generalized Jacobian contains a torus. Again, this contradicts the fact that tx = 0.
In fact, even when H acts non-trivially, a component of ), with an ordinary double point
is mapped onto Z to a component whose generalized Jacobian contains a torus. Thus,
we find that all components of ), are smooth.

Since H acts non-trivially, we can find a vertex of G that is not fixed by this action.
Since 0 < 20 —4 = 206(G) — 2 = ) ,(d; — 2) (where d; denotes the degree of the vertex
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v;), we find that there exists a node that is fixed by the action (only nodes contribute to
this sum, and a node that is not fixed along with its conjugates contribute ¢(d; — 2) > ¢
to this sum). Now that we have a node that is fixed, we can find a node C that is fixed
to which is attached an edge that is not fixed. Thus, at least ¢ edges are attached to C.
Each such edge starts a chain of G, which must end with another node C’ of G since G
has no terminal vertices. But then C” is also the end-node for the chains attached to all ¢
edges conjugated under G. We now have two nodes C' and C” with d(C'),d(C") > (. The
formula 20 — 4 = 23(G) — 2 > (d(C) — 2) + (d(C") — 2) shows that G has exactly two
nodes, linked by ¢ connecting chains each with v — 1 vertices.

The special fiber W, of the stable model of X /L is thus the union of two rational
curves meeting in ¢ points, and Gal(L/K) injects into Aut(Wy). The automorphism
group of W injects into Sy x Z /27, where an automorphism o is sent to (oy,09), with
o1 being the permutation induced by ¢ on the ¢ singular points of the stable fiber, and

o9 = —1 if and only if o permutes the two irreducible components. In particular, when ¢
is odd, ord,([L : K]) = 1.

Proof of (2). Consider the quotient Z/Ok of Y/Op by the action of an element o of
order ¢ in Gal(L/K). The graph of ) is of the form I(v, £), and the special fiber Z; thus
consists of a chain v + 1 projective lines, each of multiplicity ¢. The element o acts on
the two irreducible components F; and FEs of the stable model. When ¢ # p, this action
has two fixed points on each (rational) component, P, and P{ on Fi, and P; and Pj on
E5. When ¢ = p, this action has exactly one fixed point on each component, P; on E;.
The quotient Z is singular exactly at the images @; and @} of the fixed points (indeed,
the morphism Y — Z is unramified in codimension 1. Thus, the points (); are singular
on the normal model Z, using the purity of the branch locus.).

Assume that ¢ = p. Then the singularity at @Q; is called a wild quotient singularity,
and we claim that its resolution graph is of the type N(p,a;,7r1(7)), with p | «;. Let
X denote the regular model of X/K obtained by desingularizing Z and minimal with
the property that A has smooth components and normal crossings. Let D; (resp. Ds)
denote the components of the desingularization of ()7 (resp. of Q2) that meet the strict
transform of Z; in X. The key is that the shape of the special fiber Z; forces the graphs
of the desingularization of ); and of @2 to have a node. Indeed, since two (in fact, all)
consecutive components of Z; have multiplicity p, the vertices D; and D, must have
multiplicity divisible by p. If the graph of the desingularization of @); does have a node,
all of its vertices have then multiplicities divisible by p; since the desingularization is
assumed to be minimal, no component of the desingularization graph can be a —1 curve.
The terminal multiplicity on a chain divides the multiplicity of the vertex E immediately
adjacent to it. Hence, it is smaller than the multiplicity of £. Since no component of
the graph has self-intersection —1 and the components of Z; have multiplicity exactly p,
we find that all components of the desingularization graph have multiplicity p. But this
is a contradiction, since then the terminal vertex has self-intersection —1. Therefore, the
desingularization graph has a node. Let C; denote the node of the desingularization of
Q; closest to D;. Let n;p denote its multiplicity.

Recall that the genus of X/K is given by the formula

2g =) (r(D)—1)(d(D) —2),

D

where the sum is over all irreducible components D, with (D) being the multiplicity of
D and d(D) its degree in the graph. We can rewrite this formula by grouping together
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the contributions of each node C, as in [18], 7.2. For each node C let

pu(C) = (r(C) = 1)(d(C) =2) = Y (r(D) — 1),

D

where the sum is over all terminal vertices D of the graph which lie on a terminal chain
attached to C'. We have

29= > u(C).
nodes C

Since we assume that all vertices of degree 1 or 2 have self-intersection less than —1, we
find that u(C) > 0, with u(C) = 0 only when r(C) = 1.

In our case, 0 < u(C;) < 2g = 2(p — 1) and the multiplicity =(C;) is divisible by p.
The list of possibilities for such a node C' are written below in the form (r(C), 7,79, ... |

S1, 82, ... ), where the terminal multiplicities are 71,79, ..., and the weights of the con-
necting chains are sq, so,.... For later use, we also compute
0(C) = ()2 [ r(D),
D

where the product is over all terminal vertices D on terminal chains attached to C. The
possibilities are:

() (p,1,1] 1), 0r (p,1[1,1), 0r (p| 1,1, 1), all with pr = p— 1 and ¢ = p,
(b) (p,1,1|p),or (p,1|1,p),or (p|1,1,p), all with 4 =p—1and ¢ = p,
(c) 2p,p,p,p|p) with p=p+1and ¢ =4/p,
(e) (2p,p|2,1), 0r (2p,p,1]2) with 4 =p and ¢ = 2,
(f) (2p,2,22) or (2p,2,2 | 2p), with p=2p — 3 and ¢ = p/2,
(g) Bp,p,p|p)or (3p,p,p|3p), with p =p+1 and ¢ = 3/p,
(h) (2np,np,np | 2np), with p =1 and ¢ = 2/np, and
)

In our case, the nodes C; and C5 are linked by a connecting chain of weight p. We
conclude our argument now using this fact and the fact that u(Cy) + u(Cy) < 2p — 2.
Since p # 2, the only possibility for the graph is to have two nodes of type (p,1,1 | p). In
particular, each desingularization graph is of type N(p, a;,71(7)), as desired.

The fact that p | «; follows from a general fact about Z/pZ-quotient singularities:
such a singularity has a component group killed by p ([18], 3.4 (c)), and in the case of a
singularity of type N(p, a;,71(7)), this can occur only when p | a; ([18], 8.2 and 7.5).

Assume now that ¢ # p. Then the singularities at @); and @ are tame quotient sin-
gularities, resolved by a chain of rational curves, all of multiplicities less than ¢. Thus,
in this case, the minimal model is of type I*(v, ¢, a,b) for some 1 < a,b < ¢ and v > 0.
Since the statement about the singularities being resolved by a chain of rational curves
of multiplicities less than ¢ does not seem to be proved in the literature in our context,
we will provide here a proof in our particular case. Let X — Z denote a good desingu-
larization of Z. Let By and Bs denote the strict transforms in X of the images in Z of
the components E; and E5. The vertices B; and By are nodes of degree 3 on the graph
G(&X). Indeed, By and By have multiplicity ¢ and are linked by a chain of rational curves
of multiplicity ¢, and the resolutions of @; and @) each intersect B;. Thus, if B; does
not have two terminal chains, then p(B;) = (¢ — 1). If B; has a terminal chain, then its
terminal multiplicity is 1 and, again, u(B;) = (¢ — 1). Thus u(B;) + u(By) = 2g, and we
find that all additional nodes C' on G(X) must have p(C) = 0. Such nodes must have



MODELS OF CURVES AND WILD RAMIFICATION 9

multiplicity 1. Since any such node can have only connecting chains, we find that the
graph G can contain no such nodes.

Proof of (3). We now turn to describing the possible reduction graphs for the reduction
of a curve X/K whose Jacobian A/K is such that t;, = g = p — 1 after a wildly ramified
extension L/K (note that we do not assume as in (2) that [L : K| = p). We will use
repeatedly the following facts:

(i) A/K has purely additive reduction (2.1 (5)), so a good model X' /O has a graph
which is a tree, and all its components are smooth rational curves.

(ii) The greatest common divisor of the multiplicities of the components of A} is 1.
Indeed, if it were not 1, it would be a power of p ([11], 7.4). But then the genus
formula 2g—2 = )", r(D)(d(D) —2) would give p | 29 —2 = 2p—4, a contradiction.

(iii) The component group ® 4 x has order 1 or p? (2.1 (5)).

(iv) The tree G has a node of multiplicity divisible by p (using Saito’s Theorem recalled
in 1.3).

2.3 Clearly, the graphs I* (i, p, a, b), and I*(u, 2p, @', V') with ged(a’, 2p) = p and ged (¥, 2p) =
2, satisfy these conditions. It is easy to write down several additional arithmetical trees
with the above properties. For instance:

1 3p

le ...:>)<:....1 p:%p ....y—I—Q eee
1@ oo eee @1 2@ oo cee @2
P
where the latter graph is defined only for p # 3. In the above drawings, on any terminal
chain, only the multiplicities » and t of the node and of the terminal vertex are given.
Thus the vertex of the chain linked to the node has implicitly multiplicity s < r such that

ged(r, s) = t. The sum of the multiplicities of the vertices attached to a node is divisible
by the multiplicity of the node. In the next two graphs, the multiplicity n is coprime to

p-
le --O>) n <000 ol pyp n 2p<p
coe @ oo cee @ oo
1@ eeco eee @1 2@ eoce eee @2

To prove Part (3), we prove the following two claims:

ow

(I) If the reduction graph of the minimal regular model of X/ K is not of type I*(u, p, a, b),
or of type I*(u, 2p, @', V') with ged(a’, 2p) = p and ged(V, 2p) = 2, then after possibly
a quadratic extension F//K, Xr/F has a model with reduction type one of the five
graphs listed above.

(IT) If the reduction type of a good model of X /K is one of the five graphs listed above,
then there exists a tame extension K’/K such that after any tame extension H/K’,
the reduction type of the minimal good model of Xy /H is also one of these five
graphs.

Assume that (I) and (II) hold. Suppose that the reduction graph of X/K is not of type
I*(u, p, a, b) or of type I (i, 2p, a’, b') with ged(a’, 2p) = p and ged (', 2p) = 2. Then there
exists a tame extension N/K such that over any tame extension H/N, Xy/H does not
have reduction of type I*(u,p,a,b) or I*(u,2p,a’,b’). Consider now the maximal tame
extension Lg/K in L/K. Part (1) shows that [NL : NLy] = p. Part (2) then implies that
Xnro/NLg has reduction of type I"*(u, p, a, b), a contradiction.
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Proof of (I). We assume that the good model X' is minimal with this property, so that
every vertex of the graph G of degree 1 or 2 has self-intersection less than —1. Let C
denote a node of the graph whose multiplicity is mp for some m > 1.

When m = 1, we find that either d(Cy) = 4, and the graph has only one node
(p,1,1,1,1) (first graph drawn in 2.3) with no connecting chains (in which case |®4 x| =
p?), or the node has d(Cy) = 3 and u(Cy) = p — 1. (To show that in the case d(Cy) = 4,
Cy cannot have a connecting chain, we note that in this case, u(Cy) = 2p — 2; thus, if Cj
has a connecting chain to a node C', we must have p(C') = 0. Nodes with u(C) = 0 exist
(for instance any node with multiplicity 1), but then there is a path from such a node to
a node C" # Cy with a terminal chain, and p(C”) > 0.) We discussed in the proof of (2)
the nodes with at least one connecting chain, with p | 7(C), and with p < 2p — 2.

When m > 1 and the node has no connecting chains, it is easy to show that d(Cj) < 4
(using in one case that the ged of the multiplicities is 1). Consider now the case where
d(Cp) = 4. Note that a prime ¢ can divide at most two of the terminal multiplicities,
otherwise it divides all of them. We have u(Cp) > 2(mp—1) —2(mp/2—1) —2(mp/3 —1).
This latter expression is bigger than 2p — 2 when m > 6. Checking the remaining cases
2 < m < 5 by hand and using the fact that the gecd of the multiplicities is 1, we find
that only the case (2p,p,p,2,2) (second graph drawn in 2.3) has u < 2p — 2 (in fact, in
this case p = 2p — 2). This graph has trivial component group. Consider now the case
where m > 1 and d(Cy) = 3. Let a, b, and ¢, denote the terminal multiplicities. We have
a,b,c| 3m, with 3m/abc = 1 or p?, and (3m—1)—(a—1)— (b—1) —(c—1) = 2p—2. Tt is
not hard to check that we also must have ged(a,b) = ged(a, ¢) = ged(b, ¢). It is a tedious
computation to check that there is only one graph with these properties, (3p, p, 3, 1), the
third graph described in 2.3.

Consider now the case where Cj has a connecting chain. Recall the formula [®4 x| =
[1, r(D)*P)=2 where the product is taken over all vertices D of the graph. Using the
definition of ¢(C) given in Part (2), we find that |®4 x| = [ [, 40 ¢ 2(C)-

We conclude from the fact that |®4 | = 1 or p? that the graph G must contain, in
addition to Cj, a second node C' having multiplicity divisible by p in all cases except
possibly in cases (d), (e), (g), or (i). Noticing that the weight of the connecting chain
in cases (g) or (i) is divisible by p allows us to conclude that in these cases too, the
graph contains a second node with multiplicity divisible by p. Keeping in mind that
w(Co) + p(C) < 2p — 2, we find that such a graph with a node of type (a), (b), (¢), (f),
(g), (h), or (i) has in fact exactly two nodes, and can only be as follows: both nodes of
type (a) (fourth graph in 2.3), or both of type (b) (type I" (i, p, a, b)), or one of type (f)
and one of type (h) with n =1 (type I"(u, 2p, a’,V')).

We are left to consider the graphs that contain a node of type (d) or (e). One obvious
such possibility has two nodes of type (d), leading to the fifth graph in 2.3. Suppose that
the arithmetical graph associated with the reduction of X /K contains a node of type (d)
or (e). We claim that after a quadratic extension K'/K, the arithmetical graph associated
with the reduction of X /K’ contains a node of type (a).

Before we can prove this claim, we need to review the base change/normalization pro-
cess. Let X/Ok be a good model of a curve X/K. Let ¢ # p be prime, and let F/K
denote the unique Galois extension of degree ¢q. Let VW denote the normalization of
X Xgpec(0g) SPec(OF). Denote by p : W — X the natural map. Let V — W denote the
minimal resolution of singularities of YWW. The scheme V/Op is a regular model of Xz /F.
The following facts are well-known.

2.4 Write X, = > _r;C;. Let B:=)_ ot C;. The divisor B has normal crossings.
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e If a point P is singular on W, then p(P) is a singular point of B.

e Let C; be an irreducible component of Xy. If ¢ t r;, then p=*(C;) =: D; is irre-
ducible and the restricted map pyp, : D; — Cj is an isomorphism. The curve D;
has multiplicity r; in W.

elf g | r and C;N B # (), then p~'(C;) =: D; is irreducible and the restricted
map pp, : D; — C; is a morphism of degree ¢ ramified over |C; N B| points of
C;. The curve D; has multiplicity r;/q in Wy. Its genus is computed using the
Riemann-Hurwitz formula.

elfg|r,and C;N B = 0, then p : p~1(C;) — C; is an etale morphism and each
irreducible component of p~(C;) has multiplicity 7;/q in Wj. If p=1(C}) is not
irreducible, then it is equal to the disjoint union D; U ... U D, of ¢ irreducible
components, and each restricted map D; — C; is an isomorphism.

The proofs of the above facts are well-known to the experts, although we have not found
an appropriate reference for them in the literature. We briefly review here the main ideas
in these proofs. First, since A, has normal crossings, the local ring Oy ¢ at a point ) can
be given in a normal form ([8], 9.2.34 and 9.2.35). In particular, the completion of Oy ¢
is isomorphic to Ok|[u, v]]/(F(u,v)), with F(u,v) = u™ — mga or F(u,v) = u"v" — 1ga
according to whether X} is irreducible at @ (with @ on a component of multiplicity ry),
or whether () belongs to the intersection of two components, of multiplicities r; and
9, respectively. The element a belongs to O + (u,v). The above description is valid
independently of the residue characteristic p.

When making a base change F// K of degree g, one is lead to study the ring Op[[u, v]] /(F (u,v))
(see, e.g., the proof of 10.4.6 in [8]). We can write mx = mEA, and F(u,v) = u™ — 7r\a
or F(u,v) = u"v"™ — whAa. The key to the hypothesis ¢ # p is that we can take a ¢-th
root of \a.

2.5 Suppose that P € W is a point whose image @) := p(P) lies on two components C'
and D of X}, of multiplicities r and s respectively, with ¢ 1 rs. As we did not find an
appropriate reference in the literature for the fact that P is then singular on WV, and that
the resolution of the singularity at P is an explicit Hirzebruch-Young string, we will not
use these facts in this article. To substitute for the explicit knowledge of the resolution
of the singularity, it often suffices to consider the following construction. Let o denote
the smallest positive integer such that ¢ | ar + s (such an integer exists since ¢q 1 rs). A
sequence of blow-ups X' — X, starting with the blow-up of @, produces a new special
fiber where the strict transform of C' meets a component D’ of multiplicity ar + s, and
the component D’ is contracted to ) under X’ — X. Now, instead of considering the
base change/normalization construction for X', we can consider it for X’. We find that
the preimage of C' in the normalization W’ of X’ X, Op is irreducible of multiplicity r,
and meets at a regular point of W’ a component E of multiplicity (ar + s)/q.

Let us return to the proof of (I). Suppose that the arithmetical graph associated with
the reduction of the minimal good model of X /K contains a node of type (d) or (e). Thus
X}, contains a component C' of multiplicity 2p which intersects a component of multiplicity
p, a component of multiplicity r with ged(r,2p) = 2, and a component of multiplicity 7’
with ged (7, 2p) = 1.

Let K'/K be a quadratic extension, and consider the base change/normalization map
W — X. Using the facts reviewed above, the strict transform D of C' has multiplicity
p, all its points are regular on W, and it meets only a component of multiplicity p, two
components Dy and Dy of multiplicity /2, and one component D3 of multiplicity .
The component of multiplicity p has self-intersection —1 and can be blown down. Let
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W — W be this contraction. Let ¥V — W' denote the minimal desingularization of W'.
The strict transform of D in V is thus a node of type (a). The model V is good.

Let X'/Og denote the minimal good model of Xy//K’ and consider the natural map
Y — X'. For i =1,2,3, let G; denote the connected component of G(V) \ {D;} that does
not contain D. We claim that D; and the components in GG; cannot all be contracted
under the map V — A”. Indeed, we can find a rational point of degree r/2 or 1’ reducing
on D;. If all components were contracted, this point would then have to reduce to the
component D of multiplicity p coprime to r/2 or 7/, which is impossible. It follows that
either D maps to a node of type (a) under V — X’ or D, Dy, Do, and D3 all contract
to a point under V — X’. The following lemma shows that the latter possibility cannot
happen.

Lemma 2.6. Let X/Ok denote either a good model of X/K, or a semi-stable reqular
model of X/K. LetV denote any regular model of X/K with a contraction map f :
V — X. Suppose that C' is a node on G(V), of multiplicity r and degree d, that is either
contracted to a point under f, or whose image under f is not a node of G(X). Then
at least d — 2 irreducible components of Vi that meet C' have multiplicity divisible by r.
Moreover, consider the connected components of the topological space G(V) \ {C}. Then
at least d — 2 such connected components have all their vertices of multiplicity divisible by
r.

Proof. We treat first the case where X is a good model. Suppose that P is a point on
a smooth component A of multiplicity a of a regular model. Recall that if P belongs to
exactly one irreducible component, then the exceptional divisor of the blow-up at P has
multiplicity a. If P belongs to the intersection of two components (A, a) and (B,b) of a
good model, then the exceptional divisor of the blow-up at P has multiplicity a + b.

Suppose that C' maps surjectively in X to a component that is not a node of the graph
of X. Then the image corresponds to a terminal vertex or a vertex of degree 2 in the
graph of X. Suppose that C' contracts to a point in X. Then the morphism f:)V — X
factorsas V — V; — Vy — X, such that V; — X is obtained by a sequence of blow-ups of
points, so V, is a good model, and the image C of C' in V; has dimension 1 and contracts
to a point in V. Since V), is a good model, we find that the component C; cannot be
a node of the graph of (V). In this graph, C corresponds either to a terminal vertex
or a vertex of degree 2. To prove the lemma, it suffices to prove it for contractions of
the form V — V;, where either the image of C' is a terminal vertex in the graph of X,
or it meets the other components of the special fiber of &), in two distinct points. In the
first case, d — 1 distinct points need to be blown up on V; to turn C into a node of V,
and in the second case, d — 2. FEach exceptional divisor so constructed has multiplicity r.
Any further blow-up on such a divisor produces a new exceptional divisor of multiplicity
divisible by r.

Assume now that X is a semi-stable model. (If X} has components that are not smooth,
the model X is not good.) Blow-up each singularities of the irreductible components of
X} once to obtain the minimal good model X’ — X. There exists a regular model V'
that dominates both ¥V and X”, through maps V' — V and V' — X’. Let C’ denote the
strict transform of C' in V'. The component C' is also a node of G(V’), of multiplicity r
and degree at least d. If the image of C’ in X] is not a node of G(X’), we may apply the
previous discussion to the node C’ and the morphism V' — X’ to conclude the proof of
the lemma. Assume now that the image of ¢ in X is a node of G(X’). By hypothesis,
the image of C’ is not a node of G(X'). The image of C’ cannot be a point since A} is
semi-stable, and cannot be a component of multiplicity 2 since these components have
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degree 2 in G(X'). Hence, we find that C’ has multiplicity 1, and the statement of the
lemma is then obvious. O

Proof of (II). Using similar ideas as at the end of the proof of (I), we see that after a
quadratic or a cubic extension, a curve having a reduction type with a node of multiplicity
2p or 3p has now a reduction type with only nodes of multiplicity p.

Consider now a curve X/K having as reduction type one of the two graphs in 2.3 with
two nodes of multiplicity p. Given any prime ¢ # p, we can use the construction explained
in 2.5 to show that after an extension F/K of degree ¢, a regular model of Xg/F has
a component of multiplicity p meeting three components of multiplicities coprime to p.
We use then Lemma 2.6 to show that such a configuration cannot be contracted into any
good regular model. This concludes the proof of Theorem 2.2. O

Remark 2.7 When [L : K] = p, we showed in Part (2) of 2.2 that the reduction of X/K
is of type I"(v + oy + as, p, a, b) with p | o;. Let us write o; = ps;. It would be of interest
to understand what determines the integers s; and s,. In view of Theorem 2.8 below, it
is natural to wonder whether these integers are equal to sz i, where (p —1)(sp/x + 1) is
the valuation of the different of L/K. Recall that if Hy O H; O ... denote the sequence
of higher ramification groups of the Galois extension L/K, the valuation of the different
of L/K is Y oo (|Hi| — 1).

When X/K is hyperelliptic and p > 2, s; = sy because in this case the local rings Oz ¢,
and Oz o, are isomorphic (under the hyperelliptic involution).

Note that the integers s; and sy do not enter in the structure of the group ® 4 x, as this
group is cyclic of order p? if and only if v coprime to p (indeed, ® 4 f is cyclic if and only
if v+ p(s1 + $2) is coprime to p ([7], Lemma 3). The sum s; + s3 does however affect the
values of Grothendieck’s pairing (use [4], 5.1).

Theorem 2.8. Let p = 2. Let v denote the valuation of K. Let E/K be an elliptic curve
with j-invariant j(E) having additive reduction and potentially multiplicative reduction.
Let L/K denote the extension minimal with the property that Er/L has multiplicative
reduction. Then [L : K| = 2. Denote by sy x + 1 the valuation of the different of L/ K,
and let v := —v(j(E)) > 0. Then the reduction of Er/L is of type ly,, and E/K has

reduction of type I}, . -

Proof. The reduction type of E /L is well-known. We have included it in the statement of
the theorem only for completeness. We treat first the case of equicharacteristic 2. Since
v(j(E)) < 0 because E/K has potentially multiplicative reduction, we find that E/K
can be given over K by an equation y* + 2y = 2® + asz? + ag, with ag # 0 (see, e.g.,
23], App. A, 1.1). This latter equation has A = ag, and j = 1/ag. It follows that this
curve has potentially multiplicative reduction if and only if v(ag) > 0. The reduction is
multiplicative when as € Ok. In general, this curve achieves multiplicative reduction over
L := K(z) with 22 + 2z + a3 = 0 (to see this, make the change of variables y = Y + z2x).
Thus, over L, this equation is minimal and its minimal discriminant is ag. Hence, E/L
has reduction type Iy, with v = v(ag).

Any quadratic extension L/K given by an Artin-Schreier equation of the form 22 + z +
D = 0 with D € K is ramified if and only if v(D) < 0, and in this case it is possible to
assume that v(D) is odd. Let 7 denote a uniformizer of Ok. Choose then D = ur~" € K*
with negative odd valuation —r and v a unit so that L = K(w) with w? +w + D = 0.
Our initial elliptic curve can then be given by the equation y? + 2y = 2® + Da? + ag. Set
s such that r = 2s — 1. An integral equation for F'/K is given by

y? + 1y = 2° + 12 Da® + 1%as.
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It turns out that this equation for E/K is already minimal. To compute the type of
reduction we use Tate’s Algorithm, [24], IV 9.4, page 367. Our equation satisfies the
conditions of Step 7 in loc. cit. The subprocedure in Step 7 requires us, for a curve y2 +
a1 vy +azy = 3+ ayx? + sz + ag, to consider the polynomials (ag/7)2? + (ay /7" H1/2)z +
ag/7" if n is odd, and y? + (as/7"?)x — ag/7" if n is even.

If v(agm®) is odd, then we can pick up the subprocedure with n = v(ag)+6s. We choose
alift b € Ok of aroot of (7% D /m)x*+aem® /7™ modulo 7, and make the change of variable
r = X + bp3s+®@)=1/2 " The coefficient a4 after the translation is 3(bm®st(v(as)=1)/2)2,
which has valuation 6s+uv(ag)—1. The coefficient a3 after the translation is brs*(v(as)=1)/2,
with valuation 4s + (v(ag) — 1)/2. The constant coefficient has valuation at least v(ag) +
6s + 1. We continue the subprocedure and make a translation of the form y = Y +
cm3s+((as)+1)/2 - After this translation, the new coefficient of  has valuation 4s + (v(ag) +
1)/2. The new constant coefficient has valuation at least v(ag) + 6s + 2. The reader will
check that in all further translations required in the subprocedure, the valuation of the
coefficients of x and y are left unchanged by the translation. When we reach the even
n = 8s + v(ag) — 1, we consider the appropriate polynomial y? + (As/7™/?)y — Ag/m",
and find that it has distinct roots modulo 7, since the coefficient of y is a unit. Then the
reduction is of type I' 5, with n —3 = 8s — 44 v(ag) = 47 +v(as). An easy computation
shows that Hy = --- = H, = Z/2Z, and H,,, = {0}, so that r = s/, as desired.

If v(ag) is even, then we can pick up the subprocedure with n = v(ag)+6s, and we choose
b € Ok such that 7 | b — agm (%) to make the change of variable y = Y + br3s+v(@s)/2,
The coefficient of x after the translation is br?t°(@6)/2 and the constant coefficient has
valuation at least 6s 4+ v(ag) + 1. We continue the subprocedure and make a translation
of the form x = X + en®¥tv(@)/2 After this translation, the new coefficient of x still has
valuation 4s + v(ag)/2, and the new coefficient of y has valuation 4s 4+ v(ag)/2. The new
constant coefficient has valuation at least v(ag) + 6s + 2. The reader will check that in
all further translations required in the subprocedure, the valuation of the coefficients of x
and y are left unchanged by the translation. When we reach the odd n = 8s + v(ag) — 1,
we consider the appropriate polynomial (Ay/7)z? + (Ay/7™+Y/2) 2 4 Ag /7™, and find that
it has distinct roots modulo 7, since the coefficient of x is a unit. Then the reduction is
of type I’ 4, with n — 3 = 8s — 4 + v(ag) = 4r + v(ag).

Consider now the case where K is of mixed characteristic 2. Since E'/K has potentially
multiplicative reduction, j := j(F) € K \ Og. Let C/K be given by the equation

36 1
j—1728"  j— 1728’

Y 4oy =1’ —

This is an elliptic curve with j(C') = j, and A = j2/(j — 1728)3. Assume now that
j = ur” with u € O} and v > 0. Then C/K has split multiplicative reduction over
Ok. Note that v(A) = v, so that, in particular, after any quadratic extension M/K,
Cy/M has reduction of type Ip,. The curves C'/K and E/K, having same j-invariants,
are twists of each other, and since j # 0, 1728, they become isomorphic after a quadratic
extension L/K. Pick D € Ok such that L := K(v/D), and consider the quadratic twist
Cp/K given by the equation

D
(2.8.1) v =2+ Za:2 — D*Ax — D*B,

with A =36/(j—1728) and B = 1/(j —1728). Without loss of generality, we may assume
that v(D) = 0 or 1. Consider first the case where v(D) = 1. The equation (2.8.1) is not
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integral, and an obvious change of variables transforms it in
y? =2+ Da* — 2'D*Ax — 2°D°B.

We have v(2'D?A) = 6v(2) + 2+ v, and v(2°D*B) = 6v(2) + 3 + v.

As in the equicharacteristic case, we consider the cases where 6v(2) + 3 + v is odd
and even separately. Assume that it is odd. We can pick up subprocedure 7 with n =
6v(2) + 3+ v, and choose b € O a lift of a root of (D/m)x? — (26D3B) /75*@+3+ modulo
7. We make the change of variables = X + br3*@+14%/2 " The coefficient of z in the
translated equation has valuation 4v(2) 4+ 2 4 /2. The constant coefficient has valuation
at least 6v(2) + 4 + v. We continue the subprocedure and make a translation of the form
y =Y + cr®@+2Hv/2 - After this translation, the new coefficient of  still has valuation
4v(2) + 2 + v/2, and the new coefficient of y has valuation 4v(2) + 2 + v/2. The new
constant coefficient has valuation at least 6v(2) + 5 + v. The reader will check that in
all further translations required in the subprocedure, the valuation of the coefficients of x
and y are left unchanged by the translation. When we reach the odd n = 8v(2) + v + 3,
we consider the appropriate polynomial (Ay/7)z? + (Ay/7™+D/2) 2 4 Ag /7™, and find that
it has distinct roots modulo 7, since the coefficient of x is a unit. Then the reduction is
of type I’ 4, with n — 3 = 8v(2) + v.

The valuation of the different of the extension L/K is computed as follows: /D is a
uniformizing parameter, and o(v/D) —v/D = —2v/D has valuation v;(2) + 1. Tt follows
that >~ |H;| —1 = v (2) 4+ 1, so that the reduction is I} as desired. We leave the

dsp/k+v?
case where 6v(2) + 3 4 v is even to the reader.

When v(D) = 0, consider an FEisenstein equation for L/K, given by the equation
22+ az + b, with v(a) > 0 and v(b) = 1. Tt follows that a® — 4b = Dc? for some element
with v(¢) > 0. More precisely, we must have v(a) = v(c) < v(2). The valuation of the
different of the extension L/K is computed as follows: a root 3 of 22 +az +b=101is a
uniformizing parameter, and o(3) — 5 = —a—28. Thus, vi(c(8) —3) = vr(a). It follows

that > 372, [Hi| — 1 =wvz(a). Our goal is to show that the reduction is then I}, (4,

Note that £ — % = —2L. Make the change of variables y =Y + £z in (2.8.1) to obtain
an equation of the form

b
v+ Say =2 — a? — D*Ax — D*B,
C C

This equation is not integral, and an obvious change of variables transforms it into
y? +azy = 2 — ba® — *D*Ax — CD?B.

We have v(c*D?A) = 4v(c) + 2v(2) + v, and v(c*D3B) = 6v(c) + v. Again, we need to
distinguish the cases where 6v(c) + v is odd or even. Assume that it is even. Choose an
element d € Ok such that v(d?+ (SD3B) /7%(9+) > 0. Make the change of variable y =
Y + dr(©+v/2 The coefficient of x in the translated equation has valuation 4v(a) +v/2,
and the coefficient of y has valuation 3v(c) + v(2) + v/2. The constant coefficient has
valuation at least 6v(c)r + 1. We continue the subprocedure and make a translation of
the form z = X + er®(@+¥/2 After this translation, the new coefficient of z still has
valuation 4v(2) + /2, and the new coefficient of y has valuation at least 4v(a)+v/2. The
new constant coefficient has valuation at least 6v(a)+ v+ 2. The reader will check that in
all further translations required in the subprocedure, the valuation of the coefficients of x
and y are left unchanged by the translation. When we reach the odd n = 8v(a) + v — 1,
we consider the appropriate polynomial (Ay/7)z? + (Ay/7"+Y/2) x4+ Ag /7™, and find that
it has distinct roots modulo 7, since the coefficient of x is a unit. Then the reduction is
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of type I 5, with n —3 = 8v(a) — 4 + v, as desired. The case where 6v(c) + v is odd is
similar and is left to the reader. O

Remark 2.9 When p = 2, an elliptic curve over K with potentially multiplicative reduc-
tion is a twist of an elliptic curve with multiplicative reduction over K. This property is
not true anymore in general when p = g + 1 is an odd prime.

Let X/K be a curve with ¢, = ¢ after a wild extension L/K. Let A := Jac(X)/K.
Assume that there exists an abelian variety B/K with purely multiplicative reduction
over K such that Ay and By are isomorphic over L. We claim that X /L has reduction
of type I(v,p) with [L : K] | v. Indeed, since B/K has semi-stable reduction over K, the
component group ®p, 5, has order |®p k|[L : K]?. A proof of this fact can be obtained
using the description of ®p x and ®p, 1, given in [3], pp. 291-292. Since the component
group @y, 1 has order pr? (2.2 (1)) and g > 1, we find that [L : K] | v.

Since ® 4 f is killed by p if and only if p | v, we find that such a twist A/K always has
a component group killed by p. Note also that the order of the component group ®z k is
always divisible by p.

3. SOME EVIDENCE FOR (QUESTION 1.1

Toward a positive answer to Question 1.1, we propose the following results. Let X/K be
a curve with a good regular model X' /Of whose associated arithmetical graph (G, M, R)
is either of type (a) or (b):

(a) G is a tree with a single node D, of multiplicity p and degree d > 3, and such that all
terminal vertices have multiplicity 1.

(b) G is a tree with m > 1 nodes, all with multiplicity p and degree 3, and such that all
chains of G' have weight 1.

Let A = Jac(X), and assume that ax = 0.

Corollary 3.1. Let X/K be a curve as above with ax = tx = 0. Then

(1) If X is of type (a), assume that d is odd, and if X is of type (b), assume that m is
odd. Then ar, > 0.

(2) If X is of type (a), assume that d =3 or4, and if X is of type (b), assume that m = 1
or 2. Then A/K has potentially good reduction.

Proof: In both cases (a) and (b), the graph G is a tree and we find that ¢t = 0. The
order of ® 4 x can be computed using [12], 2.5, and is found to be p?~2 in case (a), and p™
in case (b). An easy computation shows that ord,(|® x|)(p — 1) = 2ug. Part (1) follows
immediately from 3.14.

Both d = 3 and m = 1 produce the same graph, and in this case, p = 2g + 1. Since
[L: K]? kills @4 x when tx = 0 ([10], 1.8), we find that p | [L : K]. Part (2) follows then
in these cases from 2.1 (1). In the cases d = 4 and m = 2, we have p = g + 1. Using the
facts recalled in 2.4, we find that for any tame extension F'/K, Ap has purely additive
reduction. We may thus apply 2.1 when Gal(L/F) is the p-Sylow subgroup of Gal(L/K)
and find that A has either potentially purely multiplicative or potentially good reduction.
Part (2) follows from 2.2 when p > 2, and from 2.8 when p = 2. OJ
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3.2 To state our next theorem, let us recall the following facts. Let A/K be any abelian
variety. The group ®4 g is endowed with two filtrations, the ©-filtration and the X-
filtration, where in the following diagram all maps are inclusions:

{0} X 02 — ol
[ |
3 2 DL Y

(see [6], and [15] for the prime-to-p part of ® 4 x). The cokernel of each vertical map can
be generated by tx elements. Thus, when tx = 0, all vertical maps are isomorphisms.

3.3 Tt is not hard to show that ©2 C Wy ; ([10], proof of 1.8). When ¢ # p, it is likely
that the (-parts of these two groups coincide (see [15], 3.22, for some evidence). When
¢ = p, little is known about a possible equality ©% = U ;.

Let A’/K denote the abelian variety dual of A/K. Grothendieck’s pairing
<, > q>A,K X (I)A’,K — @/Z

is known to be perfect when A/K is a Jacobian and X (K) # 0 ([4], 4.6). The filtrations
¥ and © are dual to each other under < , > ([2], 6.1) when Grothendieck’s pairing is
perfect for all abelian varieties B/ K. Grothendieck’s pairing is known to be perfect when,
for instance, K is of mixed characteristic [1], and it is conjectured to be always perfect
when k is perfect. When A/K is principally polarized, fix a principal polarization and
consider the associated pairing < , >: ®4 x X ®4 x — Q/Z. Then the duality of the
filtrations means that X! is the orthogonal of ©*~% for i = 1,2,3. When tx = 0, ©3 is the
orthogonal of ©2.

Theorem 3.4. Assume that Grothendieck’s pairing is perfect for all abelian varieties
B/K. Let X/K be a curve as above, and such that the associated graph is of type (b).
Then \IIK’L = (I)AJ(.

Proof: Under our hypothesis, t; = 0. Assume that Wy ; # ®4 g. Then, since ©* C W 1,
we find that ®4 x/©? is not trivial. Our hypothesis on Grothendieck’s pairing allows us
to use the duality of the filtration to obtain that ©3 is not trivial. We will show below
that the group ®4 x is a Z/pZ-vector space of dimension m (this fact also follows from
[12], 2.5). Let V be any proper subspace of ®4 g such that ©* C V. Then the pairing
restricted to V is degenerate. Indeed, consider a basis for V' consisting of a basis for
©3, completed into a basis for ©2, completed again into a basis for V. The matrix
((< e;,e; >)) of the pairing in this basis has its first dim(©?) columns linearly dependent,
since dim(©3%) + dim(©?) > dim(V). Our goal is to produce a contradiction to the
hypothesis Vg ; # ®4 x by exhibiting such a vector space V' on which the pairing is
non-degenerate.

Consider the graph G(X'). Each connecting chain contains a vertex of degree prime to p
by hypothesis. Pick one such vertex for each chain, and let F'/K denote the unique tame
extension whose order is the least common multiple of the multiplicities of the chosen
vertices. We leave it to the reader to check (using the facts recalled in 2.4) that Xp/F
has again reduction of type (b) with the same number of nodes, but now in addition
each connecting chain on the reduction graph has a vertex of multiplicity 1. Since we
assume that Ug  # @4 gk, and since the map @4, ;, — P4, 1 is injective for any finite
extension F/K, we find that Uppp # P4, p.

Assume from now on that each connecting chain on the graph (G(X), M, R) contains
a vertex of multiplicity 1. Fix such a vertex for each connecting chain, and label these
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vertices Eq, ..., E;. All terminal vertices of the graph also have multiplicity 1. For each
node D; on the graph, we choose two vertices C;; and C; 2 in the set consisting of the
vertices I; and of the terminal vertices, such that C;; and C, » are each on a chain attached
to D; but not on the same chain. We can do so such that {C;1,C;2,i = 1,...,m} contains
the vertices F1, ..., E;.

The component group ®4 x can be identified with the torsion subgroup of Z'/M(Z").
Let E(C;1,C;2) € Z° be the vector with null components everywhere, except for a +1 in
the C; ;-component, and a —1 in the C; o-component. Since C; ; and C; 5 have multiplicity
1, the vector E(C;1,C;2) defines a torsion element in Z¥/M(Z") that we will denote by
Ti-

We claim that {7;,7 = 1,...,m} generates ®4 k. Indeed, it follows from [17], 4.4,
that each element 7; has order p. The proof of [17], 4.4, also shows that there can be
no linear relations among {7;,7 = 1,...,m}. Since |®4 x| = p™ ([12], 2.5), we find that
{m,i =1,...,m} is a basis over Z/pZ for ®4 f, as desired. The matrix of the pairing
associated with this set of vectors can be computed using Proposition 5.1 in [4]. We find
that < 7;,,7; >= 0if 7 # j. Since the pairing is perfect, we must then have < 7;,, 7, ># 0
foralle=1,...,m.

If Uk 1 # @4 K, then we may assume that the image of some 7;, say 7,,, in @4, 1, is not
trivial. Let V' denote the subvector space generated by {7,...,7m_1}. We claim then
that Ug ;, € V. Once this claim is proved, we have a contradiction since the pairing on
V' is clearly still diagonal and non-degenerate.

Consider the model V/O/, obtained as the minimal desingularization of the normaliza-
tion W of the model X x¢p, Or. Let f :V — X denote the natural morphism. Since the
multiplicity of the components C; ; is 1, we find that the preimage in W of C; ; consists of
a single component. We denote by by Cj ; the proper transform in V of this component.
We are going to break the graph G/(V) as follows. Choose an irreducible Cj ;, and con-
sider the s (topological) connected components of G(V) \ {Cj,}. Since the multiplicity
of (7} ; is 1, we can formally add a vertex Cj ; to each of the s;; connected components of
G(V) \{C},} to obtain s;; new arithmetical graphs G,, s = 1,...,s;;. It is not hard to
check that ®g(y) is isomorphic to [I32, ®g,. Repeat the process with these new graphs
and the other vertices Cy ,, (k,£) # (i,7). We obtain in this way new arithmetical graphs
Gs, s =1,...,0, and a decomposition of @4, ; into a product [[7_, ®(G;). The key is
that no graph G5 can contain more than two elements of the form C7 ..

Consider now the maps ®4x — Pa, 1 — [[i_; P(G,). Let ¢’ denote the number of
irreducible components in the special fiber V. Identify ® 4, ;, with the torsion subgroup of
7" IM(V)(Z""). Let 7! denote the image of the vector E( 11,Cia) € ZV in 7V | M(V)(ZY).
Then 7] is identified with the image of 7; under the map ®4 x — P4, . This can be
easily proved by picking two points P;; and P, 5 in X (K) which reduce to C;; and C;
respectively, and noting that the reduction in Vj of the two L-rational points P;; and
Pi» are in Cj, and Cj,, respectively. Under the appropriate identifications, the point in
A(K) defined by the divisor P;; — P, 5 reduces in ®4 x to 7;. Similarly, the (same) point
in A(L) defined by the divisor P;; — P; 2 reduces in ®4, 1, to 7.

Note now that by construction, 7/ is mapped under the isomorphism ® 4, ; — [[7_; ®(Gs)
to a vector in [[7_; ®(G5) with at most one non-zero component. Our assumption is that
the image of 7, in [[7_; ®(Gs) is not zero. It follows easily then that the image of
any element Z;”:l ¢;T; with p { ¢, is also non-trivial. It follows that Wy, C V =<
Tiyeeoy Tt >, as desired. O
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Remark 3.5 The conclusion of Theorem 3.4 also holds when the associated graph is of
type (a). The proof of this result is longer and more delicate, but uses essentially the
same techniques as the proof of 3.4.

3.6 Having proved in 3.4 that Wy, = ®4 x for some Jacobians A/K, it is natural to
wonder whether we could deduce from this fact that A/K has potentially good reduction.
Unfortunately, this implication is not true for all Jacobians, as it may happen for instance
that &4 x = {0} and A/K has purely multiplicative reduction (e.g., an elliptic curve with
reduction Iy; see also 2.2, (3)). However, in the cases considered in 3.4, the p-part of
the component group is ‘maximal’, and ¢ty = 0 for any tame extension N/K. Our next
lemma shows that we are reduced in this case to consider the above question only when
Uy =Pk and L/K is a p-extension.

Lemma 3.7. Let A/K be a Jacobian with ord,(|®a k|)(p — 1) = 2ug. Let Ly/K denote
the mazimal tame subextension of L/K and assume that tr, = 0. If Vg = 4k, then

Wi =Pay, Lo

Proof. The kernel of the natural map ®4 x — ® Apy.Lo 18 killed by [Lo : K]. Thus, since
p1[Lo: K,

2u = ord,(|Pa)(p—1) < Y orde(|Pay,.1,[)(€ — 1) < 2ug,,

¢ prime

where the latter inequality follows from (2.1.2). Since ur, < ug, we find that uy, = ug
and 4 x — (I)ALO,LO is an isomorphism. It follows that W ; = q)AL07L0’ O

Proposition 3.8. Let ¢ # p be a prime. Let A/K be an abelian variety with ax = tyx = 0.
Assume that Gal(L/K) is an {-group. Then:

(1) The £-part of @4 i is not trivial.

(2) Assume that t;, > 0. When A/K has a polarization of degree prime to {, then the
(-parts of Uy, and ®ax /Y 1 are not trivial. In particular, (* | |®a k.

(3) Assume that A/K is principally polarized and that ® 4 x and Vg 1 have isomorphic
C-parts. Then A/K has potentially good reduction.

Proof. Let T, denote the Tate module of A. The Galois group Ix := I(K/K) acts
on Ty. Our assumption is that its pro-p-Sylow subgroup P acts trivially on 7T,. Let o
denote a topological generator of Iy /P, and let o, denote the automorphism of T = T,
induced by o. The ¢-part ®, of the group ®4 g is isomorphic to the torsion subgroup
F of TP /(op —id)(T}) (see, e.g., [15], 2.1). To any submodule X of T}, we associate a
subgroup s(X) of F, defined to be the torsion subgroup of (X + (o, —id)(17))/(c¢—id)(T})
([15], 2.10). Using now our hypothesis that ax = tx = 0, we find that 7, = (0). Fix
a polarization on A/K, and consider the induced pairing on T, x T,. The orthogonal of

T, ZIK under this pairing is thus the full module T;. Using this fact and the exact sequence
in [15], 2.10, we find that

N X + (O’g — ld)(Tg)
Thus, F'/s(X) is the cokernel of the map (o, —id) : T;,/X — T,/X. Choosing now a
submodule X such that T;/X is free and o, has finite order when acting on T,/ X, we

can apply 3.9 to find that F'/s(X) is a non-trivial /-group. When A has potentially good
reduction, X = (0) is such a submodule.

F/s(X)
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When t;, > 0, a natural choice for such a module X is to take X = T}*. Since we
assume that t;, > 0, we have T, ZIL #+Ty,. Let

Si(A) € 57(4) € 27(A)

denote the filtration® of the ¢-part @, of ®4 x introduced in [15], 2.9. The group EE’] is
defined in 2.9 as s(T/*). Thus we have proved above that ®,/ ZE’} is a non-trivial ¢-group,
ending the proof of (1).

We may now use the fact that A/K has a polarization of degree prime to ¢ to obtain,
using [15], 3.21, that there are three subgroups G)E’] C @E} C Oy of @, such that @L‘ﬂ is
isomorphic to &,/ EE’}. As we just showed that the latter group is not trivial, we obtain
that @E} is not trivial. It is shown in 3.22 that @LQ} is the (-part of the group Vg . It
remain to show that the f-part of ®/WUg 1 is not trivial. This follows from the fact that
@Lz} C EE’]. This inclusion is not noted explicitly in [15], but follows from [15], 3.21:
As the pairing is non-degenerate when restricted to ©,, and as @E}’] is orthogonal to @f]
under this pairing, we conclude that the intersection of ©, with EE’] (the orthogonal of
@E’} under the original pairing) is equal to @Lﬂ. Thus, @f] C ZE’}, completing the proof
of (2). Part (3) follows immediately from (2). O

Lemma 3.9. Let ¢ be any prime. Let G be a finite (-group acting on a free finitely
generated Zy-module X . If X¢ = (0), then HY(G, X) # (0). In particular, if G =< o >,
then X/(o — 1)(X) is not trivial.

Proof. Since X is torsion free, the sequence
¢

0 X X XX —— 0
is exact, with associated long exact sequence
0 —— X6 1 XC (X/6X)¢ —— HYG,X) —— HY(G,X).

By hypothesis, X¢ = (0). Since the f-group X/¢X is not trivial and is acted upon by the
(-group G, (X/0X)E # (0) (use [22], IX, $ 2, Lemme 2).

In case G is cyclic of order r, the group H'(G, X) is isomorphic to ker(N)/(c —1)(X),
where N =140 +---+ 0", and the latter group is isomorphic to the torsion subgroup
of X/(o — 1)(X). O
Remark 3.10 The condition tx = 0 is needed in 3.8 (1). Indeed, for each ¢ # p, there
exists a Jacobian A/K with Gal(L/K) cyclic of order ¢* and with ¢ = t;, = 1, but such
that (I)AJ( = (0)

Consider a field K and a curve X/K with a good model X /O having reduction of the
type (G, M, R), with G and R represented below.

n it -1 -2 n+1 n
— o o o

eeo e O—0

) 200 °e 7 (-1

We claim that the component group of the matrix M is trivial. To see this, it suffices
to prove that the principal minor M’ obtained from M be removing the row and column
corresponding to the node of G has determinant n* ([12], 1.1). The matrix M’ has only

5This filtration is expected to be the f-part of the filtration £3 C %2 C X! later introduced by Bosch
and Xarles, who chose a reverse ordering.
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—2’s on its diagonal, except for —n at the place corresponding to the vertex of degree 1,
and —3 at the place corresponding to the vertex of G of degree 2 and multiplicity n. The
‘graph’ of M’ is disconnected, with one (topological) component consisting of the terminal
vertex of self-intersection —n, and a second component consisting of a chain. Considering
this latter chain as two terminal chains attached to the vertex of self-intersection —3, the
matrix M’ can be shown to be row and column equivalent to the matrix M” below plus
an identity matrix of the appropriate size, where

—-n 0 0 0
0 -3 n2—n—-1 n-1
0 1 —m?>-n) O
0 1 0 -n

M// -

The reader will verify that det(M”) = n?. Assume that all components of the good model
are rational curves. We also leave it to the reader to check that when p { n, the curve
X/K achieves semi-stable reduction over an extension of order n?, with a; = n(n —1)/2
and t; = 1.

Remark 3.11 The condition ax = 0 is needed in 3.8 (1). Indeed, for each ¢ # p, there
exists a Jacobian A/K with Gal(L/K) cyclic of order ¢ and with ax > 0 = tf, but such
that (I)AJ( = (0)

Consider a field K and a curve X/K with a good model X'/Ok having reduction of
type (G, M, R), with G and R represented below and p 1 n.

r 1
°
n n n n
*—@ oo
-1 -2 2 -2 n-r 1
°

The terminal vertex of multiplicity n on the left represents an irreducible component C'
of genus ¢g(C') > 0. All other components are assumed to be of genus 0. The curve X/K
has genus ng(C'), and has semi-stable reduction after an extension of degree n. Either the
Jacobian of X/ K has potentially good reduction, or t;, = n—1 and 2a;,—2 = n(2g(C)—2).

Remark 3.12 Let £ = p. The following is an example where ®4 x = (0) and [L : K| = p,
with ¢, = 0. Thus the statement of 3.8 (1) does not hold when ¢ = p (we do not have a
similar example where t;, > 0). Let mx denote a uniformizer of a field K of characteristic 0.
Let X/K denote the smooth hyperelliptic curve given by the affine equation y? = 2™+,
with m odd. This curve has genus (m — 1)/2.

The scheme Spec(Ok[z, y]/(y? — 2™ — k) is regular, and the minimal regular minimal
model of X/K has an irreducible and reduced special fiber. The component group @4
of A:=Jac(X/K) is thus trivial.

Let p = 2. The curve X/K has potentially good reduction. Indeed, over L = K(\/7x),
X1,/ L is given by the equation y*> = x™+7%2. We rewrite this equation as 7 ((y/7)?—1) =
™. A translation leads to the equation 77z(z + 2) = 2™, which we transform into
4r2u(u+ 1) = 2™ The curve u(u + 1) = v™ has genus (m — 1)/2 when p = 2 and m
is odd. In particular, X achieves good reduction over L( }/47%). Since p = 2, we can
choose 2% = 2 with m | 2s + 1 to produce an example of a field K such that [L : K] = 2
and X /L has good reduction.

To be able to address the case ¢ = p in 3.8 in our next proposition, we review the
following facts. Except for ©', all subgroups in the two filtrations of ®4 g in 3.2 can be
defined directly as images of components (sub)groups associated with the rigid analytic
uniformization of A/K, as follows. Recall that there exist a semi-abelian variety G/K
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and a lattice A in G such that the following sequence of rigid analytic groups is exact
([B-X], Theorem 1.2):

(3.12.1) 0—-A—-G—A—-0.

Moreover, GG/K is an (algebraic) extension of an abelian variety B/K with potentially
good reduction by a torus T/K. Denote by £, G, 7, B, and A, the Néron models over
Ok of A, G, T, B , and A, with component groups ®,, ¢, @7, Pp, and ¢4 . The
exact sequence (3.12.1) induces an isomorphism G ~ A% ([6], Theorem 2.3) and an exact
sequence
O_>q>A_)(I)G_)q>A,K

([6], Theorem 4.12). Since A is a discrete group, £ is locally finite over Ok. Thus
A(K) ~ Li(k) ~ ®5. In particular, &, is torsion free and (Pg)iors injects into $4 g

Let T'/K denote the maximal split subtorus of the torus T//K. Consider the following
diagram of component (sub)groups obtained from the corresponding natural maps of

Néron models:
{O} — ((I)T)tors — ((I)G>tors

l ! !

S —— O —— Pg —— Dy
Taking the images in ® 4 i of each of these groups produces the diagram of subgroups

{0} X 02
I
3 2 ! D .

Proposition 3.13. Let ¢ be any prime. Let A/K be an abelian variety with a rigid
analytic uniformization A = G /A as above and tp, > tx = 0.

(1) Assume that Gal(L/K) is an (-group. Then (Pr)ios # (0). If the canonical map
(D7) tors — (P )tors 18 not trivial, then the L-part of the group ©3 is not trivial. If in
addition A/K has a polarization of degree prime to ¢ and Grothendieck’s pairing is
perfect for all abelian varieties B/ K, then the {-part of ® 4 /3" is also not trivial.
In particular, (% | |® 4 k|

(2) Assume thatt;, = g. If A/K has a polarization of degree prime to £, then ord,(|®a k|)
is even. If Gal(L/K) is an (-group, then ¢* | |®4 k.

Proof. (1) It is shown in [1], or [28] 2.18, that the group (®r)ies is isomorphic to
H'(Gal(L/K),X(T)), where X(T) is the Galois module of characters of T'/K. Tt fol-
lows then immediately from 3.9 that the group (®7)ios is not trivial. We recalled above
that (Pg)tors injects in @4 . Hence, if the canonical map (Pr)iors — (Pe)tors is DOt triv-
ial, we find that ©3 # (0). By duality ([2], 6.1), the group ® x /X! is not trivial. Since
©3 C X!, our claim follows.

(2) When t;, = g, T = G and, in particular, ©3 = ©2 If £ | |®4 k|, then either ¢ | |©?|
or |®4 x/O?]. But when A/K has a polarization of degree prime to ¢, we find by duality
that these groups are isomorphic, and ord,(|® 4 k|) is even. To justify that the filtrations
are dual to each other, we note that when t; = g, the hypothesis in [2], 6.1, reduces to
the perfectness of the pairing for A/K, and that the perfectness holds for A/K due to
2], 5.3, (iii). When 7' = G and Gal(L/K) is an ¢-group, the hypothesis that &7 — ®¢ is
non-trivial is obviously satisfied, and we conclude using (1) that ¢ | |©3|. This fact also
holds for the dual abelian variety A’, and ¢ | |©3(A4’)|. By duality, £ | [P x/0%*(A)|. O
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Corollary 3.14. Let A/K be a Jacobian, and  a prime. If ax =tx =0 and ord,(|P4 k)
18 odd, then ay, > 0.

Proof. If a, = 0, then ¢, = g, and we can apply 3.13 (2) to find that ordy(|® 4 k|) is even,
a contradiction. O

Remark 3.15 Let K be a field of mixed characteristic, so that Grothendieck’s pairing
is known to be perfect. We construct now examples of abelian varieties uniformized as
G/A where &7 — P is the trivial map. Using the duality of the filtration [2], the dual
of these abelian varieties will produce examples of abelian varieties with ax = tx = 0,
tr, > 0, and with Vg ; and ®4 x having equal p-parts.

We choose a non-split torus 7'/ K with a point P € T'(K') of prime order ¢ such that P
reduces to a generator of 7. (For the existence of such a torus, see, e.g., [10], 4.18, and
4.4.) We also choose an abelian variety B/K with potentially good reduction and with a
point P’ € B(K), also of prime order ¢, but such that P’ reduces to the trivial element
in ®5. Note that when ¢ # p, this latter condition can only happen if the abelian rank of
B/K is positive. Choose a lattice A C T x B, and let Ay := (T x B)/A. Let A/K denote
the abelian variety quotient of Ay by the subgroup generated by the image of the point
(P, P'). The abelian variety A/K is uniformized by G :=T x B/ < (P, P") >, with lattice
A, image of A under the quotient 7' x B — (. By construction, the closed immersion
T — G produces the trivial map &7 — Pg.

Assuming that we constructed an example with ¢x(A) = 0 and with the map &7 — &g
being trivial, we find that the group @i i 1s trivial. By duality, the dual abelian variety
A’/K has the property that ® 4 ;/©%*(A") = (0), so ©2(A") = Uy 1 (A") = ®4 . Since
A’ is isogenous to A, tx(A") =0 and t(A) > 0.

Remark 3.16 The condition ¢;, > tx = 0 may possibly imply that Wy ; # ®4 x when
4 ¢ is ‘as large as possible’, that is, when ord,(|®4 x|)(p — 1) = 2¢g. Indeed, it is shown
in [6], 5.10, that

ord, (|07 k) (p—1) <t —tx, and ordy(|0a /0% )(p—1) <tz —tx.

It is natural, in view of (2.1.2), to ask whether (2.1.2) holds for any abelian variety with
tx = 0. If such were the case, it would follow from [6], 5.6 (iii), that

Ordp(|@§x,K|/|@3A,K|)(P —1) <2(ar — ax)

holds in general. Assume now that ¢;, > tx and that ord,(|®4 x|)(p—1) = 2uk. Then the
condition Wg 1 # ® 4k is implied by the conditions ©% ; = Vg 1, and ord,(|©?|/|0%)(p—
1) S Q(CLL — CLK).

4. ON THE EXTENSION [L : K]

Proposition 4.1. Let X /O be a regular model of a curve X/K. Let C' be a component

of Xy of multiplicity r, and let C;, i = 1,...,d, denote the irreducible components of X}

meeting C. Let r; denote the multiplicity of C;.

(1) If g(C) >0, thenr | [L: K].

(2) Assume that X is a good model and that d > 3. If there exists a prime { # p such
that £ | r, €4 rira, and ordy(rs) < ord,(r), then p ™ | [L : K].

(3) Assume that X is a good model whose associated graph is a tree, and that d > 3.
Suppose that Jac(X) has potentially good reduction. Assume that p | v and p { rirs.
Let m := min{ord,(ged(r;,7)),i = 3,...,d}. Then p°%™=m|[L: K].
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Proof. (1) This statement is well-known. We recall its proof for later use. Let X'/Ok be a
regular model of X/K. Let F//K be any (totally ramified) finite extension of degree e. Let
W — X Xgpec (o) SPeC (OF) denote the normalization of the base change, and p : W — X
denote the normalization map followed by the natural projection map. The scheme W/Op
is a normal model of Xr/F. Let u : V — W denote the minimal desingularization of
W. Let V — V™" denote the morphism from V to the minimal regular model of Xp/F.
Let C' be a component of X}, of multiplicity r, with generic point £ € X. Let C’ be an
irreducible component of p~!(C'), with generic point n € WW. Consider the associated local
rings, as in the diagram below:

Oxe — Owy

T |

Ok —— Op.

Let mx and mp be uniformizers of K and F', and m¢ and 7, be uniformizers of Oy ¢ and
Ow ;- By hypothesis, (1x) = (7p)¢, and (7x) = (m¢)". Suppose now that F' = L. In this
case, we claim that C’ has multiplicity 1 in Wj,. Indeed, the model V™" being semi-stable
by hypothesis, is then reduced. The component C’ is of positive genus since g(C') > 0.
Thus, the strict transform of ¢’ in V is not contracted in V™", Hence, we find that
(71) = (m,). It follows that (7x) = (m,)LE) = (7)" in Ow,. Thus, r | [L: K].

(2) Assume first that ord,(r3) = 0. Let F'/K be an extension of degree ¢. Consider the
normalization of the base change X X, Op. The preimage C’ of C' in this normalization
has multiplicity r/¢, and the induced morphism C’ — C' has degree ¢ and is ramified in
at least three points by assumption. Thus ¢g(C’) > 0. It follows that Xz has a model
with a component of multiplicity r/¢ and of positive genus. Thus, we can apply (1) to
this component to obtain that /¢ | [LF : F]. Tt follows that p>% ) | [L : K].

If ord,(rs) > 0, we reduce the situation to the case ordy(r3) = 0 by first making the
base change by the tame extension F’/K of degree (°*9¢("s) The details are left to the
reader.

(3) Write r = p%(™p. Let K'/K denote the tame extension of order p. Consider the
regular model &”/O’; obtained as the minimal desingularization of the normalization of
X Xo, Ogr. Let D denote a component of X, mapping surjectively to the component
C in &,. We leave it to the reader to check, using the facts recalled in 2.4, that D
has multiplicity p°"d (). that at least two components D;, i = 1,2, of X/ meeting D
transversally have multiplicity r; coprime to p, and that one component E of X, meeting
D transversally has multiplicity " with ord,(ged(r, 7)) < m. Thus, it suffices now to
prove the proposition when r = p°d»(").

Write now [L : K| = po%(LEDN Let K”/K denote the tame extension of order .
The normalization of X X, Ok is singular at a preimage of a point of the form C'N C;
if the multiplicity of C; is not divisible by A. If necessary, use a sequence of blow-ups
as in 2.5 to obtain a regular model &} — X for X/K such that the strict transform of
C only meets components with multiplicities divisible by A. Consider the regular model
X]/Og» obtained as the minimal desingularization of the normalization of X} X, Ogo.
Let D denote a component of (X]); mapping surjectively to the strict transform of the
component C' in (&Xj),. We leave it to the reader to check, using the facts recalled in
2.4, that D has multiplicity p ("), that at least two components D;, i = 1,2, of (X]);
meeting D transversally have multiplicity r; coprime to p, and that one component E
of (X)), meeting D transversally has multiplicity »’ With ord,(ged(r, ")) < m. Thus, it
suffices now to prove the proposition when r = p>% ) and [L : K| = p°rde(E:KD),
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Upon renumbering if necessary, we may assume that 3 is such that m = ord,(ged(r, r3)).
Assume that p°rd(=" > [[ : K]. Consider the model V/O, obtained as the minimal
desingularization of the normalization W of X X, Or. Let Y/O denote the minimal
regular (semi-stable) model of X /L, and denote by V — ) the natural contraction map.
Let D be a component of V, whose image in X is C'. Our hypothesis implies that the
multiplicity rp of D in Vj is a power of p divisible by p™! (use the formalism recalled in
the proof of (1)). Thus, this component must be contracted under the morphism ¥V — ).
Since  and 7o are coprime to [L : K], the preimages E; and Ey in W of the compo-
nents C7 and Cy are irreducible, of multiplicities r; and 79, respectively. Since Jac(X)
has potentially good reduction, we find that the preimage of C' in W is also irreducible,
otherwise the graph of V contains loops. Hence, there exists a unique component D of V;
whose image in X" is C'.

Consider the connected components of the topological space G(V)\{D}. We claim that
at least two such components contain a vertex of multiplicity coprime to p and, hence,
coprime to rp, and that a third component contains a vertex of multiplicity not divisible
by rp. Lemma 2.6 can then be applied to show that this is a contradiction. To prove
our claim, consider an irreducible component F; in the preimage in the normalization of
X xp, Op, of the component C; of multiplicity 7;. For ¢« = 1,2, the multiplicity of E;
is r;. The multiplicity of F3 cannot be divisible by p™*! since p™*! { r3 by hypothesis.
Clearly, since G(X) is a tree by hypothesis, £, Fs, and Ej5 are in three different connected
components of the topological space G(V) \ {D}. O

The simplest example of reduction type where neither of the above results can be
applied to obtain an affirmative answer to Question 1.4 is the case of a tree with a unique
node, of degree 3 and multiplicity p”, and with terminal multiplicities p"~!, 1, and 1.
When ¢ = 1, there are two such types®, IIT and III* when p = 2, which we consider in our
next lemma.

Lemma 4.2. Let p =2 and let E/K be an elliptic curve with reduction of type 111 or I11*.
Then 4 | [L : K]. In fact, given any extension M/K of degree 2, Ey /M has reduction I
for some n > 0.

Proof: In the case of type 111, there exists a Weierstrass equation for £'/K of the form
y2 +a1xy + asy = 3+ a2x2 + asgx + ag

with v(a1),v(as),v(asz) > 1, v(as) =1, and v(ag) > 2. After a translation z = X + b, the
equation becomes

y? + arzy + (ag + arb)y = 2° 4 (ag + 3b)2% + (ay + 3b? + 2ab)x + (b° + agh? 4 asb + ag).

Consider any ramified extension M/K of degree 2, and choose b € Oy with vy (b) = 1
and vy (b? +a4) > 2 (such a b exists since k is algebraically closed and vy(ay) = 2). Then
var(ag + 3b% + 2a5b) > 2 and vy (b® + asb?® + asb + ag) > 3. Since vyr(as + 3b) = 1, we find
that the translated equation satisfies the conditions of Tate’s algorithm, Step 7 on page
367 of [24], and that the reduction is of type I, for some n > 0.

Let us now consider the case of type III*. Then there exists a Weierstrass equation
for F/K with v(a;) > 1, v(az) > 2, v(az) > 3, v(ay) = 3, and v(ag) > 5. Consider
any ramified extension M/K of degree 2. The equation is not minimal anymore, and
we can make the change of variables X := z/72,, and Y := y/73,. The new equation
has vpr(ar) > 1, vy(az) > 2, vy(as) > 3, vay(as) = 2, and vp(ag) > 4. Choose again

6The Kodaira type III does not have normal crossings. A sequence of two blow-ups leads to a good
model to which Question 1.4 applies.
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b € Oy with vy (b) = 1 and vp(b? + ag) > 2. Then vy(as + 3b* + 2a9b) > 2 and
var(D® + agb? + agb + ag) > 3. Since vyr(az + 3b) = 1, we find that the translated equation
satisfies the conditions of Tate’s algorithm, Step 7 on page 367 of [24], and that the
reduction is of type I, for some n > 0.

Since the component group of the reduction I has order 4, we find that 2 | [M L : M]
and, hence, 4 | [L : K]. O
Remark 4.3 A more easily generalizable proof of the above proposition could possibly
be obtained if one had a better general understanding of Z/pZ-quotient singularities.
Indeed, E//K has good reduction over an extension L/K (minimal with this property).
Let Y/O/, denote the smooth model of £y, /L, endowed with the action of H := Gal(L/K).
Let Z/Ok denote the quotient Y /H. This is a normal model of E/K, with quotient
singularities. A regular model X' /O of E/K is obtained by resolving these singularities.

Assume now that [L : K] = 2, with reduction of type III or IIT*. Then Z has a single
singular point P since )y is supersingular, and Z; has multiplicity 2 ([18], 6.1). Say
that the reduction of E/K is of type III, which we blow up to get a model with normal
crossings. Then the resolution of P has the following possible shapes, where the open
circle represents the strict transform of Zj:

2 2 2

2 2 1 1 4 1
O———.—. eee K
T T

The first possibility can be eliminated because the intersection matrix N of the resolution
has always a component group ®y cyclic of order 8, and [L : K] kills &y ([18], 3.4).
The second possibility can be eliminated for the same reason when the number « of
components of multiplicity 2 on the initial chain on the left is odd: in this case &y =
Z./A7 x 7./ 27.. However, when « is even, then ®y = (Z/27)3. An easy computation shows
that the fundamental cycle Z has Z? = —[L : K], providing no indication that N cannot
be the resolution of a cyclic quotient singularity ([18], 3.3). It would be interesting to
know whether the latter matrix /N with o even can ever occur as the intersection matrix
associated with the resolution of a Z/2Z-singularity. If such were not the case, we would
obtain a second proof of 4.2 when the reduction is III.
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