Math 4900/6900 Spring 2007

Final Exam

Due in class on Monday April 30

Math 6900 students should attempt all of the questions below, Math 4900 students need only
answer the unstarred questions. You are permitted to use your own class notes and the course
textbook ONLY, please do not discuss the solution to these problems with anyone (except me).

Please be careful to state any results from these sources that you use in your arguments.

Have fun and good luck!

PART I: FOURIER ANALYSIS ON T AND R

1. (a) Let f be a continuously differentiable function on the circle. Use the Cauchy-Schwarz
inequality and Plancherel’s identity for f’ to prove that the Fourier series of f converges
absolutely (and hence uniformly to f).

(b)* Prove Bernstein’s theorem: If f is 27-periodic and Holder continuous' of order a > 1/2,
then the Fourier series of f converges absolutely.
Hint: Modify the argument in the case a =1 which is outlined in exercise 3.16.

2. For t > 0 we define

fe(x) = e 2™ and g, (z) = M
(a) Show that
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(b) What is the Fourier transform of the function ¢;? Be sure to explain your answer.
(c) Show that for all t > 0,
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(d) Show that the k-fold convolution g; * - - - * gi(x) = g(x).

3. (a) Show that if B = [—b,b], then
—~ sin 2b7
Th(g) = 2220,
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where 1p is the characteristic function (indicator function) of the set B.
(b) Let f € M(R) such that its Fourier transform f is supported in B = [—b, b]. Show that

sin (26t — n)
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Hint: Write f as a Fourier series, then use Fourier inversion (on R), see exercise 5.20.
This is the sampling formula for band-limited functions, also employed by your CD-player. It
says that if you have an acoustic signal f such that f(t) = [ f(£)e*™d¢ (in some sense),

t time, with a limited range of frequencies &, i.e. supp( f) C |- b, b} for some b > 0 (band-
limited), then the signal f can be reconstructed from the samples f(n/2b), n € Z.

! Recall that a function f is said to be Hélder continuous of order a > 0 if there exists a constant C' > 0 such
that |f(z + h) — f(x)] < Clh|* for all x and h.



PART II: FOURIER ANALYSIS ON Z

4. Prove that if f : Z — C satisfies )., |n[|f(n)| < oo, then the Fourier transform of f on Z,
defined by

Flo) =3 f(m)e2mine
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is a continuously differentiable periodic function on R, with period 1.
5. Let B be an interval of M consecutive integers, that is B = u+ {1,..., M}, for some p € Z.

(a) Prove that if a ¢ Z, then

—~ simmMao __;
1B(a) — e mi(2ut+M+1)a
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and hence that

_ 1
1p(a)] < min{M, }
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for all @ € R where |||| denotes the distance from « to the nearest integer.
(b) Verify that if 1 < ¢ < oo, then

1
/ T3()[? da < C,MT,
0
where C; is a constant which depends only on g.

6. Let AC {1,...,N} with |[A] = dN be an e-uniform set for some € > 0, that is

sup [fa(a)| <eN
a€l0,1]

where fq =14 — 461y Ny is the so-called balanced function of A.

(a) Show that if 2 < p < oo, then
/01 Fa(@)P da < (eN)P72|A] = 6eP=2NP~.
(b) Show that if B C {1,..., N} is an arbitrary subset with |B| = nN, then
40 Bl -onV| < [ Fa@)Ta(@)] do

(c) Conclude that if B C {1,..., N} is in fact an interval of nN consecutive integers, then
|AN B| — onN| < 03 (on) /4N,

Hint: Set p = 4 and apply Hélder’s inequality: If f, g are integrable function on [0, 1]
and 1 <p < oo with1=1/p+1/q, then

[ 1s@lowiar < ([ rwpa) " ([ ot@pas) "

(d) Carefully explain why part (c) illustrates that e-uniform sets are indeed “uniform” in a
natural sense.



PART III: FOURIER ANALYSIS ON Zp

Let f:Zn — C be a function on the cyclic group Zy (which we think of as the additive group of
integer modulo N), and let f : Zy — C be its Fourier transform defined by

Tl 1 —2mikr /N
fr) = > fk)e .
k€EZN
7. Derive a formula connecting the Fourier transform of g with the Fourier transform of f when
(a) g(k) := f(k—h) with h € Zy,
(b) g(k) := f(k)e*™ /N with h € Zy,
(c) g(k) := f(h~'k) with h € Z%,.

8. Let f : Zny — C be a function such that f(k) is non-zero for exactly A different values of k,

o~

and f(r) is non-zero for exactly B different values of r.

(a) Verify the validity of the following inequalities

N-1 R 9 R 1 Nl
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(b) Use the Cauchy-Schwarz inequality and Plancherel’s identity to prove that AB > N.

This is the uncertainty principle for Zy, it says that a function and its Fourier transform
cannot simultaneously have “narrow support”.

9. If f:Zy — C and g : Zy — C are two functions, we define their convolution f*g: Zy — C
by the formula

=

frg(k): .

= 3 Fm)g(k —m).
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(a) Prove that f * g(r) = f(r)g(r).

(b) What is the relationship between E(r) and f * g(r)?

(c) Does there exist a function § : Zy — C such that f*0 = d % f = f for all functions
f:Zn — C? If so, what is this function 67 What is the Fourier transform of §7

10. Suppose that N = g1go with g1, ¢ € N and define
1 if q1 k
ﬂwz{ |

0 otherwise

(a) Show that the Fourier transform

fr) =

0 otherwise
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(b) For any function g : Zy — C prove the identity

This is an analogue of the Poisson summation formula for Zy.

Hint: Apply Parseval’s identity:
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3 FmeR = 3 Fwan.
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