Math 8100 Assignment 9
Differentiation II & L? Spaces
Due date: Thursday 13th of November 2008

—_

(a) Let f(x) = a?sin(x=2) if x # 0, £(0) = 0. Show that f’ exists everywhere, but f’' ¢ L([0,1]).

(b) Show directly that the Cantor-Lebesgue function is not absolutely continuous.

2. Prove that if F' and G are absolutely continuous on [a, b], then so is FG, and
b
/ (FG' + GF')(z) dz = F(B)G(b) — F(a)G(a)

3. Let Fs(z) = 6 'F(x/J) where

Prove that if 1 < p < oo and f € LP(R), then

lim | 5 s — fll, =0

4. Let a = {a;}32 _, be a sequence of complex numbers, and let
< i .
lall, = ( 3 \ajv’) if0<p<oo and lalle =supla;| if p=oc.
j=—00 !

Then, for 0 < p < oo we define
*(2) = {a ={a;}jez : llallp < oo}

(a) Let p and p’ be conjugate exponents with 1 < p < o0, a = {a;}, b = {b;}, and ab = {a;b;}. Prove
Holder’s inequality: |jabll1 < ||a|l,|/b]p -

(b) Suppose 1 < p < o0, a = {a;}, b = {b;}, and a + b = {a; + b;}. Prove Minkowski’s inequality:
la+bllp < llallp + (16l

(c) Prove that if 0 < p < ¢ < oo, then ¢P(Z) C £4(Z) and ||a|lq < ||all,- [Hint: Consider ¢ = oo first.]

(d) Prove that ¢P(Z) is a Banach space whenever 1 < p < oo.

5. (Hilbert’s Inequality) Let

(a) Show that T'f satisfies the norm inequality

([ ITf(x)pdw)l/p <o ([ If(:v)lpdw)l/p

o 1
C, = —dux.
P /0 xV/P(z +1) *

(b) Show, without using complex analysis, that

for 1 < p < o0, with

p2

p—1

C, <

Remark: It is a standard exercise in contour integration to show that in fact C, = 7/ sin(w/p).



Challenge Problem XI, XII & XIII
Hand this in to me at some point in the semester

XI. Suppose that 0 < p < ¢ < co. Prove that if LI(E) C LP(FE), then m(E) < occ.

XII. Let g(x) be absolutely continuous and increasing on [a, b]. Show that if f is an integrable function on
[9(a), g(b)], then

g(b) b
/ f(y) dy = / Fg(@)d () dz
g(a) a

XIII. (Young’s Inequality) Suppose 1 < p,q,7 < oo with p~* 4+ ¢~! = r=! + 1. Prove that if f € L? and
g € L9, then fxg e L" and
1 *gllr < [ £llpllgllg

[Hint: For f,g >0 and p,q,r < 00, write

frglz) = /f(y)’”/rg(aj — )Y fy)PP g — y) ) dy

and apply Hélder for three functions with exponents r,p1,pa where 1/p1 = 1/p — 1/r and 1/py =
1/q—1/r.]



