TWO-WEIGHT ESTIMATES FOR SINGULAR AND STRONGLY SINGULAR
INTEGRAL OPERATORS

V. KOKILASHVILI, N. LYALL, AND A. MESKHI

ABSTRACT. In this article we consider conditional two-weight estimates for singular and strongly
singular integral operators. The conditions governing two-weight estimates shall be simultaneously
necessary and sufficient for a quite large class of singular integrals.

1. INTRODUCTION

In the sequel we shall assume that K is a distributional kernel that satisfies the estimate

1 K(z,y)| < 7——r,
(1) K@yl < =

whenever x # y for some o > 0. Moreover, we assume that the operator

(2) Tf(x)= - K(z,y)f(y)dy , = ¢&supp f,
which is initially defined for function f € S(R"), extends to a bounded operator on L?(R™).

We shall assume that a weight p is an almost everywhere positive function on R™ and denote by
LH(R™), for 1 < p < oo, the space of all measurable functions f : R" — R for which

1/p
||f||Lg(Rn) = </Rn |f(x)|Pp(x) dw) < 00.

We denote by LE™(R™), for 1 < p < oo, the space of all measurable functions f : R" — R for

which
1/p
£l Lz (mny :=sup A (/ p(x) dm) < 0.
A>0 {a:] f(@)[>X}

For convenience we shall often abbreviate LE(R™) and LY°°(R") by L5 and L™ respectively.

We shall say that an operator is of two-weight strong-type (p,p) or two-weight weak-type (p,p),
for 1 < p < oo, if it is bounded from LF, to L, or from LB to LE>° respectively.

In this article we will be concerned with conditional two-weight estimates for operators T' defined
by (2) with kernel satisfying (1). In our arguments we use known boundedness properties of
appropriate singular integrals and two-weight criteria for the Hardy transforms. We also establish
necessary conditions for such estimates to hold in the case where a = 0.

For one-weight estimates it is a well known result of Stein [33] that operators given by (2) with
kernels satisfying condition (1) for v = 0 that are bounded on LP for 1 < p < oo will also be
bounded on LhH(R™), with p(z) = |z|* and —n < A < n(p — 1). For related topics when p = 1 see
Hoffman [18]. The results of [33] were later extended by Soria and Weiss [32] to the case of general
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A, weights and to certain maximal singular integrals. One-weight estimates have been obtained in
the case where o > 0 by Chanillo [3].
For convenience we recall that p is an A, weight for 1 < p < oo, or more succinctly p € A, if

1 1/p 1 1/p'
sup | —= [ p(x)dx / p*p//p x)dx < 00,
s (|B\/B ) ) <|B| s

where p’ = ~£5 and the supremum is taken over all balls in R". Passing to the limit in the definition
above we obtain the following characterization of the class A1, namely that p € Ay if

1 ~1
sup | — x)dx H H < 00.
S, <|B| /@ ) g P
Recall also that if p € A,, then p~P'/P € Ay, where again p’ = p%l.

2. MAIN RESULTS

2.1. Positive results in the case where o > 0. Our first result establishes a sufficient condition
for our operators T' to be of two-weight strong-type (p,p) when 1 < p < 0.

Theorem 1. Let 1 < p < oo and T be an operator defined by (2) with kernel satisfying (1) with
a > 0 that is bounded on LP(R™). If vy and wo are positive monotonic functions on (0,00) such
that the weights v(x) = vo(|z|) and w(x) = wo(|x|) satisfy the condition

1/p 1/p
By (v, w) := sup ( / v(z)(|x]* + 1)p\aﬁ|”pda¢> ( / w PP (z) dm) < 0o

t>0
t<|z| |z|<t/d

if vg and wy are increasing or

1/p 1/p
B, 4(v,w) := sup ( / v(x) dx) < / w PP () (|z) 7 + l)p,]m\_"p/dx> < 00

t>0
|lz|<t/d t<|z|

if vo and wo are decreasing, for some d > 1, then T is bounded from L%, to LY. Moreover
ITfllp < CiBa,a(v,w) [or By (v, w)][1f] s,
where Cy = C1(||T||pr—1r, A, p, 1, o, d).

Remark 1. If w satisfies the doubling condition:

/ w(z)dr < c’/ w(z) dz,
x| <2t |z|<t

/
then so does w /P, and as a consequence Bqa(v,w) < Aq(v, w), where

1/p 1/p’
Ap(v,w) :==sup t T "(t7*+1) ( / v(x) dm) ( / w PP (z) dx) :
>0 |z|<t |z|<t

We include the proof of this statement as an appendix.

Our second result establishes a sufficient condition for our operators T to be of two-weight weak-
type (p,p) when 1 < p < 0.
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Theorem 2. Let 1 < p < oo and T be an operator defined by (2) with kernel satisfying (1) with
a > 0 that is bounded from LP(R™) to LP>°(R™). If vy and wy are positive increasing functions on
(0,00) such that the weights v(z) = vo(|z|) and w(z) = wo(|z|) satisfy the condition

T+1 1
ng()i(v,w) = sup ( / v(x) dac) (
’ o<t<r T"

t<]z[<T lz|<t/d

1/p
w PP (z) dx) < o0

if 1 <p< oo, and

(1) Tl / o
B , = S — d <
a’d(v w) Os<1t11<)T — ( v(z) dx Hw HLOO(“.Kt/d})

t<|z|<T
if p=1, for some d > 1, then T is bounded from L%, to L*°. Moreover
171l < CoBE (0, w)[1f
where Cy = Co(||T || pp—1r, A, p,n, a, d).

2.1.1. Examples. Let 1 < p < co and recall that |z|" € A,(R") if and only if —n <y < n(p—1).

For simplicity we shall restrict our examples to the case where n = 1. It is known (see [8]) that
if
|z~ if0 < |z] <1
v(r) = .
|x|Y if |z| > 1

lz[P~1(1 —log|z|)? if0O<|z] <1
w(z) = :
|x|Y if |z| > 1

with 0 < v < p — 1, then the Hilbert transform is bounded from L%, to L. Furthermore, if

p=1(1 -1 P ifQ <1
o) = 4 17T loglal)P 0 < o] <
|x|Y if |z| > 1

p=1(1 -1 if 0 <1
wiz) = BT oglal) 0 <la] <
|x|Y if |[z| > 1

with 0 < v < p — 1, then the Hilbert transform is bounded from L%, to L°°, but is not bounded
from L%, to LY. See [10] page 557.
The following two examples are an immediate consequence of Theorem 1.

Example 1. Suppose that T is an operator defined by (2) with kernel satisfying (1) with a > 0
that is bounded on LP(R). If we set

|z TP if 0 < |z| <1
v(z) = .

|z|Y if |z| > 1
w(z) = |z|7 if |z| >0

with 0 < v < p — 1, then T is bounded from L%, to L%.
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Example 2. Suppose that T" is an operator defined by (2) with kernel satisfying (1) with a > 0
that is bounded on LP(R). If we set

(@) |z|P=1Fer if 0 < |2 <1
v\xr) =
|| if 2] > 1

|z|P~1(1 —log |z|)P if 0 < |z| <1
w(z) = .
|x|Y if |z| > 1

with 0 < v < p — 1, then T is bounded from L%, to L%.
The following is an immediate consequence of Theorem 2.

Example 3. Suppose that T is an operator defined by (2) with kernel satisfying (1) with a > 0
that is bounded from LP(R) to LP*°(R). If we set

lz|P~1oP(1 — log|z|)P if 0 < |z <1
v(z) = '
|| if 2] > 1
w(z) = |z|P~1(1 — log |x]) ?f 0<|z|<1
|| if x| > 1
with 0 < v < p— 1, then T is bounded from L%, to L.

2.1.2. Local Properties in the case where o > 0. Our third and final result in the generality
of o > 0 concerns the local properties of our operator 1.

We make the assumption here that our operators T' are local; that the boundedness of T" on LP
is equivalent to the following estimate holding uniformly in xg,

¥ /|x-xo<1 ITf(@)[Pda < Co /x—xo|<10 £ () |Pdz.

Theorem 3. Let 1 < p < oo and T be an operator defined by (2) with kernel satisfying (1) with
a > 0 that satisfies (3). If vo and wy are positive monotonic functions on (0,10) such that the
weights v(x) = vo(|z]) and w(zx) = wo(|x|) satisfy the condition

1/p
Bg)zl(v,w) = sup ( / v(w)|x]("+a)pdx> (
0<t<1

1/p
w PP (2) dw) < 00
t<[z|<1 |z|<t/d

if vg and wy are increasing or

1/’

1/p
B, ) :ZOi‘iEl( / ”(x)dx> ( / W""/p<w>|x|—<”+a)p/dx> o

lz]<t/d t<[z[<1
if vo and wq are decreasing, for some d > 1, then
T f ()P v(x — z0) do < C3BG(v,w) [or BLY (v, w)] / |f(@)]P w(z — 2o) d,
|lx—x0|<1 |x—x0]|<10

where C3 = C3(Co, A, p,n, a,d) is independent of o and f.
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2.2. Positive results in the case where a = 0. The restriction to & = 0 in (1) enables us to
formulate more general statements.

Again our first result establishes a sufficient condition for our operators 1" to be of two-weight
strong-type (p,p) when 1 < p < co. We introduce the following notation,

1/p
By(v,w) = B()’d(v,w)zsup( /v(w)|x|_”pdaz> (

t>0
t<|a| lo|<t/d

1/p
Bl(v,w) = Béd(v,w)ziiﬁ( / v(m)dm) ( /w_p//p(a:)|x|_”p/dx>

lz|<t/d <]z

1/p
w PP (z) da:)

1/p'

Theorem 4. Let 1 < p < oo, p € A, and T be an operator defined by (2) with kernel satisfying
(1) with o = 0 that is bounded on LH(R™). If vy and wy are positive monotonic functions on (0, 00)
such that the weights v(z) = vo(|z|)p(z) and w(z) = wo(|z|)p(x) satisfy the condition

By(v,w) < o0
if vo and wq are increasing or
Bl (v,w) < 00
if vo and wo are decreasing, for some d > 1, then T is bounded from L%, to LY. Moreover
ITfllzz < CaBalv,w) [or By(v,w)]|[fllz,,
where Cy = Cy([|T| Lz 15, A, p, . d).

Theorem 4 has been already been proven in the case of Calderén-Zygmund singular integrals;
see [8]. The following corollary generalizes results presented in [9], see also [10], p517.

Corollary 5. Let 1 < p < oo and T be an operator defined by (2) with kernel satisfying (1) with
a = 0 that is bounded on LB(R™) for p € A,. Let p1 € Ay, if vo and wg are positive monotonic
functions on (0,00) such that the weights v(x) = vo(|x|) and w(x) = wo(|z|) satisfy the condition

Bi(v,w) < o0

if vo and wo are increasing [or Bi(v,w) < oo if vo and wo are decreasing], for some d > 1, then it

follows that T is bounded from L%,,, to L%, [or from Lip to sz},p]. Moreover

1—p
1

1Tz, < CsBa(v,w)|flrz

wpq

or |Tfll> < CsBilww)]|flr |

vpy wpy

)

where C5 = C5(|| Tz 12, A, p, 0, d).
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Proof. We shall assume that vg and wy are increasing. Using the fact that p; € A1 C A, it follows

that
o 1/p / 1/p
Bafupr, wpn) = Z( v<w>m<x>|x|—"pdx> ( [ @ @) dx)
F=0 N gkt<|a|<2b+1t |z|<t/d
o] 1/p’
< [Al(m)}l/pzUl/p(2k+1)(2kt)_"+"/p< / w /P (z) dff)
F=0 | <t/d
00 1/p 1/p
SMKmW”EZ( vmmrww) ( / wﬁmwmﬂ
k=1

- 2k < || <2k +1¢ |z|<t/d
< CBd(Uv w)

The argument for vy and wy decreasing is similar, in this case one instead uses the fact that
p;p/p € Ap/ if p1 € Aj. ]

Our second main result when o = 0 establishes a sufficient condition for our operators 1" to be
of two-weight weak-type (p,p) when 1 < p < oco. We introduce the following notation,

1 1/p 1/p
BElP)(U,w) = B((fg(v,w): sup n( / v(ac)dx) ( / w—p’/p(ac)dx)

t<|z|<T lz|<t/d
(1) — gO _ 1 / -1
B,/ (v,w) := B;j(v,w)= sup — v(x)dz | ||w .
a(00) oa(t:0) = e, r”( e ) >H HLOO<{|~|<t/d})
t<|z|<T

Theorem 6. Let 1 < p < oo, p € A, and T be an operator defined by (2) with kernel satisfying
(1) with o = 0 that is bounded from LLH(R™) to LE™(R™). If vo and wy are positive increasing
functions on (0,00) such that the weights
v(z) = vo(lz)p(x) and w(z) = wo(|z|)p(z)

satisfy the condition

Bc(lp) (v,w) < 00
if 1l <p< oo, and

Bc(ll)(v,w) < 00
if p=1, for some d > 1, then T is bounded from L%, to Ly°°. Moreover

1Tz < CoB (0, 0)I11 11z,

where Cs = Co(|| Tz, A, p,n, d).

Remark 2. If p € A, with p > 1, then one-weight weak-type (p,p) estimates for the Riesz
transforms are equivalent to one-weight strong-type (p,p) estimates. It has however been shown
that for p > 1 the class of weight pairs guaranteeing two-weight weak-type (p,p) estimates for the
Hilbert transform is larger than the class that ensures two-weight strong-type (p,p) estimates; see
[9] and [10], Chapter 8.
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2.3. Necessary conditions in the case where a = 0. Our first result establishes a necessary
condition for our operators T' to be of two-weight strong-type (p,p) when 1 < p < oo.

Theorem 7. Let 1 < p < 0o and T be an operator defined by (2) with kernel K (z,y) = K(x —y)
satisfying the estimates

(ta) VR (@) <
(40) Rl = 2k

whenever x # 0, in addition to (1) with o = 0. If T is bounded from L%, to LY then this implies
the condition

Baagn (v, w) < 0.
Aq

Our second result of this section establishes a necessary condition for our operators 1" to be of
two-weight weak-type (p,p) when 1 < p < o0.

Theorem 8. Let 1 < p < oo and T be an operator defined by (2) with kernel K (z,y) = K(z —y)
satisfying estimates (4) and (1) with « = 0. If T is bounded from L%, to L°° then it follows that

B% (v,w) < o0,
Ay
if 1 <p<oo, and
B% (v,w) < o0,
Ay
if p=1.
Corollary 9. Let K(z,y) = K(z — ) satisfy conditions (1) and (4) and P be a real polynomial
on R™ x R™. If we, in the sense of (2), define

T () = [ K)o f(o) dy

then in order for Tp to be bounded from L%, to LY with bounds independent of the coefficients of P
1t 1s necessary that

Baagn (v, w) < 00.
Ay
Proof. For ¢ > 0 we denote P.(x,y) := eP(x,y). Let f be a non-negative belonging to L, with
support in x g(o,s), t > 0. It is then easy to see, using the Lebesgue dominated convergence theorem,

that if |x| > 42{‘0 t, then
1

(5) lim e @V K (2, y) f(y)dy = K(z,y) f(y)dy. 0

=0 Jly|<t lyl<t

3. BACKGROUND

3.1. Model Operators. We now list some model operators that are of the form that we are
considering, namely of the form (2) with kernels satisfying (1). Recall that we are also making the
a priori assumption that our operators are bounded on L?(R™).
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3.1.1. Calderon-Zygmund Singular Integrals. These operators, which we shall denote by S, are
defined as in (2) with integral kernel that in addition to satisfying (1) for o = 0 also satisfy the
differential inequality
070 K (2, y)| < Alx —y| 7"k,
Key examples are the following;
(1) The key example when n = 1 is the Hilbert transform H, this is a convolution operator
(defined as a principle value) with distributional kernel

K(z)=z"1
(2) The analogues of the Hilbert transform in higher dimensions are the Reisz transforms
Ry,..., R,, where each operator R; is given by convolution with

K (@) = a1,
(3) Another important example are the convolution kernels of the form
K(z) = |z|™"%, with t # 0.
The following result is of course well known; see for example [34].

Theorem A. If1 < p < oo then S extends to a bounded operator on LP(R™) and if p =1 then S
extends to an operator which is of weak-type (1,1).

3.1.2. Oscillatory Singular Integrals. Let K be a Calderén-Zygmund kernel as described above and
P be a real polynomial on R™ x R™. If we, in the sense of (2), define

Tpf(w) = [ K(.p)e™eD f(y)dy
then the following is known, see [30] and [4].

Theorem B. If1 < p < co then Tp extends to a bounded operator on LP(R™) and if p =1 then
Tp extends to an operator which is of weak-type (1,1). In both instances the bounds on Tp can be
taken independent of the coefficients of P.

For extensions of Theorem B to more general phase functions see [29], see also [34].

3.1.3. Strongly Singular Integrals. These are operators, which we shall denote by T, whose integral
kernels take the form '
Ka(.’IJ, y) - a(x, y)eup(a},y)’

where the amplitude! and phase satisfy the differential inequalities

040y a(w, y)| < Cpple —y[~47o K=

040 p(z,y)| < Cpplz —y| P77,
that ¢ is real-valued and furthermore that
(6) Vap(z,y)l, [Vyp(z,y)| > Clz —y[ 77
with 4 > 0 and 0 < a < n(/2. In additions to these two assumptions one also makes the non-

degeneracy assumption that
2
det (@0 S 0 g
0x;0y;

L In the case where o = 0 we must make the further assumption that our amplitude a is compactly supported in
a neighborhood of the diagonal z = y, this is of course also the only region of any interest when o > 0.
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uniformly in A. Note that this non-degeneracy assumption ensures that 7T, extends to a bounded
operator on L?(R").

The key example of such a kernels are Ko (z,y) = Kq(z — y) where K, is a distribution on R?
that away from the origin agrees with the function

Ka(x) = Ja| =€l x(Ja]),

with y smooth and compactly supported in a small neighborhood of the origin. Operators of this
type where first studied in one dimension by Hirschman [17] and then in higher dimensions by
Wainger [36]. For the following result see [25].

Theorem C. If1 < p < oo, then T, extends to a bounded operator on LP(R™) if and only if

1 1 1 «

p 2

The prototype non-convoltion operator of this strongly singular type are the pseudo-differential
operators with symbols in the class S;”(; that where introduced by Hérmander. In the special case

where K, (z,y) = Ko(z —y) and o = 0 it was shown by C. Fefferman [11] that T}, extends to an
operator which is of weak-type (1,1). In fact this result, and the one above, can be extended to
the general class introduced by Hormander, see [12].

We now recall some well known one-weight and two-weight estimates for these singular integrals.

3.2. One-weight estimates for singular integrals. For completeness we choose to state here
some results which pre-date those in [32].

3.2.1. Calderdon-Zygmund singular integrals.

Theorem D. If1 < p < 0o and p € A, then S is bounded on LY, while if p € Ay then S is bounded
from Lll) to L,l)’OO (S is of one-weight weak-type (1,1)).

In the case of the Hilbert transform H having p € A, for1 <p < oo and p € Ay is also necessary
for H to be of one-weight strong-type (p,p) and one-weight weak-type (1,1) respectively.

Theorem D was proved for the Hilbert transform in [21] and for general Calderén-Zygmund
intgrals in [7], see also [13].

Moreover, in [13] (page 417) it is shown that if the Reisz transforms R; are of one-weight weak-
type (p,p) for 1 < p < oo then one must necessarily have p € A,,.

3.2.2. Oscillatory singular integrals. In [31] it was shown that if K(z,y) = K(x — y) satisfies the
conditions?

|K(z)| < Alz|™ and |VK(z)| < Agla| "

/ K(z)dz =0,
e<|z|<N

for all 0 <€ < N < 00, and p € Ay, then Tp is one-weight weak-type (1,1). See also [5].
Let 1 < p < o0, P(x,y) = Q(z — y) and K(z,y) = (z — y)~!, then Tp is bounded on LH(R) if
and only if p € Ay, see [19]. See also [20].

and

2 These are precisely the necessary and sufficient conditions in order for the Calderén-Zygmund singular integrals
with this convolution kernel K to extend top a bounded operator on L?(R™).
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3.2.3. Strongly singular integrals. The following results have been established in the in the ‘model’
convolution case.
Theorem E. Let Ko (z,y) = Ko(z —y).
(i) Ifa=0,1<p< oo andp € Ay then T, is bounded on L, while if p € Ay then T, is
bounded from Lj, to Ly™.

(ii) If0<a§ap::nﬂ<%—‘%—%

), v = (a—ap)/opand p € A, then Ty is bounded on LY, .

These two results were established in [3], in the same paper it was also shown that if 1 < p < oo
and p(z) = |z|}, where A < —n or A > n(p — 1), then T, is not bounded on L. For extensions to
the prototype non-translation invariant setting discussed in §3.1.3 see [6].

3.3. Two-weight estimates for Calder6n-Zygmund singular integrals. Two-weight inequal-
ities for Calder6n-Zygmund singular integrals have been studied in [28] and [8] (see also [16], [15],
[23], [24], [10] Chapter 8, and [14]).

Theorem F. Let 1 < p < oo and K be a Calderon-Zygmund kernel. We put v(x) = vo(|z|)p(x)
and w(z) = wo(|z|)p(x), where vg and wy are positive monotonic functions on (0,00) and p € Ap.
If vo and wy are increasing and

Bs(v,w) < o0
or if vg and wg are decreasing and

B(v,w) < 00
then S is bounded from L%, to LY.

Conversely, if the Hilbert transform H is to be bounded from L%, to LY then the weights v and w

must satisfy conditions Ba(v,w) < 0o and B)(v,w) < co.

For the two-weight weak-type inequality we have the following, see [9] and [10].

Theorem G. Let 1 < p < 0o and K be a Calderén-Zygmund kernel. We put v(xz) = vo(z)p(x)
and w(x) = wo(z)p(x), where vg and wy are positive increasing functions on (0,00) and p € A;.
Now if the weights v and w satisfy

—_

Bép)(v,w) < oo
if 1l <p< oo, and
Bél)(v,w) < 00
if p=1, then T is bounded from L%, to LY.
Conversely, if the Hilbert transform H is to be bounded from L%, to LY then the weights v and

w must satisfy conditions ng)(v,w) < oo and Bél)(fu,w) < 0.

3.4. Hardy operators. Before presenting the proofs of the main results, we formulate some well
known statements concerning two-weight norm estimates for Hardy-type transforms defined on R".
The two-weight problem for the classical Hardy operator

H(x) = /0 " fw)dy

has been solve in [27], [2], [22], and [26].

Let
1

Hadf (x) = W/|y<|x/d fy) dy
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and

Hoaf@) = [ LWy

jyl>dla Y]
for measurable f : R™ — R, where d > 1.
For the following two-weight strong-type and weak-type (p,p) estimates see [10], Chapter 1.

Theorem H. Let 1 <p < oo and a > 0.
(i) Ha.a is bounded from L%, to LY if and only if

1/p 1/p'
Dq (v, w) := sup < / v(m)x|("+°‘)pd:z:> ( / w PP (z) d:z:) < 0.
0N e [e1<t/d
Moreover, there exists constants ¢; and co such that
c1Daa(v,w) < [[Hadllze rp < c2Dga(v, w).
(ii) M, 4 is bounded from Ly, to Ly if and only if
1/p 1/p'
Dy, 4(v, w) := sup < / v(x) da:) ( / w_p//p(x)|x]_("+a)p/d:c> < 0.
i [z|<t/d <]
Moreover, there exists constants ¢| and ¢y such that
C,1 /a,d(va) < ||H£lHpr—>L§ < CIQD/a,d(va)'
Remark 3. It is easy to see that for all a > 0 one has
Da,d(v,w) < Bgg(v,w) and Dy, 4(v,w) < By, 4(v, w).
From Theorem H is easy to establish the following local result.
Corollary I. Let 1 < p < oo, then the two-weight inequality
™ [ Medful@Poe—mdr<Co [ @ ute - w0 s
lz—z0|<1 |z—20|<10

where fu,(y) = f(y + zo) holds if and only if Bgfl(v,w) < 00. Moreover, there exists constants ¢y
and co such that if Cy is the best possible constant in (7) then

cl[B}f’fj(v,w)]p <(Cp < cz[Blofj(v,w)]p.

«,

Theorem J. Let 1 <p < 0o and o > —n. Hy 4 is bounded from LY, to L™ if and only if

1/p
Dgpzi(v,w) ;= sup T_"_O‘< / v(x) dac) (
’ o<t<r

t<|z[<T |lz|<t/d

1/p
w PP (2) dx) < o0

when 1 < p < 00, and

(1) —n—a -t 00
D (v,w) = s d <
o, (Vs W) Jup 7 ( / v(z) x)HM HLOO({\-|<t/d})

t<|z|<T

when p =1 for some d > 1. Moreover, there exists constants ¢c1 and co depending only on o and p
such that
¢1Dq,a(v, w) < [[Hadllpr,—ppe < c2Daa(v, w).
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This statement was proved in more generality in [10]. For two-weight weak-type estimates for
the one-dimensional Hardy operator see [1].

Remark 4. For all 1 < p < oo and a > 0 one has that
nggl(v,w) < Bgl:)i(v,w).

4. PROOF OF MAIN RESULTS
We shall need the following lemmata, they are easily established so we omit their proofs.
Lemma 1. Let 1 < p < oo and a > 0. Suppose that v(x) = vo(|z|) and w(z) = wo(|z]), where vy
and wg are positive monotonic functions on (0,00).
(i) If vo and wy are increasing and
Bqa(v, w) < o0
for some d > 1, then there exists a positive constant C depending only on p, n, o, and d
such that
vo(dt) < C[Bq,qa(v, w)]P wo(t)
for allt > 0.

(ii) If vo and wo are decreasing and

B/, 4(v,w) < oo

«

for some d > 1, then there exists a positive constant C' depending only on p, n, «, and d
such that

vo(t/d) < C[B,, 4(v, w)Pwo(t)
for allt > 0.
Lemma 2. Let 1 <p < oo and a > 0. If v(z) = vo(|x|) and w(x) = wo(|x|), where vy and wy are
positive increasing functions on (0,00) satisfy, for some constant d > 1, the condition
Bgle(v,w) < 00
if 1l <p< oo, and
Bszl(v,w) < 0o
if p =1, then there exists a positive constant C' depending only on p, n, a, and d such that
vo(dt) < CIBYL) (v, w)|Pwo(t)
for allt > 0.

When a = 0 we have the following two lemmata, see [8], [9], and [10].

e
Lemma 3. Let 1 < p < oo and o = 0. Suppose that v(x) = vo(|z|)p(x) and w(x) = wo(|z|)p(z),
where vy and wo are positive monotonic functions on (0,00) and p € Ap.
(i) If vo and wo are increasing and
Bi(v,w) < 00
for some d > 1, then there exists a positive constant C' depending only on p, n, and d such
that
vo(dt) < C[Ba(v, w)]” wo(t)
for allt > 0.
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(ii) If vo and wo are decreasing and
Blj(v,w) < o0
for some d > 1, then there exists a positive constant C' depending only on p, n, and d such
that
vo(t/d) < C[By(v, w)["wo(t)
for allt > 0.

Lemma 4. Let 1 < p < 0o and a = 0. If v(z) = vo(|z|)p(z) and w(zx) = wo(|z|)p(x), where vy
and wo are positive increasing functions on (0,00) and p € A, satisfy, for some constant d > 1,
the condition

Bc(lp) (v,w) < 0o
if 1l <p< oo, and

B((il)(v,w) < 00
if p =1, then there exists a positive constant C depending only on p, n, and d such that

vo(dt) < C[BY (v, w)Pwo (1)

for allt > 0.

Proof of Theorem 1. We shall assume that vg and wq are increasing. Without loss of generality we
can assume that the weight v(z) = vo(|z|) has the form

|
(3) o) =v0)+ [ el an

where ¢ > 0 and v(0) := |li‘m v(z). In fact there exists a sequence of absolutely continuous
z|—0

functions vy such that
vg(x) <wv(x) and lim vg(z) = v(x),

k—o0

that are given by

||
v (z) = v(0) + k‘/o [vo(t) — vo(t — 3)] dt.

Now using representation we have

(8)
/ny(x),pv(x) dx:/ny(x),pv(o) dx—i—/]Tf(x)’P(/O'xI o(t) dt) do =:I) + I».
(

Now if v(0) = 0 then I; = 0, while if v(0) # 0 it follows from the L? boundedness of T' and Lemma
1 (part (i)) that

L < o(O)|TIE,_ / f(@)Pdz < C[Baa(v,w)PTIs_ L, / (@) Pl

For I we have that

= [ew ([ wrwrd)a
[Teor ([ sy [“oo ([ i) dt]

=11+ Iz,

< op~1
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where
fre(@) = (@)X {z)2t/ay (®) and fou(z) = f(2) — fi,e(2).
Using again the LP boundedness of 7" and Lemma 1 (part (i)) it follows that

By <\ TWess [0 ([ \ra)pds) ai
0 |z|>t/d

1T [ 150 [ " o) dt) "

< ClBa(v: 0P IT W [ 15@)Puo
Using the fact that if |z| > ¢ and |y| < t/d then (d —1)|z|/d < |z —y| and Theorem H (part (i)) we

see that
o p
Iy < CAP / o) ( / \x!*"*‘“)p( / !f(y)!dy) dx) dt
0 x| >t ly|<t/d

<o [t ( e (s dy)”dx) at
< C'Ap/]a;\(”+a)p(/||<m|/d]f(y)]dy>p</0|m| p(t) dt) dz

< [ o)l " Mol (o) d

< ClBaa(v. )P 27 [ |£(@)Puo) do

This completes the proof in the case when vy and wy are increasing. The proof in the decreasing
case follows in exactly then same manner using the representation

(9) v(x) = v(o0) —i—/ e(t)dt, >0, v(co):= | l‘nn v(x),
|| x| =00
and part (ii) of both Theorem H and Lemma 1. O

Proof of Theorem 2. Using representation (8) we have

o
/{Tf(x)m} v(@)dz = v(0){z : [Tf(2)] > A} + /{www (/0 p(t) dt) dv =: I + I.

Now if v(0) = 0 then I} = 0, while if v(0) # 0 it follows from the assumption that T is of weak-type
(p,p) and Lemma 2 that

B oI5 [ @ < CBO 0P IT I pn55 [ @ Pl
To estimate Iy we introduce the following notation:
Ji(AN) = Az |Tf(x)| > }n{z:|z| >t}
J1t(N) {x T fr(x)| > N/d}n{z: |z| > ¢}
Jor(AN) = Az |Tfoi(x)] > N/dyn{z:|z| > t},

where again

fre(@) = f(@)x(a|ze/ay (@) and  for(z) = f(2) — fre(o).
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Now it is easy to see that

I - /0 o) I dt < /0 ") ] dt + /0 " ol0) 2N dt = Ty + T

Using again that T is of weak-type (p,p) and Lemma 2 it follows that

1 o0
Iy < |71yt / o(t) / F@)Pda) dt
Tler~pne 35 0 ( 2>t/ | )

d|z|
1TV [11@P( [ t)at)da
< CIBO) (0, 0)PITI,  1yoe / (@) () da

Using, as in the proof of Theorem 1, the fact that |x| > ¢ and |y| < t/d ensures (d—1)|z|/d < |z —y|
and Theorem J we see that

Iro < /000 o(t) |{:1: el =ty N {z s Haalfl(z) > N/d'}|dt

||
:/ </ o(t) dt) dx
Ha,al fl(z)>A/d'}

/ v(z) dz
Haalfl(z)>A/d'}

<CBwury [ 1@ ds

IN

, d n+ao
where d' = d <ﬁ> . O

The proofs of Theorems 4 and 6 are similar to those for Theorems 1 and 2 above, one simply
instead uses the one-weight strong-type and weak-type (p,p) assumptions respectively together
with Lemmata 3 and 4.

Arguing as in the proof of Theorem 1 and using Corollary I one can easily obtain Theorem 3.

Before proving Theorems 7 and 8, we present the following Lemma.

4n Ay

Lemma 5. If x| > e t, then
A, L,
(10) Tf(x)] = —=|x] f(y) dy
4 lyl<t
for all non-negative f supported in B(0,t).
Proof. Tt follows from (4a) and (4b) that
- - A,
(1) K(2—y) - K@) < Fal

whenever |z| > %\m and that either
1

_ A _ A
‘ReK(w)‘ > ZHal™ or ‘ImK(x)‘ > ZHal ™
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_ A
Lets assume that | Re K (z)| > 71|ac]*”, then it follows from (11) that

]\ Re K (x —y)| — \Reffm»\ < \f«x —y) - K(@)| < %\f«x)!,
whenever |z| > %\m and thus that
(12) %‘Rel?(:v)‘S‘Rel?(:v—y)‘gg‘ReI?(x)‘
It is then immediate from the continuity of K on R™\ {0} that Re K (z — y) does not change sign
for [y] < = lal.
If we now let 0 < ¢t < 4:;10 |z| and

Te(y) = F@)xqi<eys
from (12) it then follows that

Th@) = [ fw)|Re R —y)ldy > Zet [ )y
ly|<t lyl<t

~ A
Arguing in a similar manner for the case where | Im K (z)| > ?1 |z| =™ we obtain the same conclusion.

n

Proof of Theorems 7 and 8. Let us first prove Theorem 8. We consider the case p > 1, the case
p = 1 is similar. We claim that if the operator T is bounded from L%, to LY°°, then

(13) I(r) ::/|< w PP (z)dx < oo

for all r > 0. )
Indeed, first observe that I(r) = ||w_1/px‘.|<r||‘;p. If I(r) = oo for some r > 0, then by the duality

properties there exists non-negative g € LP supported in B(0,r) such that f|.|<r gwil/p = 0.
Let us take the function f,(y) = g(y)w_l/p(y)x{‘ykr}. Then by Lemma 5 we have

Ay -n -1/
Trf > — b dy = 5
L@z G [ ey = oo

whenever |z| > %r.
Due to two-weight weak-type inequality and the latter estimate we have

/ (e < / v(@)de < o [ gly)dy < oo
o> 420, [T (@) 52} jyl<r

for all positive A\. Consequently, passing A to oo we find that the left-hand side of the latter
inequality is equal to 0 which contradicts the assumption that the weight v is positive almost
everywhere.

Now let us derive the condition BE{QAO (v,w) < 0.

Ay
Applying Lemma 5 we conclude that

Ay

(14) 7)) > AL 2

L w PP y)dy >
‘y|<4nA0t

Ay
4A0nt)
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whenever 0 < ¢t < |z| < 7 and f(y) = wfp//p(y)x{lyK%t}(y)-
nao

The two-weight weak-type inequality for T' leads to the estimates

/ v(z)dr §/
t<|a|<T {@:|Tf (@)= (Arr—7/0)T (24 )}

4nAg

47'n||THLPHLz>,<>o>p 1 A
< w I 1) < 00
() e

for all t,7, 0 < t < 7 < co. This completes the proof of Theorem 8.
To prove Theorem 7 we observe that due to (12) which is true also for all |z| > ¢ because of
Lemma 5, we have

(15) HTfHIzg > /x|>t |Tf(z)[Pv(x)dr > T</x|>t \xynpv(a;)dx> (/|y< N twp’/p(y)dy)p.

4Agn

On the other hand, by (11) we have

”f”ifu :/l N w_p’/P(x)dx<OO.
z|<

4nAg
Finally, from the boundedness of T' from L%, to LY we conclude that Baagn (v, w) < oco. O
A1
APPENDIX

Here we shall verify the statement made in Remark 1. We first note that if the measure
wP/P(E) = / wP/P(z) dx
E

is doubling then it also satisfies the reverse doubling condition: that there exists constants 7,
12 > 1 such that for all ¢ > 0 the inequality

/ w PP (z) dz > 772/ w PP (z) d
lz|<mt

|lz|<t

holds, see [35] page 21.
Using this fact we find that

[ @i = [w @i - fur P dez o= [ 0@

nit<lz|<ni e || <}ttt |z|<nft || <t
and hence
—p'/ 1 —p'/p
(16) w P P(x)dr < —— w P /P(x)de.
(2 — 1)ns

|z[<t nit<|z|<ny T
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Arguing as in the proof of Corollary 5 leads to the following string of inequalities

[
[
[
[

1/p 1/p
By a(v,w) = igg / v(z)(|z|”* + 1)P|z| "Pdx / w PP (z) d
t<la| |z|<t/d
00 1/p /v
= supz / v(x)|z|""Pdx / w P/ (z) da
0
t>0 17, nkt<|z|<nht e lz|<t/d
< (ki i) 4 1] 1/p 1/p'
ST el G AL [ wrrw
nht<|x|<nftle nht<|x|<nFtle
. 1
< Ay (v, w)
kzzo [(m2 = 1)n5]V/P
< CAq(v,w)
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