ON FOURIER RESTRICTION AND THE NEWTON POLYGON.

AKOS MAGYAR

ABSTRACT. Local LP — L? bounds are proved for the restriction of the Fourier transform to
analytic surfaces of the form S = (z, f(x)) in R®. Tt is found that the range of exponents are
determined by the so-called distance of the Newton polygon, associated to f, except when the
principal quasi-homogeneous part of f(x) contains a factor of high multiplicity. The proofs are
based on the method of Phong-Stein and Rychkov, adapted to scalar oscillatory integrals.

1. INTRODUCTION.

If S ¢ R*™! is a manifold a central question of harmonic analysis is to determine the pair of
exponents p,q > 1 for which the Fourier restriction property holds on S, denoted by Rs(p — q),
that is when one has a bound

. 1/q
( /S \<z>|qdo) < Cpaalldllones (L.1)

where do is a measure compactly supported on S. This problem is still open even case of the unit
sphere S? C R3, however the case ¢ = 2 for surfaces of everywhere non-vanishing curvature was
answered by the classic works of Stein and Thomas, see [S], [T].

The aim of this note is bring into attention the relation between the range of exponents p, ¢ for
which Rg(p — ¢) holds and a numeric invariant, the so-called distance of the associated Newton

polygon.

To be more precise, first note that the restriction property is local by nature, and is invariant under
affine maps © — Axz+0b (where det A # 0). Thus in principle it is enough to study the local problem:
S = (z, f(x)) where f: R"™ — R is a (germ of an) analytic function, such that f(0) = Vf(0) = 0.
If f(z) = Zkez:z apx® is the Taylor expansion of f(z) then its Newton polyhedron is defined by

Ny = Conv (U k—i—R’}r)
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where A = {k : aj # 0} is the support of the series. The smallest positive number d = ds such
that the point d = (d, ..., d) is in Ny is called the distance of Ny, and its reciprocal §; = 1/dy the
Newton decay rate. The if the point df = (dg,...,ds) lies on a compact edge «, then « is called
the principal edge of Ny.

First we give the following necessary condition

Theorem 1. Let S = (x, f(z)) where f : R® — R is an analytic function, such that f(0) =
Vf(0) = 0 and let do = Y dx be a measure on S in local coordinates x where 1 is a smooth
function of small support.

If the local Rs(p — q) restriction property holds at (0,0) then one has

1 1
p'>q(l+df) where ’ + i 1 (1.2)

and dy is the distance of the Newton polyhedron Ny.

The idea of the proof of (1.2) is doing the well-known Knapp example, in the general case of an
analytic hypersurface. In other words to test the restriction property (1.1) on functions ¢s5 whose
Fourier transform ¢; is supported on a box Bj best fitted to the surface S.

However the Knapp example is not always sharp (a fact hard to find in the literature), a simple
example is the graph of the function: f(x,y) = (y — 22)™ where m > 3. Thus one needs additional
conditions on f(x,y). One such condition is the so-called R — nondegeneracy of Varchenko, see
[AV]. However as we shall see that may be too restrictive especially when the surface has curvatures
vanishing to a high order, that is when dy is large. Our partial result of sufficiency is taking this
into consideration.

Let n = 2 and let a be a compact edge of the boundary of the Newton polygon Ny. Define the
quasi-homogeneous part of f by corresponding to « by

falw,y) =2~y > anay (1.3)
(kD)ea
if o is connecting the points (A4, B) and (A’, B') where A’ < A and B < B’. We define a number
Ta, called the multiplicity of f,.

Definition 1. If a is a compact edge, then the multiplicity ro of fo is defined to be the minimum
of the highest multiplicity of a real root of Oy fa (1,y) and of the highest multiplicity of a real root
of Opfa (x,1). If a is an infinite edge, then we set ro = 0.

If « is the principal edge of Ny, then f, is called the principal part of f and we write 7 for 7. By
the above definition if the point d¢ is on an infinite edge, then ry = 0.

Theorem 2. Let S = (x,vy, f(z,y)) where f : R? — R is an analytic function, such that f(0,0) =
Vf(0,0) =0. Then the local Rg(p — 2) restriction property holds at (0,0) for

p' > 2(1+ max(ds,ry +1)) (1.4)

Note that in case of ry < dy, (1.2) and (1.4) gives the sharp range of exponents p (up to the
endpoint) for which the local Rg(p — 2) restriction property holds. This includes functions with
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factors of high multiplicity, which are R — degenerate in the sense of Varchenko (which means that
the principal part of f has distinct real factors). For example take: f(x,y) = (y —az?)™(y—bz?)™
(a # b) for any m > 2.

The proof of (1.4) is based on an oscillatory integral estimate

Lemma 1. Let the function f(x,y) be an analytic function such that f(0,0) = Vf£(0,0) = 0.
Then for a smooth cut-off function ¥ (x,y) of sufficiently small support, one has the bound for the
associated oscillatory integral

- 1
Iey gt

NNy (@, y) dr dy| < Co(1+ N) Ve>0 (1.5)

| =
R2

This compares to the result of Varchenko in dimension 2, which shows: |[I(\)] < C.(1 + \)~%+¢
under the so-called R —nondegeneracy condition. The proof of (1.5) exploits a factorization, called
the Puiseux product, similarly as was done for oscillatory integral operators in [PS1] and [R].

The route from from (1.5) to (1.4) is standard, but based on a highly nontrivial result of Kar-
poushkin, see [K], [PS3]; namely the local stability of the decay rate of oscillatory integrals with
analytic phase in 2 dimensions. In fact it implies that for £ = \(—1,u, v) the estimate

I i — min 1
do(€)] = | / AIEN =)y () dr dy| < Co(1+ [A) T
R2

for all £ > 0 holds uniformly for (u,v) being in a small neighborhood of (0,0), and then also for all
(u,v), since outside the neighborhood the gradient of the phase: |(0.f —u,0,f —v)| > C X thus
the integral is rapidly and uniformly decreasing.

Finally, by the classical argument of Thomas [T], a uniform bound of the form |do (¢)| < (1+|¢])~°
implies that the local Rg(p — 2) restriction property holds for p’ > 2(1+371) (in fact by Greenleaf’s
theorem [G] the restriction property also holds for p’ > 2(1+371)), which gives (1.4). Thus Theorem
2 follows from Lemma 1.

2. NECESSARY CONDITIONS.

In this section we prove Theorem 1. Let f : R™ — R is an analytic function, such that f(0,0) =
V£(0,0) =0, and let I'y be the boundary and V; be the set of vertices of its Newton polyhedron.
We use the notation |z|® = |z1|* - - |z,|% for x € R™ and a = (a4, ...,a,) € Z™.

Proposition 1. One has for x being in a sufficiently small neighborhood of the origin:
<cC b 2.1
(@) < C maxe (21)

Proof. Let us introduce the ordering on Z": a < bif b € a+ 2 , b # a, and set of minimal
elements: A'={a€ A: Abe A, b=<a}. It is easy to see by an induction on n that A’ is finite,
thus V7 is finite as well. Since the Taylor series of f(x) converges one has for every a € A’

D law] |z]* < Calal*
keA, a=k
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it follows that

<C a 2.2
|f()] < Cmaxz| (2.2)
Moreover for every a € A’ there are vertices by, ...,b, (not necessarily distinct) such that for a

convex for a combination of them: b = ), §;b; < a. Indeed every point on the boundary I'y is of
this form. Thus

2] < TT 121" < max|a|*
; i

(2

The Proposition follows from (2.2). O
Definition 2. We say that a € R"} is admissible if
k-a>1 forevery kely (2.3)

Proposition 2. Let

0 = min{ Zaj :a=(ay,...,ay) is admissible }
j=1
Then 6 =6y = 1/dy.

Proof. If a is admissible then a - df = dy Zj a; > 1 hence 6 > 7. On the other hand, let o be the
face of Ny containing d; and let a € R™ be defined such that a - k = 1 for every k € a. Then by
the convexity of Ny the plane through « separates 0 and Ny, thus a -1 > 1 for every [ € Ny. In
particular @ € R’} and a is admissible. Also a -d¢ = df Zj a; = 1 and thus § < d;. O

Proof of Theorem 1. Let ¥ (x) be smooth cut-off function of small support and let a = (a1, ..., ay)
be admissible. For 0 < 7 < 1 define the function ¢, such that

gZA)a;r(xl, cesTpy1) =TTy, T My, T_lan)

If |z;] < 7% for 1 < j < n then since a is admissible, one has by (2.1)

< ka <
[flx)|<C max T < Cr

and thus (choosing 1 appropriately), \q@aﬁ (x, f(z))| > ¢ > 0. Hence

/ |(%a77|q do = / |(;A5a77(56, f(x))|q dr > cre (2.4)
S NG
where J, = >, a;. On the other hand, by scaling, one has that ||@ar|, ~ r(140a)/7,

If the Rg(p — q) restriction property holds, then one must have

+9a/q <C +(1+8a)/p’

for every 0 < 7 < 1 and admissible a. Thus by Proposition 2
P> max  q(1+5,") =q(l+dy)

" a admissible

This proves Theorem 1. O
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3. SUFFICIENT CONDITIONS.

We will need the following Van der Corput type lemma for oscillatory integrals with polynomial
type phases, proved in [PH], see Theorem. 1 there, and the remarks after it.

Lemma 2. Let I = [a,b] be an interval of length at most 1, ¥(y) € C* be a smooth function and
let f(y) be a real and C?. Assume that |f'(y)| > 6 > 0 for ally € I, and f"(y) has at most d roots
in I. Then one has for A >0

,/eiAf(y)w(y) dy| < X717 (2d + 1) (sup || + sup |¢']) (3:1)
I ! !

We remark that inequality (3.1) remains true, with d = 0, when f”(y) is constant 0 on the interval

I, which is easy to see by performing an integration by parts, and using that f/(y) is constant on
1.

To apply the above lemma for a function of two variables F'(z,y), we invoke an immediate corollary
of the Weierstrass Preparation Theorem.

Proposition 3. Let F(z,y) be a nonzero real and analytic function Then there is ann >0 and a
positive integer d, such that for every 0 < |x| < n, the function y — F(x,y) has at most d roots in
[—n,n]. Moreover, the same is true by interchanging the role of x and y.

Proof. Let K = min{k : ag # 0 where F(z,y) = >, ax®yl and write F(z,y) = 2XG(z,y).
The function G(0,y) is not identically zero, thus by the Weierstrass preparation theorem, see [H]
Sec. 7.5:

G(z,y) = Uz, y)(cay” + ca-1(2)y™ " + ... + o))

where ¢4 # 0, and U(z,y) # 0 for |z| < n, |y| < n, n > 0 being sufficiently small. Thus for any
|z| <, the function y — F(z,y) can have at most d roots. O

We describe the Newton polygon Np associated to an analytic function F(z,y) in more detail.
If o runs through the compact edges of the boundary I'r, connecting the vertices (A4, By) and

(AL, B,) where A, > A, then put no, = B), — By and 7, = g?:g:‘z. Also let A be the x and B be
the y coordinate of the vertical and horizontal infinite edges of I'r. The intersection of the bisector
and line of the edge « is the point (dq,dq) where do = (Aq +7aBa)/(1+7) By convexity df > dq

for all compact edges «a, thus writing d,, = 1/do = (1 + Vo) /(Aa + YaBa), it follows

df =min (1/A,1/B, 04) (3.2)
We introduce the ordering a < 8 if 7, < 73 and note that
Ao =A+) ngys and Ba=B+ Y ng (3.3)
B=a B«

Also, Np has some symmetry properties, if G(z,y) = F(+x,+y) then Np = Ng, if G(x,y) =
F(y,x) then N¢ is obtained by reflecting Np to the bisector y = z. The germ of an analytic
function F'(z,y) admits a factorization called the Puiseux product, see [R], of the form



6 AKOS MAGYAR

F(z,y) =U(z,y)z AyB H H — Yai(x (3.4)

a =1
where U(z,y) and c,; are nonzero, and y,i(x)) is asymptotic to a fractional power series of the
form: ca;z7® + corx’* T ..., as x — 0 in particular for any given 7 > 0 one has
’yai(w) - Caixva| < Txle (3'5)
for z > 0 small enough w.r.t 7. Moreover there is a fixed large constant D > 0 such that if
27771 < g <277 and 27%71 <y < 27 for j,k > J large enough, then
279 if k> jya+ D
1Y = Yai(w)] ~ { 9—k if k< jye—D
where x ~ y means that C1lr < y < Cz for some constant C' > Owhose value is unimportant.

By the notation k > jv, it is meant that k — jv, > D. We remark that both conditions can be
achieved by choosing the support of ¥ (x,y) small enough.

(3.6)

One may use the Puiseux product to estimate the size of F'(x,y) on the dyadic rectangles Rj;, =
[27771 279] x [27%=1 27%], which are "away” from the zero set of F.

Proposition 4. Let F(xz,y) be an analytic function, such that F(0,0) = 0. Then one has the
following size estimates

(i) Let a < &’ be two consecutive compact edges of the Newton polygon Np, and let (Aq, Ba) denote
the common vertex of the edges a and o'. If jyo < k < vy, then for (z,y) € Rjj,

[F(, )| ~ 2734—Bo (3.7)
(7i) Let oy denote the minimal edge of Np (i.€. Yoo, < Yo ¥V ), and let (Ao, By) denote the common
vertex of the edge ag and the infinite vertical edge. If k < jvaq, then for (x,y) € Ry

|F(2,y)| ~ 27940750 (3.8)
(i3) Let s denote the minimal edge of N (i.e. Yo, > Va ¥V ), and let (As, Bs) denote the common
vertex of the edges o, and the infinite horizontal edge. If k> jvya,, then for (z,y) € Rjj,

|[F(,y)| ~ 27747k (3.9)

Proof. Assume first jy, < k < 7. The by (3.6) for (x,y) € Rji, one has |y — yg;(z)| ~ 2797 for
B =< a,and |y — ygi(x)| ~ 27 for be = . Thus by (3.3) and (3.4)

|F(z,y)| ~ 277 AT s=a m676) 9B+ 5.0 1p) — 9=jAa—kBa

The proof of estimates (3.7) and (3.8) proceeds the same way, noting that A = A and Bs = B. O

In the proof of Lemma 1, we will apply the above size estimates to either F' = 0, f or F' = 0, f thus
we will need some information on the Newton polygons associated to 0, f and 9, f, which we will
denote by N, and N,. Note that N, is obtained from Ny by shifting it to the left by 1, and may
be replacing the minimal edge ap by and edge «f, a series of edges af, > ... > &', or an infinite
edge. These replacements can only happen when the infinite vertical edge of Ny is the y — awis.
An important observation here is that, by convexity, Yoty Z Yao- The analysis of IV, is similar, here
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Ny is shifted down by 1, and the maximal edge c,. may be replaced by edges o, < ... < ¢} such
that 74, < 7ar, or the horizontal infinite edge.

Proof of Lemma 1.

Following [R], one decomposes the support of the integral in (1.5) into the four quadrants of R?
and note that each of the resulting integrals are treated the exactly the same way because the
Newton polygon is invariant w.r.t. coordinate changes: x < —z, y < —y. Thus we assume that
the integration is taking place for x > 0, y > 0 and define

Lir(\) = /R | eMap (3.10)

J
Since only those rectangles R, intersecting the support of ¢ contribute to the integral, one may
assume j, k > J for a sufficiently large J.

We start with the (rather) special case when Ny has no compact edges. Then the Puiseux product
takes the form

f(a,y) = Uz, y)zty®
where A > 0 or B > 0 by our assumption on f. Assume B > 0 and let F' = 0, f. For (z,y) € Rji
one has

[F(2, )] ~ 2yt ~ 27 A=KED (3.11)
Thus applying Lemma 2. for fixed 27771 < & < 277, and then integrating trivially in z, one obtains
L (\)] < CA~L2I(A-DFR(B=1) (3.12)

Taking the geometric mean of this and the size estimate |Ij| < 2777k gives
’Ijk(A)’ < C)\ié 2j(6A71)+k(5Bfl) (313)
for any 0 < 0 < 1. Choosing § = 67 — ¢ where 6y = min(%, %), and € > 0 one has
T < D ()] < CaA=+
J.k=>J

for any € > 0. The case A > 0 is handled analogously, choosing F' = 0, f.

Now assume that Ny has at least one compact edge, and for a fixed compact edge o define

L= Y Le\) and IV = > L)) (3.14)

FYa <<k Yy |iva—k|<D
where o < o are consecutive edges, moreover let

(A= > L) and It = > i) (3.15)

k<<j’Yozo k>JYas

Next, we estimate the quantities [ jE()\). Let ag be the minimal edge of Ny connecting the points
(Ao, By) and (A’, B') with By > B’. Then (Ag, By — 1) is the highest vertex point of the Newton
polygon N,. We argue that v, < Vol where o) denotes the minimal edge of Ny. Indeed, if B’ > 0
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then «f is parallel to ag hence 74, < Vory» otherwise Ny has only one compact edge hence ag = as
and the estimate follows from our previous analysis of IV,. Thus k < jv,, < JVal, and (3.7) applies

for F(x,y) = 0y f(x,y) giving

|F (2, y)| ~ 279 A0—kBol) (3.16)
similarly as in (3.10). Proceeding as in (3.11)-(3.13) one obtains for 0 <4 <1

Lp(\)] < OA=F 290 A0=1)+k(EBo=1) _ gh(6Bot-Ao/vag)~(14+1/7aq) gr(640=1) (3.17)

where the last equality was obtained by writing j = k/va, + . By our assumption » > D" > 0,
J = J, thus choosing 6 = min(da,, 1/Ag) — > §y — € one gets

IS Y ) £ CATr (3.18)

jzd, r2D’

The quantity I7()) ie estimated analogously, by choosing F' = 9,.f and § = min(d,,,1/Bs) — €.

To estimate Io()\) let @ < o be consecutive edges of Ny with common vertex (Aq,B,) and let
JVa < k < jyo. First assume that A, > B, > 0 and note that dy > B, by the convexity of
Ny. The point (Aq, Bo — 1) is the common vertex of two edges 5 < 3’ of the Newton polygon N,
(where ' may be infinite), and by our previous analysis 75 = 7, and v < ys (taking vz = +o0
if 4" is infinite). Thus jys < k < jvyg, and estimate (3.7) (or (3.9)) applies to F(z,y) = 0y f(z,y)
when (z,y) € Rjx, which gives |F(xz,y)| ~ 2774a=k(Ba=1) Proceeding as before and substituting
k = jva + 7, one has

Lk (A)] < € A0 29 atr0B0)=(1470)) 9r(0Ba—1) (3.19)

Choosing 0 = min(dq, 1/By) —€ > ¢ — € and summing in j > J, » > D one gets
11, (\)] < CoxT97F¢ (3.20)

The case B, > A, is handled analogously, choosing F' = 0, f, § = min(dy/,1/As) —€ > 05 — €, and
substituting j = k/vy + 7.

The multiplicity condition enters in the estimates for I*()), that is when |k — jvo| < D. Consider
first a non-principal edge o of Ny. Then « lies completely below or above the bisector y = x.
Assume the first case, that is when A/, > B/, > 0. Then the point (A,,, B, — 1) is a vertex of N,.
Let o be the edge of N, with upper vertex (A,,, B, —1), then 74 > vo. If 7o > 7a, then k < jvy,
and our analysis reduces to the cases (I, (\) or I~ ())) considered earlier. In fact, it is easier here
as one needs to sum only for j > J, using the fact that k — jv, is bounded. One obtains

YN < O k(W] < CeA%+ (3.21)
=7

So we will assume that v, = 7, from now on.

Let F(z,y) = 0yf(x,y) and consider its Puiseux product defined in (3.4). It is clear that the
product

Ny

For(z,y) = aoryBe Ty — cara™) (3.22)
=1
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is a quasi-homogenous polynomial whose support lies on the edge o’. It is well-known, and is not
hard to see, that F./ (z,y) is in fact the quasi-homogeneous part of F'(z,y) corresponding to o
defined in (1.3). Moreover, since v, = 7o, a point (k,1) is on ' if and only if the point (k,l+ 1)
is on o and hence: F = (0yf)o = 9y(fa)-

Let {c1,...,c} be the set of the real coefficients ¢4/, and write
t
8y fo (@) = Furlzyy) = 2P [[w—cwmyt [ (—cais™) (3.23)
=1 1: ¢, complex

and let r, = max; r;. By the above remarks it is easy to see that r, is the highest multiplicity of
a real root of 9y fo (1,y).

For each 1 <[ <t and for each x, define the clusters: C,; = {Reyai(x) : cai = ¢}, where Rez
denotes the real part of z. Observe that by (3.5) the diameter of each cluster is at most 72777
while the distance between them is at least C' 2777 where 7 > 0 can be chosen sufficiently small.

For a fixed z we make use of the Whitney decomposition of the set: [27%=1 27%]/C, where

Cr = {Reyai(z) : cyy isteal}. It is a collection of intervals I,,, of length ~ 27 such that the
distance of a point y € I, from the set C, is again ~ 27™. Clearly, one can assume m > jvq,
and for a given m there are at most 2n,s of intervals I,,,. If C; is the closest cluster to I, then for
y € I,,, one has

C27™ if ¢y is real, and yori(x) € C

g > )
Y = Yoril@)| = { C' 2797 otherwise (3.24)

Note that the intervals I,,, may depend on x the above estimates are uniform in x € 2771, 277].

Thus one estimates the size of F(z,y) for y € I,

|F(w,y)| > C27GATRE) TT 27mavs TT 27kns gmmrig=(nar=rite (3.25)
B=<a! B=a!

Z C 2_j(A{x+'Ya (lex_l))Q"'a (m—jva)

using the facts that 27% ~ 279% r, > r;, m > jv, and that (A), B, — 1) is the upper vertex of
o’. Next, one uses by Lemma 2, which yields

L, 0)] = | / ENEDY (2, y) dy | < C A1 AHHEL-Dgralm—ia) (3.26)
Im

uniformly for x € [27771,277].

As in the previous case, this can be balanced against the trivial estimate |1} ,,,| < C'27™ to obtain
that for any € > 0

-A&+’Ya(3&—1)—7“a’¥a

L (2, A)| < C A~ 7 99 -meg) ratl 97/ (Aatra(Ba=1)=rara) (3.27)
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Summing in m and integrating trivially in x, gives

A&+WQ(B&71)7TQWQ

’Ijk(/\)’ <O\ T e 9J( o —1) 9—ej(AL+7a(BL—1)—Taa) (3.28)

. . At (Bi=1)-TaYa
Notice that the exponent: P

Fa + 1< (A +79aBL)/ (1 +70) = da (3.29)

In this case, choosing § = (74+41)d,—2¢ to balance against the trivial estimate |I;,(\)| < C' 277147
to kill the j factors, a straightforward computation shows

— 1 is non-negative if and only if

JSCN - D OV A N O SRR el S (3.30)
|k7.j'Ya|§D |k7.j'Ya|§D

We argue that the multiplicity condition (3.29) holds when « is non-principal edge lying under
bisector y = . Indeed, then ro +1<ny+1< B!, +1=B, <d, .

If « is a non-principal edge lying above the bisector, then one has to repeat the above analysis by
reversing the role of = and y. More formally, let f(z,y) := f(y,z). Note that Li(\, f) = I (A, f)
and N7 is obtained by reflecting Ny to the bisector. If & is the edge of N 7 obtained by reflecting
the edge « to the bisector, then d5 = 04, Yo = 1/7a and estimate (3.30) applies to the quantity:

I%(\) = ZU—’W&KD Iii (A, f) . This gives (choosing D large enough)

[ToN)| < [T¥(N)] € CoAT9%Fe = C A date

Finally, if « is the principal edge of Ny then estimate (3.29) holds assuming the multiplicity con-

dition (3.29). Otherwise the exponent Aéﬁ'ya(i‘;*ll)*rwa — 1 is negative, and choosing € > 0 small
enough one can sum estimate (3.28) in j (also trivially in k) to obtain

11%(\)] < Co A" FaFi e (3.31)

In this case one can do the analysis both for f(z,y) and f(z,y), in the latter case r4 will be the
highest multiplicity of a real root of the function 9, f,(x,1). Thus estimate (3.31) holds for r,
defined to be the minimum of the highest multiplicity of a non-zero real root of 0, fo(1,y) and the
highest multiplicity of a non-zero real root of 9, f,(z,1). This finishes the proof of Lemma 1.




ON FOURIER RESTRICTION AND THE NEWTON POLYGON. 11

REFERENCES

[AV] V.I. Arnold, A. Gussein-Zade, A. Varchenko: Singularities of differentiable mappings, Mir
Publications (1986)

[G] A. Greenleaf: Principal curvature and harmonic analysis Indiana Univ. Math. J. 30 (1981),
no. 4, 519537

[H] L. Hormander: The analysis of linear partial differential operators, Grundlehren der mathema-
tischen Wissenschaften (1983)

[K] V.N. Karpushkin: A theorem concerning uniform estimates of oscillatory integrals when the
phase is a function of two variables J. Soviet Math. 35 (1986) 2809-2826

[PS1] D.H Phong, E.M. SteinD.H Phong, E.M. Stein: The Newton polyhedron and oscillatory
integral operators Acta Math. 179 (1997) 107-152

[PS2] D.H Phong, E.M. Stein: Models of degenerate Fourier integral operators and Radon trans-
forms Ann. of Math. 140 (1994) 703-722

[PS3] D.H Phong, E.M. Stein, J. Sturm: On the growth and stability of real analytic functions,
Amer. J. Math. 121 (1999)

[R] V.S. Rychkov: Sharp L? bounds for oscillatory integral operators with C°° phases Math. 7. 236
(2001), no. 3, 461-489.

[S] E.M. Stein: Harmonic analysis , Princeton Univ. Press

[T] P. Tomas: A restriction theorem for the Fourier transform Bull. Amer. Math. Soc. 81 (1975),
477-478



