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1. abc FOR NUMBER FIELDS

The analogue of Mason’s theorem for Q is the following important
and unsolved conjecture. For a,b,c € Z nonzero, we define the (expo-
nential) radical R(a,b, c) to be

R(a,b,c) = H D,
plabe
where the product is over all primes dividing abe.
We also define the (exponential) height H(a,b, c) to be
H(a,b,c) = max{|al, |b], ||}

We also define r(a, b, c¢) = log R(a,b,c), h(a,b,c) =log H(a,b,c).

The quantity 7(a,b,c) is a good analogue for the radical in the
function field case, because for a polynomial a(t) € CJt] and a point
Q € P}(C), we have a(Q) = 0 iff ordg(a) > 0, whereas for an integer
a € Z and a prime number p, we have p | a iff ord,(a) > 0.

Conjecture 1 (abc conjecture, logarithmic form). For every ¢ > 0,
there exists a constant m. such that if a,b,c € Z are nonzero, coprime
integers with a + b = c, then

h(a,b,c) < (14 €)r(a,b,c) + m..
The “exponential” version of this would be:
Conjecture 2 (abc conjecture, exponential form). For every e > 0,

there exists a constant M, such that if a,b,c € Z are nonzero, coprime
integers with a + b = ¢, then

H(a,b,c) < M.R(a,b,c)'".
Simple examples show that the e factor is needed in the number field
case, unlike in the function field analogue. For example, let a,, = 1 for

all n, let ¢, = 3%", and define the sequence b, by a, + b, = c,. Euler’s
theorem shows that 27! | b,, and therefore

h(an, by, c,) = 2" log 3
and 3
r(an, bn, ¢n) < log 2—: < 2"log3 — nlog2 -+ log 3,
1
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so that for every real number m,
for n > 0.

It is easy to see that the abc conjecture implies that for all n > 0, the
equation z" + y" = 2" has no solutions in nonzero integers for n > 0.
(“Asymptotic Fermat”)

The abc conjecture would also imply many other important results
in number theory, but we do not go into this here.

We can rephrase the abc conjecture in the following way (just as we
did for rational functions), and simultaneously generalize it to number
fields. If « € Q, we already saw that the height of « is analogous to the
degree of a nonconstant rational function f € C(t). More precisely, we
fix a number field K, assume o € K, and we use the relative logarithmic
height hg (o) = log Hi () as the analogue of the degree of f.

What is the analogue of the radical of f (i.e., #f~1(0) +#f~1(1) +
#f(00))? Well, it turns out that a reasonable thing to do is to define

ric(a) = 3 log N(p),

peX(a)
where
Yo(a) = {p € M}. : ordy(a) > 0}
Yi(a) ={p € M. : ordy(a —1) >0}
Yoola) ={p € MY : ordy(1l/a) > 0}
and

Y(a) = 3p(a) UXi(a) UXy(a).
With these definitions, we have:

Conjecture 3 (abc conjecture for number fields). Given a number field
K and e > 0, there exists a constant ck . such that for all a € K*, we
have

hic(o) < (1+ e)rg(a) + cke.

There is also a uniform version of this conjecture (for all number
fields at once) which we will not discuss here.

We conclude this section by showing that the abc conjecture (for
number fields) implies Siegel’s theorem that the number of solutions to
the equation z +y = 1 with 2,y € R% (i.e., to the “S-unit equation”)
is finite. (Here R is the group of S-units in some number field K.)
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Proof. Let P(S) = {p1,...,p:}, and let M = Zj.:l log(Np,). Then if
a,1 —a € RE, we have

TK(a) < M,
so that the abc conjecture for K implies (taking e = 1) that there exists
a constant C' = Cg with

By Northcott’s theorem, there are only finitely many such elements
a€ K. U

Remark 1. One can show (see [Hindry-Silverman] for details) that the
theorem on finiteness of solutions to the S-unit equation also follows
from Roth’s theorem on diophantine approximations. This is good,
because Roth’s theorem is a theorem, whereas the abc conjecture is just
a conjecture! Unfortunately, we don’t have the time to prove Roth’s
theorem in this class.

2. INTERESTING ABC TRIPLES

Our goal in this section is to use basic linear algebra to prove the
following theorem:

Theorem 1. For each integer n > 1, there exists a unique (up to

scalar multiplication) triple of polynomials A, (t), B,(t), n( ) of degree
at most n such that

(1) AL () + (1= )2 B (1) = Cu().

(¢
~We let Ay (t) = "1 A, (), Bu(t) = (1 — t)*"*'B,(t), and C,(t) =
C,(t), so that
An(t) + Bu(t) = Cu(t).

Proof. Write

A, (t) =ag —art + - + (=1)"a,t"
and 3

B,(t) = by — bit + -+« + (=1)"b,t".

Since the left-hand side of (1) has degree at most n, follows that the
coefficient of t* in the left-hand side must be zero for alln + 1 < k <
3n + 1. In particular, we have a,, = b,. The fact that the coefficient of
(—1)k+1tk must be zero for n + 1 < k < 2n says that

bO (2n+1) + b (211;1) _|_ R bn (2n1+1) _ 0

n+1
bo(riz) + 0 (G) + -+ b (P7) = 0

o) ) 4 b = 0

n
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which is equivalent to the identity

Av = —b,w,

2n+1

where A is the n x n matrix whose ijth entry is (n+1—z‘+j)’ ie.,

2n+1 2n+1 . 2n+1
(2Th++11 21 21
A= (n+2) (n+1) ( 3 )
- . . )
(5 Gt o ()
and
2n+1
ZO E2n1+1§
v = ,1 , W= 2
bn—l (Zn;rl)

This linear system has a unique solution, as we will see in a moment
that det(A) # 0.

This determines the polynomial Bn(t) up to a scalar multiple, and in

particular shows that there is no nonzero solution (A, (t), By (t), C(t))
of (1) with deg(B,) < n, since the condition b, = 0 forces B, (t) = 0,
and therefore A, (t) = C,,(t) = 0 as well. So without loss of generality,
we may fix a nonzero value for b, and assume that the polynomial
B,(t) is given to us.

The fact that the coefficient of ¢ in the left-hand side of (1) must be
zero for 2n +1 < k < 3n + 1 now determines fln(t) uniquely in terms
of B, and the fact that the coefficient of t* in the left-hand side of (1)
must be zero for 0 < k < n determines C‘n(t) uniquely.

Therefore up to scaling, there exists a unique solution to equation
(1) in nonzero polynomials of degree at most n.

It remains to show that det(A) # 0.

This can be done by a using a suitable series of elementary row and
column operations to reduce the determinant in question to a Vander-
monde determinant which is visibly nonzero; we leave this calculation
as an exercise (or see the handout).

We also mention that there is a different proof, discovered by David
Speyer, which gives an interpretation of the determinant in question as
counting “simple routings” on a certain directed graph. This will be
written up later if time permits. .. O



3. EXPLICIT DETERMINATION OF (A, B,,C,)

The proof of the existence and uniqueness of the polynomials (A, (t), B,(t), Cy(t))
shows that we may take these polynomials to have coefficients in Q.
The following proposition, whose proof involves integrals related to hy-
pergeometric functions, gives an explicit determination of these poly-
nomials:

Proposition 1. For each n > 0, we have (up to multiplication by a
nonzero constant k)

Ant) = t2”+1 fo - x)”(l tx)"dx
B.(t) = t)#n+l f "(1— x4+ tx)"dx
Cn(t) = fo ) (@ — )"dx.

Proof. Consider the hypergeometrlc integral

(2) /0 2z —1)"(z — t)"dx.

Making the substitution z = ty in (2) yields
(3)
[lan(e — 1)@ —t)nde = [ (ty)"(ty — 1)"(ty — t)"tdy
t?n—‘rl fl/t ty - 1) ( o 1)ndy

_ (fo +f1/t) —y)"(1 — ty)"dy.

The second of the integrals in the last line of (3) can be transformed
by making the substitution
1—u+tu
-
so that dy = —%du and we have

(4)
1 n n n n uttu)™ n,Mn -
Ry =)=ty = t? e (u (L= )" (=) du

t)?ntt f (1 —w)"(1 — u+ tu)"du.
Substituting (4) into (3) now gives the desired identity to be satisfied
by the triple (A, (t), Bn(t), Cp(t)). O

Corollary 1. For all n, the polynomials A, (t), B,(t), C,(t) are rela-
tively prime.

Proof. 1t follows from the above formulas that A4, (1) # 0 and B,(0) #
0. Therefore any common irreducible factor of A, (t), B,(t), Cyn(t) must
be of the form (t — a) with o # 0,1. However, we could divide the
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polynomials A, (), B,(t), C,(t) by any such common factor to obtain
nonzero polynomials of degree smaller than n which still satisfy (1),
contradicting the uniqueness part of Theorem 1. l

We also note the following properties of the polynomials A, B, Cy:

Corollary 2. We have the relations
Au(t) = (~1)"Bu(1 - 1)

and
1

Co(t) = (=1)"t"B,(1 — Z)
Proof. This follows upon inspection from Proposition 1. For the record,
it also follows from the uniqueness part of Theorem 1 (exercise). [

We now want to scale the polynomials A, (t), B,(t), Cn(t) so that
they are each primitive integral polynomials. Recall that a polynomial
f € Z[t] is called primitive if its coefficients have no common divisor
greater than 1.

To do this, we simply multiply B, (t) € Q[t] by an appropriate ratio-
nal number D to make it a primitive integral polynomial, and then we
note that A, (t) and B, (t) are automatically primitive integral polyno-
mials because of Corollary 2. To pin down a unique choice for B,,(t)
(and hence for A,(t) and C,(t) as well), we simply require that the
leading coefficient of B, (t) be positive.

From now on, we assume that A,(t), B,(t), C,(t) (and there-
fore, by Gauss’ lemma, also A,(t), B,(t),C,(t)) are normalized
to make them primitive. We assume furthermore that the
leading coefficient of B, (t) is positive.

Here are some sample values of B, (t):

Bi(t) =1+t

By(t) = 2+ 3t + 212

Bi(t) =1+2t + 262 + 13

Bi(t) = 14 + 35t 4 45t + 35t% + 14t*
Bi(t) = 34 9t + 14¢> + 143 + 9t* + 31

We want to understand the growth of the coefficients of the (appro-
priately normalized) polynomials A,, B,,C,. The key fact which we
will use is that these coefficients grow at most like M™ for some con-
stant M > 0. If f € C[t], we denote by |f|;1 the sum of the absolute
values of the coefficients of f.
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We need a couple of simple lemmas. We start with a lemma which
is a special case of a well-known identity relating the beta and gamma
functions:

Lemma 1. For all nonnegative integers a,b > 0, we have

! 5!
/ (1 — x)’dr = e
0 (a+b+1)!

Proof. Use integration by parts and induction on b. 0

Lemma 2. For all positive integers n, we have

i )y <3n + 1)
m=0 (ninm) n

Proof. Both sides count the number of lattice paths from (0,0) to (2n+
1,n), moving only east and north at each step, which is clearly (3”+1).
To interpret the left-hand side in this way, we first count how many
paths pass through the edge e, running from (n,m) to (n+1,m) for a
given m, which is just (”jnm) (2”;’”) (the number of ways of getting from
(0,0) to (n,m) times the number of ways of getting from (n+ 1, m) to
(2n 4+ 1,n).) Since each path from (0,0) to (2n + 1,n) passes through
the edge e,, for a unique value of m, we are done. 0

Proposition 2. Fix an integer n > 0. Then:
e The coefficients of B, (t) are all positive.
o |Bu(t)l = Ba(1) < (7).

Proof. For positivity of the coefficients, note that Bn(t) is proportional
to

fol 2"(1—z)"(1 —z +tz)"de = () fo (1—2)"(1—a)" m(tx)mdm)
- z;; () (e - x>2n—mdx) m

— o ({8 ) e

where the last equality follows from Lemma 1.

To get the bound on B, (1), note that

() Gn) () _ (n+m)l(2n —m)! <"+m) (2”—7”) c7.

(ni”m) — ml(n—m)!(n!)? n n

Therefore we have, for some positive integer D, the identity

DB.(t) = Zn: (" Zm) (2“; m) .

m=0



It follows from Lemma 2 that

so that Bn(l) < M™ for some constant M > 0 independent of n as
desired.

(For this last step, note for example that (3”;1) < 23+l — 9.8n,
One use Stirling’s formula to get a somewhat better estimate.) O

4. FURTHER REMARKS

Note that we have h(A,, B,,C,) = 3n + 1 and r(A,, B,,C,) <
(n+1)+ (n+1)+n = 3n + 2, so that equality holds in Mason’s
theorem and we in fact have r(A,, B,,C,) = 3n + 2.

It is not hard to see (using Mason’s theorem and Theorem 1) that for
each n > 1, (A, By, C,) is the unique triple (A, B, C) of polynomials
of degree at most 3n + 1 such that A+ B = C, ordo(A(t)) > 2n +
1,ordy(B(t)) > 2n+ 1, and deg(C(t)) < n.

Instead of looking at polynomial triples satisfying A + B = C' and
attaining equality in Mason’s theorem, we can look at rational functions
f such that

deg(f) =r(f) —2.

The proof of the general inequality deg(f) < r(f) — 2, which relied
on the Riemann-Hurwitz formula, shows that deg(f) = r(f) — 2 if and
only if f is unramified above P for all P ¢ {0, loo}. We say colloquially
that such a function f is “unramified outside {0, 1,00}”, and we call
such functions Belyi functions.

The polynomials (A, By, C,) give rise to especially interesting Belyi
functions. If we set f = f,(t) = A,(t)/C,(t), then it is an exercise to
verify that:

e f(0)=0,f(1) =1, f(c0) = c0. (We say that such a function f
is normalized).
e 0,1,00 are the only points upstairs where f is ramified (i.e.,

eq(f) =1for Q ¢ {0, loo}).
o co(f) =e1(f) = ex(f) =2n + 1, where deg(f) = 3n+ 1.

We call a function f satisfying these three conditions (for some non-
negative integer n) a symmetric normalized Belyi function.

By the Riemann-Hurwitz formula, f has the maximum total ramifi-
cation allowed for a rational function of degree 3n + 1. A symmetric
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normalized Belyi function is characterized by the fact that this maxi-
mally allowable ramification is concentrated totally at the three points
0,1, 00, and is spread out evenly among them.

We leave it as an exercise to show that Theorem 1 is equivalent to
the following result:

Theorem 2. Suppose d = 3n + 1, where n is a nonnegative integer.
Then there exists a unique symmetric normalized Belyi function f of
degree d.



