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Recall that our goal is to prove the following two results:

Proposition 1. (Gap principle) There ezists a constant My > 1 such
that if u,v € Zsp are distinct and angle(u,v) < 0, then ||v]| > ||ull
implies ||v|| > M| ul|.

Proposition 2. (Cap principle) There exists a constant My > 1 such
that if u,v € Z~p and angle(u,v) < 0, then ||v|| < Ma||ul|.

Here Z is the image in A := T'/T*" of the set of solutions (z,y) € T
to the unit equation x+y = 1. Recall also that L is a suitably large real
number, ¢ is a suitably small positive real number, and Z.; denotes
the set of elements of Z with norm greater than L. The norm of an
element u of A is defined to be

[ull = h(z) + h(y),

where (z,y) is any element of I" representing the class u € T" /T,

1. THE GAP PRINCIPLE

We begin with some preliminary simple results concerning heights of
algebraic numbers.
First, some notation: Let K be a number field. For v € M, we let

0 ve My
€ =14 1 ve Mg, vreal
2 v e My, v complex.

Then we have the following lemma, whose proof is immediate.
Lemma 1. Ifz,y € K and v € My, then
[+ yllo < 2% max{[[zl,, [ly[l.}-
From this, we obtain the following estimate:
Lemma 2. Ifa,b,d’,b' € K and v € M, then

lab” = a'bly < 2% max{|lallo, [|b[], } max{[la'[l,, [[6']l}-
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Proof.
lab — abll, < 2 max{ b, a'b]. )

= 26”max{||a||v||b’||mIIa’Ilvllbllg} /

< 2% max{all,. o]} max o'l ¥}

O

The proofs of both principles will involve the following simple lemma
which bounds the heights of solutions to linear equations in two vari-
ables.

Lemma 3. Leta,b,a’,b',c,c € Q, and suppose that A := ab' —a'b # 0.
Then if z,y € Q are such that
ar+by = c
dx+by = /¢,
we have
h(z:y:1)<h(a:b:c)+h(a b :c)+log2.

) _ bd—cb _ ac—cd
Proof. By Cramer’s rule, v = 5=+ and y = S5—7.

Therefore, if K is a number field containing all of the algebraic num-
bers involved in the lemma, we have
hz:y:1) = hbd —cb:ad —cd :ab — a'b)
- [K—1Q] ZUGMK log max{||bc’ — cb'||,, |lac’ — cd’||,, ||ab/ — a'b||, }.

The previous lemma now gives

Wz :y:1) wq venr, logmax{]lally, [1Bll., flefl}
log max{{|a'lo, [[0'[l, ¢ ||o} + €v log 2

h(a:b:c)+h(a b : ) +log2.
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If 2,y € Q, we let h(z,y) = h(z : y : 1) be the height of (z,y) €
A?%(Q) as a point of P%(Q). We thus have two notions of height on

A%(Q), h and ﬁ, and we leave it as an exercise to see that for all
P € A?%(Q), we have

1. .
Sh(P) < h(P) < h(P).
Lemma 3 has the following corollary, which is closely related to the
gap principle:

Corollary 1. Suppose Py = (x1,11) and Py = (x5,15) are in Q x Q,
with Py # P,. Suppose furthermore that x1 + vy = 1 and xo + yo = 1.
Then

h(P) < h(P P ) + log 2.



Proof. We have the system of linear equations

L-mp+1-yn =1
2—? “ 1+ %91 = L
Note that A := Z—j — 22 # 0, for otherwise x1y> = 2y, which implies
that z1(1 —y1) = (1 — x1)yy, i.e.,, x1 = y;1, and therefore xo = ys as
well.
Now apply Lemma 3 with (x,y) = (z1,%1),(a,b) = (1,1), and
(@', V) = (x2/m1,92/1). O

This corollary, together with the estimates

Sh(P) < h(P) < h(P),

implies the following important geometric constraint on Z:

Corollary 2. For all u,v € Z, u # v, we have
[[ul] < 2||lv - ul| + 2log 2.

This estimate implies the gap principle. Intuitively, this seems rea-
sonable: if ||u|| and ||v]| both lie in a cone of small angle and if ||v]| is
only slightly bigger than ||u||, then [[v — u|| will be small, so Lemma 2
gives a bound on the size of ||u||. Therefore if ||u|| is known to be large,
then [|v|| will have to be “significantly” larger than ||u]|.

To make this heuristic reasoning precise, we will use the following
simple geometric inequality:

Lemma 4. Suppose u,v € V are nonzero vectors with |lul| < [jv].
Then

[o = ull < [lo]] = [Jull + [lu]| angle(u, v).

Proof. By the triangle inequality, if we set

then we have
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We now prove the following more precise verison of the gap principle:
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Proposition 3. Ifu v € Z are distinct elements with ||v]| > ||u| > 14

and angle(u,v) < 55, then [Jv]| > 3|lul|.

Proof. Using Corollary 2 and Lemma 4, we find (since 2log 2 ~ 1.386 <
1.4) that

Jull < 2[|v —ul| +2log2
< 2(|[vl] = [Jull + [Ju| angle(u, v)) + 21og 2
= 2[|v|| - 8||U||+14
< 2wl = Sllull + 35llull
so that
Jull < 22l < 22l
ul| < o v v
as desired. O

2. THE CAP PRINCIPLE

One way to get a cap principle would be to show that if u,v € Z
then for each positive integer m, the size of ||u|| is small compared to
the size of ||v — mul|. For then if angle(u, v) is small and ||v|| &= m|u]|,
the quantity ||v — mul| will be small and therefore ||u|| must be small.

We will obtain a bound of this type for even integers m only, which
will suffice. The key idea is to use the polynomials (A, B,, C,) intro-
duced in our lectures on the ABC conjecture.

We need a few lemmas before we can get started.

Lemma 5. Let P = (ay,...,a,) € A™(Q), and let h(P) = h(a; :
cag 1), Let fi, ..., fm € Zxq, ..., x,]. Then

h(fi(on,...;an) - folar, ..., an)) < deg(f)h(P)+logmax{|fi|ri,- .-,

Proof. If f € Zlx] and 0 := deg(f), then for any number field K

containing aq, ..., q, and any v € Mg, we have

Hf(al’ s 7an)||’v < maX{”Olem SR |Ian||v7 1}d|f|zjl

The result follows easily. O
We leave the proof of the next lemma as an exercise.

Lemma 6. If f(t) € Z[t], then

o |fgler < |flerlgle
o [f'(t)|r < deg(f)|f|rr-
o [f(1—=1t)|pr < 29D f|pa.

The next lemma will allow us to get around a potential stumbling
block in the proof of Proposition 4 below.

|t}
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Lemma 7. Let n > 1 be a positive integer. Then any C-linear combi-
nation of An(t), By(t), and C,(t) is either identically zero, or else has
simple roots outside {0,1,00}.

Proof. Since B,,(t) is a linear combination of A,,(t) and C,(t), we may
assume that h(t) = A, (t) + vC,(t) for some complex numbers «, .
We may assume that o and ~ are not both zero, and then it follows
that h(t) # 0, since A, (t) and C,(t) are relatively prime. Note also
that —v/a is well-defined as an element of P?.

If we define ¢(t) = 28 then we have

c(t)’
hlto) = 0 ¢ d(to) = =,

and h(t) has a multiple zero at ¢, if and only if (o) = —2 and e;,(¢) >
2.

But ey, > 2 implies that ¢, € {0, 1,00}, since ¢ is a Belyi function.
Therefore if ty ¢ {0,1,00}, then h(t) has at most a simple zero at
to. U
Proposition 4. Suppose Py = (x1,y1) and Py = (x9,19) are in Q" x
Q, with P, # P,. Suppose furthermore that x1+y, = 1 and xo+ys = 1.
Then for any integer n > 2, we have

1
W(Pr) < ——h(PoP*") + M.

where M > 0 is a real constant independent of Py, Ps.

Proof. Let A = A,(t),B = B,(1),C = Cy(t), and similarly define
A, B,C, so that A(t) = t*"*1A(t) and B(t) = (1 —t)*" " B(t).
Since A(t) + B(t) = C(t), we have
2" A(an) + g1 B(a) = C(a),
so that we have the system of linear equations
;Tzn'xl + T yi" = 1
nA(my) -2t + i B(w) -yt = Claa).
Let a = 7,0 = yy%QMG/ = 951121(551)719, =y B(z1).
Define A := ab’ — a'b, and suppose that A # 0.
Then by Lemma 3, we have
APE) = 20h(P) ~
h( C%Qn, ~5n ) + h(xlA(xl) le(l’l), C(ZEl)) + 10g2
= h(PP[ 2") +h(:v1A(x1) le( 1), C(z1)) + log 2.
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Since A(t) = (—=1)"B(1 —t) and C(t) = (—=1)"t"B(1 — %), we have
Az1) = (-1)"B(yr), C(an) = (—1)”33?3(—1,—1),
so that by Lemma 5, we have
< h(P, P 2”) + (n + 1)h(P1) +1og|B\L1 —|—log2
< h(P2P1_2”) + (n+ Dh(Py) + (n — 1) log M,

for some constant M; > 0. It follows that

1
h(Pl) S 1h(P2P 2n) + lOg M1

n —_—
as desired.

If A = 0, then it looks as if we might be stuck. However, notice
that A = 0 means that zoy?" ™' B(z1) = y,2°" 1 A(zy), i.e., that the
polynomial h(t) := y2A(t) — x2B(t) vanishes at ¢t = z;. Since x; ¢
{0,1, 00}, it follows from Lemma 7 that z; is a simple zero of h(t).
Therefore h'(xg) # 0. Let’s differentiate the identity A(t)+B(t) = C(t)
and see if we can use this information. .

Recalling that A(t) = t*"™ A and B(t) = (1 — t)*"*"' B, we see from
the product rule that A’(t) = t>"«a(t) and B'(t) = (1—t)?*"3(t) for some
polynomials «, § of degree n. For consistency of notation, we also let
v(t) = C'(t), so that

ta(t) + (1= )" B(t) = y(t).

As before, this identity gives us a system of linear equations

_ + y2 yl — 1
Oé(xl) +ﬂ($1) = (x1).
The determinant of this system is
L2 Y2
AN = "FB(x) — Z=o(x;

and therefore A’ # 0, since
2"yt A = 2Bl (21) — ya Al (1) = (1) # 0.

We can now proceed as before, applying Lemma 5. To do this, we
need an estimate for the L'-norms of a, 3,7v. Without working out a
precise estimate, we note that by Lemma 6 and the relationships

Aty =+B(1—t), C(t) = t”A(%) = +t"B(1 — 1),



it is not hard to see that
2max{|alp, |8, Y|} < My

for some constant M, > 0. (Exercise.)
Therefore Lemma 5 yields

h(Po Py 2") + nh(Pl) + logmaX{IOélL1 |Blzr, [v]} + log 2

<
< h(PyP;*) 4+ nh(Py) + nlog M.

Therefore
h(Py)

3=

h(PoyP;?") + log My
—Lh(P,P?") + log M.
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Using the bounds
1. .
Sh(P) < h(P) < h(P)
Proposition 4 implies the following geometric constraint on Z:

Corollary 3. If u,v € Z, then for all n > 2 we have

2
u < |lv — 2nul| + 2M.
n—1

To conclude the proof that Z is finite, we now prove the cap principle
in the following explicit form:

Proposition 5. If u,v are elements of Z with angle(u,v) < % and

lu|| > 4M, then ||v|| < 90||u||.

Proof. Let n be the greatest integer less than or equal to 2H|| HH’ so that

n > 2 and 0 < ||v|| — 2n|lu|| < 2||lu|l. Then Corollary 3 and Lemma 4
yield

%1”1) — 2nu|| + 2M
w1 (lloll = 2nllul] + 2n]|u|f angle(u, v)) + 2M
1 (2lull + Hllull) +2M
- (1 + 10)||UH +2M.
If n > 45 then it is easy to verify that
4 n 1
n— 1(1 * 1_0) = 2’
so that ||u|| < 4M, a contradiction.
Therefore n < 44. Since ||v|| — 2nju|| < 2|lu||, we get the desired
inequality

]
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[0l < 90[[ul].






