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ABSTRACT. We consider the composition product of symmetric sequences in the case where
the underlying symmetric monoidal structure does not commute with coproducts. Even
though this composition product is not a monoidal structure on symmetric sequences, it
has enough structure, namely that of an ‘oplax’ monoidal product, to be able to define
monoids (which are then operads on the underlying category) and make a bar construction.
The main benefit of this work is in the dual setting, where it allows us to define a cobar
construction for cooperads.

INTRODUCTION

The category of symmetric sequences, in a closed symmetric monoidal category (C, A, 5),
is well known to have a monoidal product (called the composition product) whose monoids
are precisely the operads in C. This perspective allows for standard techniques in the theory
of monoids, in particular bar constructions, to be applied to operads. This result depends,
however, on the assumption that the monoidal structure A on C is closed, or more specifically,
on the fact that A commutes with colimits. This condition is necessary in order that the
composition product be associative.

On the other hand, operads can be defined in any symmetric monoidal category without
the closed condition. It is therefore natural to wonder to what extent operads can still be
treated as monoids when the composition product is not strictly associative. In particular,
can we form a bar construction for operads in this wider context? In this paper, we show
that the composition product is an ‘oplax monoidal product’ in the sense of Day-Street [2]
and that this slightly weaker structure allows, nonetheless, for sensible definitions of monoids
and of bar constructions over them. In particular, it follows that operads in any symmetric
monoidal category have a natural bar construction.

The main motivation of this paper is, in fact, cooperads. A cooperad in C can be consid-
ered as an operad in C (with the canonical symmetric monoidal structure on the opposite
category). Although most interesting symmetric monoidal categories are closed symmetric
monoidal (for example, compactly-generated topological spaces, or any of the standard mod-
els for stable homotopy theory), their opposite categories are less often so. This is reflected
in the fact that the monoidal product does not generally commute with finite products in
these topological examples. Our results therefore are necessary to define cobar constructions
for cooperads in these categories.

Such cobar constructions were described previously by the author in [1], in which the
theory presented here was outlined vaguely. The present paper is intended to fill in the
gaps in that presentation and to demonstrate the usefulness of considering oplax monoidal
structures, and their monoids, in homotopy theory.

Here is an outline of the paper. In §1 we describe what is meant by an oplax monoidal
structure. In §2 we show that the composition product forms part of an oplax monoidal
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structure on the category of symmetric sequences. In §3 we describe monoids for oplax
monoidal structures, and show that an operad is precisely such an monoid for the composition
product. Finally, in §4 we describe the simplicial bar construction in this setting.
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1. OPLAX MONOIDAL STRUCTURES

In this section we define the notion of an oplax monoidal structure on a category. This
structure appears in [2] as an example of a lax monoid (in the 2-cell dual of the 2-category
of categories). It is a weakening of the notion of monoidal structure in the sense that the
unitivity and associativity morphisms are not required to be isomorphisms. To deal with
this change, we need explicit functors to stand for the higher iterates of the usual monoidal
structure. These functors are then related by a set of associativity morphisms that satisfy
an appropriate set of conditions analogous to the usual axioms for a monoidal structure.

Definition 1.1. Let £ be a category. An oplax monoidal structure on & consists of the
following data:

e a collection of products p, : E® — & for n > 0;

e natural associativity morphisms

Onir: ,un(Xl, R ,Xn) — Mn—r—l—l(Xla A 7Xl7 Hr(Xl+17 R 7Xl+r)7 Xl+7“+1a R ,Xn)
for 0 <1 <[4 r < n, that collect the r terms starting after the I** into a separate
product;
satisfying the following conditions:
(1) for [ + s < k we have

QAn l,s
pn(X1,..,Xn) B st1(X1,epbs (X1, X4 5) 50X )

Qn k,r QAp—s4+1,k—s+1,r

/Jnf?”rl(Xl7~--a/‘LT(Xk+17--~7Xk+r)’~~-vXn) ﬁ lu'n*?"*SJr?(Xl""nu‘s(XZ+17"'7Xl+5)"">.u'T(Xk+17""Xk+’r)>"'9Xn)
n—r+1,l,s

(2) for Il <k <k+r <l+ s we have

Qn i, s

pn (X150, Xn) Bn—s+1 (X1, tts (Xig1,, X14s) 50 X))

Qn,k,r Mnfsle(Xl7---7Xl7as,k—l,'r‘7Xl+s+11---7Xn)

ﬂn7r+1(Xl7---7M7"(Xk+17---7Xk+r)a---vXn)aﬁl,unfsqu(Xl ----- Bs—rt1 (X1 eeostbr (X150 X ke )y X1 s )5 X )
n—r+1,l,s—r

Note that g consists of a single object in & which we denote I and plays the role of the unit.
We say that an oplax monoidal structure is normal if py : £ — &£ is the identity functor.
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Example 1.2. Let £ be a category with a monoidal structure given by the bifunctor & :
£? — £ with unit object I. Set

pn (X1, X)) =(.. (X1 X0)®...)® X,

where p taking the value I. The unit isomorphism for the monoidal structure determines
morphisms ;o and the associativity isomorphisms determine a,;, for r > 1, as in Defini-
tion 1.1. The necessary conditions follow from the axioms for a monoidal structure. Thus a
monoidal structure determines a normal oplax monoidal structure.

Conversely, suppose we have a normal oplax monoidal structure on £ in which all the
associativity morphisms «, ,; are isomorphisms. Then p is a monoidal structure on £ with
associativity isomorphism

Q31,2 © Oé:);[l)g : M2(M2(X7 Y); Z) — /1’3(X7 Y7 Z) — MQ(Xv :U’2<Y7 Z))
and unit isomorphisms
a0 X — po(l,X) and aq 100 X — po(X, I).

Remark 1.3. There is a dual notion of ‘lax monoidal structure’ on a category £. The only
difference is that the directions of the morphisms ay,;, are reversed, that is, a lax monoidal
structure on £ is the same as an oplax monoidal structure on £°.

Remark 1.4. From a category £ with normal oplax monoidal structure we can construct,
in a natural way, a ‘multicategory’ (see, for example, [3, [.2]) with the same class of objects
as €. For Xi,..., X,,,Y € &, we define the set of ‘multi-maps’ from (X;,...,X,) to Y by

H(gm(Xl, L Xy Y) = H(gm(,un(Xl, X)), Y).

In this way, we can view a normal oplax monoidal structure as a special kind of multicategory:
namely, one in which the sets of multimaps are represented, in a natural way, by single objects

of €.

2. COMPOSITION OF SYMMETRIC SEQUENCES

Our main example of a normal oplax monoidal structure is the composition product on
symmetric sequences.

Definition 2.1. A symmetric sequence in a category C is a functor F' : FinSet — C from
the category FinSet, whose objects are finite sets and whose morphisms are bijections, to C.
Denote the category of all symmetric sequences in C by C* (in which morphisms are natural
transformations). We write r := {1,...,7}.

Remark 2.2. From now on, we fix a symmetric monoidal structure A with unit object S
on the category C. The symmetry and associativity isomorphisms for the monoidal product
A allow us to write expressions such as

XAY AZ and /\Xa

acA

without caring about parentheses or ordering of the factors. These expressions contain an
implicit choice of ordering and bracketing with different choices related by the appropriate
isomorphisms.
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We assume throughout this paper that the underlying category C has all colimits (and,
when we talk about the dual case of cooperads, all limits). In particular C has an initial
object which we denote by 0.

Definition 2.3. For a finite set A, denote by A/FinSet the category whose objects are all
functions f : A — I for some finite set I, and whose morphisms from f: A — [ to f': A — I
are the bijections o : I — I' such that [ =co f.

Now let F' and G be two symmetric sequences in C. For each finite set A, we define a
functor

(F,G) : A/FinSet — C
on objects by
(F,G)(f: A—=1) )ANG(f

iel
For a morphism o : I — I’ in A/FinSet we define

(F,G)(c (DA NG (@) = FUI)YA N\ G(f~ (i'))
el el
by combining map F'(¢) with the permutation of the smash product identifying the term
corresponding to i € I with the term corresponding to o(i) € I'.
We then define

(FoG)(A) = fegg/lgglset(F G)(f)-

A bijection o : A — A’ determines a map (F,G)(f) = (F,G)(f o a™!) that is the map

DANGE @) = FU) AN\ Gla(f!
i€l iel
via the identity on F(I) and the action of the symmetric sequence G on the bijections
f7H0) =2 a(f~1(i)) given by restricting a. We thus obtain induced maps

(Fo@)(a):=(FoG)(A) = (FoG)A)
that make F' o GG into a symmetric sequence in C.

Remark 2.4. The definition of the composition product in 2.3 is isomorphic to more familiar
forms involving the coproduct over partitions of A. Observe that the groupoid A/FinSet has
disconnected pieces corresponding to different unordered partitions of A. Each function f :
A — I determines such a partition, indexed by I, and two functions are in the same connected
component of A/FinSet if and only if they determine the same partition. Thus (F' o G)(A)
can be written instead as a coproduct over unordered partitions of A. The automorphism
group of some f : A — I in A/FinSet is the symmetric group on the complement of the
image of f. We therefore have

(Foa)A) = ]

A:=]T;er As

naNGA

i€l

X (ila;=0}

Definition 2.5. The unit symmetric sequence 1 in the symmetric monoidal category C is

given by
1(4) = S 1f|A|:.1;
0 otherwise;
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where 0 is a fixed initial object in C. The map 1(A) — 1(A’) induced by a bijection A — A’
is the identity morphism on S or 0 as appropriate.

Proposition 2.6. Let C be a symmetric monoidal category in which the monoidal structure
A commutes with finite coproducts. Then the composition product determines a monoidal
structure on the category C* of symmetric sequences in C with unit object the symmetric
sequence I of Definition 2.5.

Proof. See §1.1.8 of [4]. O

We now drop the assumption that A commutes with finite coproducts. Our goal then is
to show that the composition product is now part of a normal oplax monoidal structure on
C*. To do this we need to define higher composition products for more than two terms.

Definition 2.7. For a finite set A and positive integer n, we denote by A/FinSet[n] the
category whose objects are sequences of functions of finite sets

AfL> [n 1fL}2 4)[1

and whose morphisms are commutative diagrams

frn— f
I, . 2. LI

A On—1 o1

1

whose vertical maps are bijections. Notice that A/FinSet[2] is the category A/FinSet of
Definition 2.3.

Now let Fi,..., F, be symmetric sequences in the symmetric monoidal category C. We
define a functor

(Fy,...,F,): A/FinSet[n] — C

as follows. For the sequence

FoAS e g
we set
(Fu,o o F)(f) = Bl A N\ Ba(f7'(G NN F
i€l 1€l 1

For a morphism o : f — f’ in A/FinSet|n], the bijections o} determine an isomorphism

(Fi,...,E)(f) = (F1,..., F)(f).
The higher composition product of Fi, ..., F, is the symmetric sequence (Fj o --- o0 F,)
defined by

Fio---0F)(A) = lim  (Fy, ..., F)(f).
(100)()K%%M1 )(f)

When n = 2 this reduces to the ordinary composition product of Definition 2.3.
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Remark 2.8. As for the binary composition product, there is a formulation of the higher
products in terms of partitions. The connected components of the groupoid A/FinSet[n| are
the sequences of nested unordered partitions of A of length n — 1. (For example, if n = 2 we
get a single partition, and if n = 3 we get two partitions, one a refinement of the other, and
so on.) We therefore have

(Fro---ol)A)= [T (£, B,

Fia<<Ana

where f denotes a sequence of partitions of A, and ¥ denotes the automorphism group of
the sequence f.

Remark 2.9. If A commutes with finite colimits in C, the higher composition product
(Fyo---0F),) is isomorphic to any of the possible ways of iterating the binary product. For
example,

(Fl o F2 OF3> = (F1 OFQ) OF3 = F1 o (FQ o Fg)

Without this assumption, there are still maps from (Fj o Fy o F3) to each of these iterated
composition products. We construct these next and show that they form a normal oplax
monoidal structure on C*.

Definition 2.10. Let Fi, ..., F,, be symmetric sequences in the symmetric monoidal cate-
gory C. Our aim is to construct natural maps of symmetric sequences:

an,l,r:(Flo"'an)_>(FlO"'o-Flo(E+1O"'OE+T)OE+T+IO"'OFn)-

Fix a finite set A. At A, the required a,,;, maps out of a colimit over A/FinSet[n|. It is
therefore sufficient to define ay,;, for each f € A/FinSet[n] in a way consistent with the
maps. So fix a sequence
fn—l fn—2 fl
f : AHIn_lﬂ...Hll.
At the finite set A, the target of «,,, is a coproduct over A/FinSet[n —r + 1]. We choose to
map (Fy,..., F,)(f) into the term in the target corresponding to the sequence

n— Sigr Srpr—1--f fi-
L e LN [N

To do this we have to construct a map

(Fry oo B () = (Frs oo By (B 000 Figy), Fyggs -, ().

Comparing these objects, we see it is sufficient to produce a map

(/\ E—l-l(fll(i))) ARERRA /\ Frr(frma (D) ) | = /\(Fl+10' o Fi ) (frer1 - f1)7H(0)).

il i€l 41 i€l
But the left-hand side here is precisely the smash product over ¢ € I; of the terms
(Firs - - Fir) (f1A])
where f[i] is the sequence
iset oo 70 5 (i )70 =5 = (f)70)

so the necessary map is formed by smashing together the inclusions of these terms in (Fj4 o

w0 P ) (f7H(E).
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Proposition 2.11. Let C be a symmetric monoidal category with all colimits. Taking
,un(Flv---aFn) = (Flo"'an)7

with py (F) = F and po = 1, the unit symmetric sequence, the maps o, 1, of Definition 2.10
form a normal oplax monoidal structure on the category C* of symmetric sequences in C.

Proof. The interested reader may do the necessary diagram-chasing. ([l

3. MONOIDS IN OPLAX MONOIDAL CATEGORIES

We now return to the general context and say what is meant by a monoid in an arbitrary
normal oplax monoidal category. It turns out that the relevant notion only depends on the
first three levels of the oplax monoidal structure.

Definition 3.1. Let (uy, oy ) be a normal oplax monoidal structure on the category £. A
monoid with respect to this structure consists of an object M € &, a multiplication map

ma : (M, M) — M,

a unit map
mo : I—->M

such that the following diagrams commute:

(1)

(m2,M)
o (o (M, M), M) 1y (M, M)

)

M

m
h

,UQ(Mvm2)
_—

pa2 (M, pio(M, M)) p2(M, M)

01,0,0 2 (mo, M)

M — (I, M) 2 (M, M

Example 3.2. If the oplax monoidal structure on £ comes from an actual monoidal struc-
ture, then a monoid in the sense of Definition 3.1 is the same as a monoid in the usual
sense.
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Remark 3.3. It might seem strange that the definition of a monoid only relies on a small
part of the oplax monoidal structure, namely that part up to and including p3. The rest of the
oplax monoidal structure is necessary, however, for defining the simplicial bar construction
on a monoid, as we do in the next section.

Definition 3.4. Let M be a monoid in a normal oplax monoidal category £. We define
maps
My (M, ..., M) — M

recursively as follows. Firstly, my and my are the structure maps for M as in Definition 3.1
and for completeness we take m; to be the identity on M. Suppose that n > 3 and that we
have defined the maps m, for 0 < r < n — 1. Then we define m,, to be any of the possible
composites

Lemma 3.5. The composite maps used in 3.4 to define m,, are all equal, so m, is well-

defined.

Proof. In the case n = 3, the two possible composites are equal precisely by condition (1) of
Definition 3.1. For n > 3 (supposing that the map m,. is well-defined for 0 <r <n — 1) we
need to show that whichever sequence of copies of M, from among the n copies, one chooses
to ‘multiply’ together first, one gets the same composite.

So consider two sequences, A and B, of length between 2 and n — 1, from the n copies
of M. Without loss of generality, suppose that the length of A is less than or equal to the
length of B. If one sequence is contained within the other, the claim follows by condition
(2) of Definition 1.1. If the sequences are disjoint, the claim follows by condition (1) of
Definition 1.1. If the intersection of A and B is of length two or more, then the composites
of both A and B are equal to that of AN B, so are equal. If the union of A and B is of
length less than n, then the composites of both A and B are equal to that of AU B, so are
equal. Finally, suppose that the union of A and B is of length n, and the intersection is of
length 1. Since n > 4, we cannot have the length of the shorter sequence A equal to n — 1.
Let A’ be the sequence A expanded by one element. Then the intersection of A’ with B is
of length 2, so the composite maps for A and B are both equal to that for A’. O

Remark 3.6. Recall that a normal oplax monoidal category is an example of a multicategory.
A monoid in an arbitrary multicategory M consists of an object M together with multi-
maps my : (M, M) — M and mg : () — M that satisfy axioms of the same form as those

of Definition 3.1. (Here my is a map from the empty sequence of objects in M to the single
object M.)

We can also talk about actions of a monoid in an oplax monoidal category.

Definition 3.7. Let M be a monoid in the normal oplax monoidal category £. A left
M -module consists of an object L € £ and a left action map

lg . ,UQ(M,L) — L

such that the following diagrams commute
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K2 (mQ»L)
—_—

M2(M2(M=M)7L) N2<M7L)

y \
/“L3(M7 M7 L)
m} /

(M,l2)
pi2(M, (M, L)) 2% 1o (M, L)

a1,0,0 p2(mo,L)

L, — /LQ(I,L) —_— MQ(M,L)

I
1L ‘2

L

The corresponding notion of right M-module consists of an object R € £ with a right action
map
T ¢ po(R, M)
satisfying similar conditions.
Remark 3.8. The structure maps for a left M-module L determine well-defined maps
Lot (M, ..., M, L) — L

for all n > 1 given by any sequence of ways to ‘multiply’ subsets of the entries in y,, (M, ..., M, L)
ending with L.

Definition 3.9. Let M, N be two monoids in a normal oplax monoidal category £. An
(M, N)-bimodule consists of an object B € £ together with a left M-module structure / and
a right N-module structure ry such that the following diagram commutes:

(I2,N)
pia(pa (M, B), N) =5 i5(B, N)

ps(M, B, N)
m /
/LQ(MJQ)

pa(M, pa(B, N)) —— p2(M, B)

B

We now turn back to our favourite example: the composition product of symmetric se-
quences. In this case a monoid is precisely an operad on the underlying symmetric monoidal
category.

Definition 3.10. Let C be a symmetric monoidal category. An operad in C consists of a
symmetric sequence P together with, for each function of finite sets f : A — I, a composition
map

P(f): P(I) A\ P(f71(3)) = P(A),

el
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and a unit map
n:1— P

where 1 is the unit symmetric sequence. These maps should satisfy the following conditions:

e (Naturality in I): If 0 : I — I’ is a bijection then the following diagram commutes

DANPEHE) P9 pay

il

P(a)/\‘r‘

PV A N\ PUoS) M) 700, piay

iel’

where the left-hand vertical map is given by combining P(c) : P(I) — P(I’) with the
permutation 7 that matches up the term P(f~1(:)) with P((of)~1(s")) for i’ = o(i).
e (Naturality in A): If « : A — A’ is a bijection then the following diagram commutes

I) /\/\P(f_l(i)) _ P P(A)
i€l
IANier P(e) P(a)

DA NPfa)7H@) P pgny

icl

where the left-hand vertical map is given by the restrictions of the bijection « to the
subsets f~1(i) C A.

e (Associativity): For functions f : A — I and g : [ — J, the following diagram
commutes

(YA NP ) A N\PUE) PO P(T /\/\P

JjeJ i€l i€l
AN PUah () P PlA)
jeJ

where the left-hand vertical map is given by the restrictions of f to the subsets

(9)71(4) € A.
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e (Left unit): For any map f : A — {x} from A to a singleton set, the following
diagram commutes

SAP(A) —— P(x) A P(A)
P(f)
P(A)
e (Right unit): For any identity map f : A — A, the following diagram commutes

PAYAN NS " PA)A N P({a})

a€A acA

jP(f)

P(A)

R

Proposition 3.11. Let P be a symmetric sequence on the symmetric monoidal category
C. The structure of a monoid, for the oplax monoidal structure on symmetric sequences of
Proposition 2.11, on P 1is exactly the same as the structure of an operad on P.

Proof. The monoid structure maps uo(P, P) — P and I — P determine, and are determined
by, the structure maps in the definition of an operad and tell us they satisfy the natural-
ity conditions of Definition 3.10. The associativity and unit conditions for a monoid then
correspond to associativity and unit conditions for an operad. 0

4. SIMPLICIAL BAR CONSTRICTION ON A MONOID

In this section we show that we can form the simplicial bar construction for a monoid in
any normal oplax monoidal category. This generalizes the usual construction for monoids in
monoidal categories.

Definition 4.1. Let M be a monoid with respect to a normal oplax monoidal structure on
a category €. Let L be a left M-module and R a right M-module. The two-sided simplicial
bar construction on M with coefficients in R and L is the simplicial object B4(R, M, L) in £
defined as follows:

Bo(R, M, L) = jipo(R,M,...,M,L
( ) 1= pinra( )

n

Let a : n — m be an order-preserving map. Then we define
" (R, Mo, ML) = ppao(R, M, ..., M, L)
to be the composite

Pom2(R, M, ..., M, L) = pingo(fag (R, M, ..., M), ptag (M, ..., M), ... pa, . (M,...,M,L))
s tnya(R, M, ..., M, L)
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where
a(0) if 1 = 0;
a = a(l)—ai—1) ifl1<i<mn
m — a(n) ifi=n+1.

The first map in the composite comes from the normal oplax monoidal structure on £, and
the second map comes from the monoid and module action maps for M, R and L.

Theorem 4.2. Definition 4.1 produces a natural well-defined simplicial object Bo(R, M, L)
i E. If the normal oplax monoidal structure on £ arises from a monoidal product ® on &
as in Example 1.2, then By(R, M, L) is the usual simplicial bar construction on a monoid M
wn E with respect to right and left M-modules R and L.

Proof. The associativity properties of the oplax monoidal structure, and of the monoid M,
together imply that this is a simplicial object of £. If the oplax monoidal structure on &
arises from a monoidal product ®, then we have

B.(RRM,L)*RIM®---®@ ML
N————

and the face and degeneracy maps are exactly those determined by the monoid and module

action maps for R, M and L. So this is isomorphic to the usual simplicial bar construction.
O

Remark 4.3. If M is an augmented monoid for the pseudomonoidal structure on &, then
there is a reduced bar construction given by

Bo(M) := B.(I,M,])

with the coefficients on both sides being the unit object I. Similarly, there are one-sided
constructions for a single left or right M-module, taking the coefficients on the other side to
be I.

Example 4.4. Now let £ be the category of symmetric sequences on a symmetric monoidal
category C, with the pseudomonoidal structure given by the composition product. Then the
simplicial bar construction described in this section is the ’standard’ simplicial bar construc-
tion on an operad P with respect to a left P-module L and right P-module R.

If we now replace C with its opposite category C?, together with the canonical symmetric
monoidal structure, the simplicial bar construction on an operad in C° gives us a cosimplicial
cobar construction cobar(R, (), L)® on a cooperad @ in C with respect to a right )-comodule
R and left )-comodule L. We have

cobar(R,Q, L)"(A) := lim (R,Q,...,Q,L)(f).
——

fe€A/FinSet[n]opP
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