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1 Introduction

Every year, hurricanes cause a lot of damage, especially, when they hit cities along
the coast line. A notorious example is Hurricane Katrina in 2005 which hit New
Orleans and damaged the city significantly. Human intervention cannot change the
path of a hurricane. Hence the best possible way to reduce thedamage is to predict
the path of the hurricane and avoid direct contact. The formation, movement and
strength of hurricanes is not understood very well. Although meteorologists have
several methods to predict the path of hurricanes, current methods are still not able
to predict the paths with enough lead time, accuracy and confidence to evacuate and
prepare cities. For example, Hurricane Rita in 2005 was wrongly predicted to hit
Houston which caused tens of thousands residents to evacuate for nothing. Little is
known about the physical, chemical and thermodynamic explanations of the speed
and direction of the movement of a hurricane. Hurricanes seem to move randomly.
Nevertheless, people are determined to understand the phenomenon of hurricane.
Satellites are constantly observing hurricanes from space. Airplanes track hurri-
canes from the sky. Buoys are placed in the oceans to collect hourly barometric
information. In particular, after Hurricane Katrina, morebuoys were placed in the
Gulf of Mexico. Several technologies have been initiated and developed to decipher
the data and information to predict the path of a hurricane. See Figures 1 and 2 for
buoy locations in the Gulf of Mexico below.

We approach this prediction problem by using bivariate spline functions. Al-
though univariate splines have been applied for predictions (cf. (2), (4), (5) and (6)),
bivariate splines have never been used for hurricane predictions. Bivariate spline
functions have the advantage of fitting scattered data conveniently. We find a se-
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Fig. 1 Buoy Locations for the 2005 Hurricane Season

quence of spline functions by fitting the barometric values from the buoys every
hour. We refer the interested reader to (16) for the theory ofmultivariate spline
functions and (1) for the computational algorithms to find data fitting splines. The
eye of hurricane causes a vacuum where the barometric value will be lowest. The
lowest values of these spline functions over a period of timetrack of the movement
of a hurricane. To predict the path of a hurricane, we have to use more mathemat-
ics. Many prediction theories in statistics are available (cf. (7), (10), (17)). We find
that the so-called “Brute Force Method” developed by Guillas and Lai recently in
(13) is particularly useful. They applied the method to study the prediction of ozone
concentration in Atlanta. Many numerical experiments havebeen performed which
demonstrate the effectiveness of their method (See [Ettinger, 2008(8)] for the more
numerical experiments in addition to those presented in (13)). There are two advan-
tages: One is consistency. That is, various lengths of learning periods give almost
the same prediction. The other advantage is the accuracy. The method gives good
predictions for more than 9 days during two consecutive weeks in an experiment.

However, we cannot use the method directly as there will be nobuoys measur-
ing the barometric data along the path of a hurricane. The method has to adapt to
predicting the path of a hurricane. In Section 2, we give a preliminary for bivariate
splines and scattered data fitting. Then in Section 3, we explain Guillas and Lai’s
Brute Force Method. Section 4, outlines our numerical experiments. In Section 5,
we test our method by using the buoy data to predict the path ofhurricanes Katrina
in 2005 and Ike in 2008. Note that the Katrina knocked out almost all buoys when it
hit New Orleans at 9:00 a.m. on August 29, 2005. We have the barometric data ev-
ery hours for two days before 9:00 a.m. Also in 2005, we only have 80 buoys in the
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Fig. 2 Buoy Locations for the 2008 Hurricane Season

Gulf of Mexico. Although these information may not be enough, we are still able to
predict the Katrina within 43 nautical miles based on 6 hour lead time and 20 nau-
tical miles based on 7 hour lead time. After Katrina, more buoys were placed in the
Gulf of Mexico and barometric data were collected every hour. We have tested our
prediction method for Hurricane Ike in 2008. Numerical results show that we are
able to predict the Ike with more stability. These numericalresults will be reported
at the end of the paper.

2 A Preliminary for Bivariate Spline Theory and Scattered Data
Fitting

In this section, we review some basics of bivariate splines and the necessary spline
theory we need for our application to functional linear models. Most of the spline
results presented in this section can be found in [Lai and Schumaker’07, (16)]. Let
D be a polygonal domain inR2 and△ a triangulation ofD . That is,△ is a finite
collection of trianglesT ⊂D such that∪T∈△T = D and the intersection of any two
triangles is either the empty set, a common edge, or a common vertex. For each
T ∈△, let |T| denote the length of the longest edge ofT, and letρT be the radius of
the inscribed circle ofT. The longest edge length in the triangulation△ is denoted
by |△| and is referred to as the size of the triangulation. For any triangulation△ we
define its shape parameter by
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κ△ :=
|△|

ρ△
, (1)

whereρ△ is the minimum of the radii of the in-circles of the trianglesof △. The
shape parameter for a single triangle,κT , satisfies

κT :=
|T|
ρT

≤
2

tan(θT/2)
≤

2
sin(θT/2)

, (2)

whereθT is the smallest angle in the triangleT. The shape of a given triangulation
affects how well we can approximate a function over the triangulation. Hence we
have the following definition of aβ -quasi-uniform triangulation.

Definition 1 (β -Quasi-Uniform Triangulation). Let 0< β < ∞. A triangulation△
is aβ -quasi-uniformtriangulation provided that

|△|

ρ△
≤ β .

Once we have a triangulation, we define the spline space of degreed and smoothness
r over that triangulation as follows:

Definition 2 (Spline Space).Let △ be a given triangulation of a domainD . Then
we define the spline space of smoothnessr and degreed over△ by,

Sr
d(△) = {s∈Cr(D) | s|T ∈ Pd, ∀ T ∈△},

wherePd is the space of polynomials of degree at mostd.

Whend ≥ 3r + 2 the spline spaceSr
d(△) possesses an optimal approximation

order which is achieved by the use of a quasi-interpolation operator. To define
the quasi-interpolation operator we need linear functionals {λi jk,T}i+ j+k=d,T ∈ △
which are based on values off at the set of domain points over triangles in△, that
is

λi jk,T( f ) = ∑
|ν|=d

ai jk
ν f (ξ T

ν ). (3)

The quasi-interpolation operator off is defined by

Q f := ∑
T∈△

∑
i+ j+k=d

λi jk,T( f )BT
i jk . (4)

Now, we are ready for the theorem on optimal approximation order [Lai and Schu-
maker’98, (15)].

Theorem 1 (Optimal Approximation Order). Assume d≥ 3r +2 and let△ be a
triangulation ofD . Then there exists a quasi-interpolatory operator Q f∈ Sr

d(△)
mapping f∈ L1(D) into Sr

d(△) such that Q f achieves the optimal approximation
order: if f ∈Wm+1

p (D),

‖Dα
1 Dβ

2 (Q f − f )‖Lp(D) ≤C|△|m+1−α−β | f |m+1,p,D (5)



Bivariate Splines for Hurricane Path Forecasting 5

for all α + β ≤ m+ 1 with 0 ≤ m≤ d, where D1 and D2 denote the derivatives
with respect to the first and second variables,‖ f‖Lp(D) denotes the usual Lp norm

of f overD , | f |m,p,D denotes the Lp norm of the mth derivatives of f overD , and
Wm+1

p (D) stands for the usual Sobolev space overD . The constant C depends only
on the degree d and the smallest angleθ△ and may be dependent on the Lipschitz
condition on the boundary ofD .

Next we explain a scattered data fitting method based on bivariate splines. We
explain the so-calledPenalized Least Squares Spline Method. Many other methods
were explained in [Lai,2008,(14)]. Suppose that we are given a set of scattered data:
{(xi ,yi , fi), i = 1, · · · ,n} with data locations{(xi,yi), i = 1,2, · · ·n} ⊂ D . For each

s∈ Sr
d(△), let L (s− f ) =

1
n

n

∑
i=1

|s(xi ,yi)− fi|
2 be the discreteL2 semi-norm and

Em( f ) =
1

AD

∫

Ω
∑

i+ j=m

((
m
i

)
(Di

1D j
2 f )2

)
dx1dx2

be the energy functional, wherem≥ 1 is a fixed integer andAD is the area ofD .
Typically, one usesm= 2. One solves the minimization problem

min
s∈Sr

d(△)
L (s− f )+ λEm(s) (6)

for a fixed integerm = 2 andλ > 0. The solutionsf is called the penalized least
squares spline of the given data. We use this method to compute a bivariate spline
fit to the hurricane data to be discussed in the next section. Acomputational al-
gorithm for penalized least squares splines was explained in [Awanou, Lai, and
Wenston’06(1)]. For the approximation properties of penalized least squares splines,
we refer to [Golitschek and Schumaker’02(11), (12)].

3 Brute Force Method

The general idea of the “Brute Force Method” from [Guillas and Lai’10, (13)] starts
by approximating a bounded and continuous functionalf . The main point is that
a future value (to be predicted) is assumed to be a linear functional of the current
function over a bounded domainD with some nonlinear noise. That is,

y = f (X)+ ε,

wherey is a future value,f is a continuous linear functional of current random
surfaceX andε is nonlinear noise. The Riesz representation theorem says,the func-
tional can be written asf (X) = 〈g,X〉 for some unknown functiong ∈ H. Hence
one could approximatef by solving the minimization problem
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α = argmin
β∈H

E
[
( f (X)− ε −〈β ,X〉)2] , (7)

whereH stands for a Hilbert space, sayL2(D). Although, the above minimization
problem is impossible to solve because the solution lies in the infinite dimensional
Hilbert spaceH. We approximate the solution by choosing a finite dimensional
spline spaceSr

d(△) of smoothnessr and degreed ≥ 3r + 2 which will be dense
in H as |△| → 0 by the optimal approximation order of splines, see Theorem1.
This reduces the original problem (7) to the spline estimate

Sα = arg min
β∈Sr

d(△)
E

[
( f (X)− ε −〈β ,X〉)2] . (8)

The following theorem (cf. (13)) states the existence and uniqueness of a solution
to the (8) overSr

d(△).

Theorem 2.Suppose that only the zero spline in Sr
d(△) is orthogonal to the collec-

tion of random surfacesX = {X(s), s∈ D} ⊂ H. Then the minimization problem
(8) has a unique solution in Srd(△).

We can extend the result above to an empirical estimate for a set of observed surfaces
{X1, . . . ,Xn} by taking

S̃α ,n = arg min
β∈Sr

d(△)

1
n

n

∑
i=1

( f (Xi)− εi −〈β ,Xi〉)
2. (9)

In (13), we can find the following result that the empirical estimate inherits similar
properties for existence and uniqueness.

Theorem 3.Suppose that only the zero spline function in the spline space Sr
d(△) is

perpendicular to the subspace span{X1, · · · ,Xn} except on an event whose probabil-
ity pn goes to zero as n→ +∞. Then, with probability1− pn, there exists a unique
S̃α ,n ∈ Sr

d(△) minimizing (9).

So far we have only been discussing cases where the given observations are
complete random surfaces. However in practice, we are not able to observe an en-
tire random surface. Instead, we observe a random surfaceX over design points
sk,k = 1, . . . ,N in D . We create a surface to representX from the given data by
using a penalized least squares spline. That is, we create a spline SX by finding the
penalized least square fit ofX as we explained in the previous section.

We thus modify the original problem (7) usingSX instead ofX:

αD = argmin
β∈H

E
[
( f (X)− ε −〈β ,SX〉)

2] . (10)

Again we have the same issue, that the Hilbert spaceH is infinite and we may not be
able to find the minimum. However, we can find an approximate solution in the finite
spline spaceSr

d(△). Thus we obtain a spline estimate based on the approximated
random surfaces:
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SαD = arg min
β∈Sr

d(△)
E

[
( f (X)− ε −〈β ,SX〉)

2] . (11)

In the next theorem we see how wellSαD approximatesαD in terms of|△|, the size
of triangulation. See (13) for a proof.

Theorem 4.Suppose thatE (‖X‖2) < ∞ and supposeα ∈Cr(D) for r ≥ 0. Then the
solution SαD from the minimization problem (11) approximatesαS in the following
sense:

E ((〈αD −SαD,SX〉)
2) ≤C|△|2r (12)

for a constant C dependent onE (‖X‖2), where|△| is the maximal length of the
edges of△.

From the above spline estimate we compute an empirical estimate for real data
based the approximated random surfaces:

Ŝα ,n = arg min
β∈Sr

d(△)

1
n

n

∑
i=1

( f (Xi)− εi −〈β ,SXi 〉)
2. (13)

Once we havêSα ,n, we can use it to predict the future value by computing the in-
ner product〈SXn, Ŝα ,n〉. This is the so-called the Brute-Force Method. This method
works very well for ozone concentration prediction at Atlanta as demonstrated in
(13), (9), and (8). However to predict the path of a hurricane, we have to extend this
approach since may not be any observations along the path of the hurricane. The
extension will be discussed in the next section.

4 Numerical Method For Hurricane Path Prediction

To predict the path of a hurricane in the Gulf of Mexico, we study the barometric
pressures over a polygonal domain which approximates a region of interest within
the Gulf of Mexico. Note that the eye of a hurricane is where the barometric pres-
sure is lowest. The path of a hurricane over the course of several days is the trace of
the eye of the hurricane over that period of the time. Mainly,we predict the future
barometric pressure based on the current barometric pressure surface. That is, we
assume that both the current explanatory and future response variables are random
surfaces. The future barometric pressure surface can be approximated by penalized
least squares spline fitting to the future barometric pressure values over the scattered
locations of buoys. All we need to do is to find these future barometric pressure val-
ues. They can be predicted by using the Brute Force Method at each location. This
explains our method for the prediction of the path of a hurricane. Let us rephrase our
approach by starting from the beginning of our computation.At each buoy location,
we use Guillas-Lai’s Brute Force Method to predict the future value of barometric
pressure at that location. After we obtain the future valuesat all buoy locations, we
fit a bivariate spline through these predicted values over the buoy locations by using
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penalized least squares spline method. This fitted spline isthe future (or predicted)
barometric pressure surface. Then we compute the location of the minimum of the
future barometric pressure surface to be the prediction of the eye of the hurricane.

Our main assumption is that the barometric pressure for a specific time and lo-
cation is a linear functional of previous barometric pressure surfaces from certain
hours earlier. For each prediction, we fix the length of the predictionP and the num-
ber L of learning periods. For example to make a six hour prediction, P = 6, for
August 29, 2005 at 9:00 a.m., we assume that barometric pressure on August 29 at
9:00 a.m. at a particular buoy in the Gulf of Mexico is a linearfunctional of the baro-
metric pressure surface over the Gulf of Mexico six hours earlier, August 29 at 3:00
a.m.. For a six hour prediction, we approximate the linear functional by learning
over several six hour periods. For each learning period, we letYi be the hourly baro-
metric pressure at a particular buoy in the Gulf of Mexico andXi is the barometric
surface over the Gulf of Mexico from six hours earlier. Then we find the spline that
minimizes (13). To do this, we writêSαD,n = ∑m

i=1 ĉn,iφi , whereφi , i = 1, · · · ,m are
locally supported basis functions forSr

d(△) and rewrite the minimization problem
as the linear system

Ac= b, (14)

where

A =
1
n

n

∑
l=1

〈φi ,SXl 〉〈φ j ,SXl 〉 and b =
1
n

n

∑
l=1

Yi〈φ j ,SXl 〉.

The coefficient vector of̂SαD,n is the vectorcn =(cn,i , i = 1, . . . ,m) that satisfiesAc=

b. Then for each buoy, we use the buoy specific splinêSαD,n to make a prediction for
that specific buoy by taking the inner product with the last knownYi at that location,

〈Yi , ŜαD,n〉 ≈Yi+P. (15)

Finally, we create a prediction surface by fitting a spline surface to all the predicted
values.

Our domain is a region of interest in the Gulf of Mexico, and our design points
are the ocean buoys where the barometric pressure values arecollected. For our nu-
merical experiments, we have scaled the domain into[0,1]× [0,1], see Figure 3 and
Figure 4. In 2005, we only have 80 buoys in our domain. For 2008, there are 140
buoys in our domain and the domain covers a larger area of the Gulf of Mexico.
For each buoy, we have hourly barometric pressure readings for the 2005 and 2008
Hurricane seasons. Some data values are missing as hurricanes tend to knock out
the buoys. The missing values do not affect our computation because the missing
values are approximated by the input surface.

Below is a brief outline of the numerical experiments. To geta better idea of the
process, we will set up the outline for a six hour prediction for August 29 at 9:00
a.m. over one learning period.

Step 1) For each hour from August 28 at 4:00 p.m. through 9:00 p.m., we create the
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approximation surfaceSXi by fitting a penalized least squares spline with penalty
λ = 10−5 over the spline space with degree 5 and smoothness 1 based on the avail-
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able buoy data.
Step 2) Then for each buoy, we collectYi the barometric pressure six hours ahead of
Xi . We set up and solve the linear system (14) described above with n = 6 for L = 1
andn = 12 forL = 2 andn = 18 forL = 3. This step yields âSαD,n for each buoy in
the domain for differentL.

Step 3) To make aP = 6 hour prediction, we first compute the least squares spline
SY fitting to theYi ’s at 3:00 a.m. on August 29 and then by taking the inner product
of the last known barometric pressure surfaceSY with each prediction splinêSαD,n

from Step 2 to obtain the predicted value at each buoy for 9:00a.m., August 29. That
is, we take〈SY, ŜαD,n〉 to give us a six hour prediction for each buoy in the domain.
For our specific example, the last known barometric pressurevaluesYi are on 3:00
a.m. on August 29.
Step 4) Finally, we fit a spline surface to all of the buoy predictions for August 29
at 9:00 a.m. to create an approximate barometric pressure surface at 9:00 a.m. on
August 29. The minimum of this surface is the predicted location of the eye of the
hurricane.

We use the same steps for other prediction lengths. Numerical results are col-
lected in the next section.

5 Numerical Results

In this section, we show two numerical examples. The first is hurricane Katrina from
2005. The second is Hurricane Ike from 2008.

Example 1 (Katrina).For Hurricane Katrina, we first list the contour of barometric
pressure data at landfall 9:00 a.m. on August 29, 2005. The landfall surface, August
29, 2005 at 9:00 a.m., is the surface we are trying to predict.Then we list the last
known surface for the six, seven, eight, nine and ten hour predictions. For each
the 3:00 a.m., 4:00 a.m.,..., 1:00 a.m. August 29,2005 and 12:00 p.m. and 11:00
p.m., August 28, 2005 for the exact measurements based on penalized least squares
splines to the barometric pressure data from 80 buoys over the Gulf of Mexico are
shown in Figure 7.

In Figure 8, we list the predicted contour of barometers on 9:00 a.m., August 29,
2005 based on our prediction approach using 6 hour learning,7 hour learning, 8
hour learning, 9 hour learning, 10 hour learning as well as 11hour learning.

To see how accurate we can predict, we list the accuracy in Nautical Miles in Fig-
ure 5. Note that 1 Nm (Nautical Mile) is equal to 1.15077945 mile. Each row con-
tains a prediction length in hours from 1,2, · · · ,12 hours in advance. The columns
are the number of learning periods,L = 1,2,3.
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1 Period 2 Periods3 Periods
1 19.16 15.18 15.18
2 15.18 28.92 33.73
3 25.22 47.04 61.99
4 37.02 36.50 32.69
5 56.02 46.23 28.92
6 66.00 43.05 59.02
7 35.65 20.28 228.23
8 222.20 228.23 222.20
9 59.83 229.81 222.20
10 228.23 222.43 222.20
11 135.01 228.23 222.20
12 228.23 222.20 222.20

Fig. 5 Errors in Nautical Miles for Hurricane Katrina

From the Table above, we can see that when we use 6 hour lead time and 7 hour
lead time with 2 learning periods, we can predict the location of the eye of Katrina
within 43Nm and 20Nm of New Orleans. These are very good predictions!

Example 2 (Ike).In this example, we study the prediction of Hurricane Ike. The
number of buoys is 140 which is many more than the number of buoys for Hurricane
Katrina. In Figure 9, we show the contours of the barometric pressure for the exact
measurements based on penalized least squares splines to the barometric pressure
data from 140 buoys over the Gulf of Mexico at 9:00 a.m., on September 24, 2008,
as well as 3:00 a.m., 2:00 a.m., and 1:00 a.m. on September 24,2008 and 11:00 p.m.
and 12:00 p.m. on September 23, 2008 . Note that these are 6 hour before landfall,
7 hours before landfall, 8 hour before landfall, 9 hours before landfall and 10 hours
before landfall respectively.

Figure 10, shows the predicted contours of the barometric pressure for 9a.m.,
September 24, 2008 based on our prediction approach using 6 hour learning, 7 hour
learning, 8 hour learning, 9 hour learning, 10 hours learning as well as 11 hour
learning.

Figure 6 shows the error of our prediction in Nautical Miles.Each row contains
a prediction length in hours from 1,2, · · · ,12 hours in advance. The columns are the
number of learning periods,L = 1,2,3.

6 Concluding Remarks

We have extended the Guillas-Lai’s Brute-Force Method to study the prediction in
the setting where both the explanatory variable and the response variable are real
random surfaces. We use it to predict the path of hurricanes.We implemented our
extended method to numerically simulate the prediction of Hurricanes Katrina in
2005 and Ike in 2008.
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1 Period 2 Periods3 Periods
1 29.10 29.10 0.00
2 29.10 29.05 34.52
3 27.00 29.05 27.00
4 58.24 84.45 76.47
5 111.07 60.35 84.45
6 111.07 103.99 84.45
7 101.96 90.43 90.43
8 86.25 80.21 80.21
9 111.07 90.43 101.96
10 111.07 180.65 145.81
11 111.07 145.81 118.71
12 167.10 145.81 118.71

Fig. 6 Errors in Nautical Miles for Hurricane Ike

1. Even though, we only have 80 buoys in the Gulf of Mexico, we are still able to
predict the Katrina within 43Nm based on 6 hour lead time and 20 Nm based on
7 hour lead time with 2 learning periods.

2. After Katrina, more buoys were placed in the Gulf of Mexico. Numerical results
show that we are able to predict the Ike with more stability.

3. However, the predictions of Ike are not as accurate as the predictions of Katrina.
One of reasons is that many of buoys were placed far outside the region of interest
for Ike which is close to the coastline near the Texas. Of course, those buoys far
outside the Gulf of Mexico will be useful to predict the hurricanes which directly
hit the east coast of Florida. Another reason is that the underlying triangulation
is much larger than the one for our Katrina prediction study.According to our
knowledge of bivariate splines, the approximation will be better when we use a
triangulation of smaller size.

4. We should study the prediction of Ike using the triangulation for the study of
Katrina to see that the prediction of Ike would be better.

5. Our prediction with 12 hour lead time is not accurate at all. More study is neces-
sary as this will be one of key issues as the 12 hour lead time will give residents
enough time to evacuate.

6. Our suggestion to the meteorologists and NOAA is to place more buoys inside
the Gulf of Mexico for a better prediction of hurricanes which may hit coastline
near the Texas, Louisiana, Alabama, the west coast of Florida. In addition, more
buoys are needed to predict more accurately the hurricanes to hit the east coast
of Florida.
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Fig. 7 Exact measurements based on penalized least squares splines
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Fig. 8 Predictions for Hurricane Katrina
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Fig. 9 Exact measurements for Hurricane Ike based on penalized least squares splines
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Fig. 10 Predictions for Hurricane Ike
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