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Abstract

We show that a matrix whose entries are independent copies of a symmetric
pre-Gaussian random variable possesses, with overwhelming probability, a Modified
Restricted Isometry Property in g-quasinorms for 0 < ¢ < 1/3. We then prove that,
if the matrix of an underdetermined linear system of equations satisfies this property,
then the sparsest solution of the system can be found using ¢,-minimization.

1 Introduction

The field of Compressed Sensing, which has generated a wealth of research activity in
recent years, asks for some concrete protocols that make it possible to reconstruct sparse
vectors x € RY from the mere knowledge of measurement vectors y = Ax € R™ with
m < N. In other words, one seeks m x N measurement matrices A and reconstruction
algorithms that enable to find the sparsest solutions of the underdetermined linear system
Ax =y. The groundbreaking works of Donoho [7] and of Candés and Tao [5] successfully
tackled these questions. The problem of choosing suitable matrices was settled using
probabilistic arguments, with the conclusion that most matrices chosen at random allow
for an efficient reconstruction of sparse vectors. The reconstruction in question consists
in solving the convex optimization problem

minimize |z||; subject to Az =y, (Py)
zeRN
in place of the unpractical combinatorial problem

minimize ||z|lp subject to Az =y. (Po)
zeRN

Here ||z]|; = Zjvzl |zj| stands for the usual ¢;-norm of a vector z € RY, while |z|o
represents its sparsity, i.e. the number of its nonzero components. A much favored tool
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in the study of the equivalence between (Pg) and (P;) was introduced by Candés and
Tao in [5]. It is said that an m x N matrix A has the ¢t-th order Restricted Isometry
Property if there is a constant 0 < § < 1 such that

(1—0)|x[3 < |43 < (14 &) ||x|I3 for all x € RY with ||x|lo < t. (1)

The smallest such constant is denoted by §; and is called the t-th order Restricted
Isometry Constant of the matrix A. There are many conditions on the J,’s that guarantee
the recovery of all s-sparse vectors x € R as solutions of (P;) with y = Ax. The
arguably most natural ones are only in terms of do5. For instance, Candés established
the sufficient condition das < v/2 — 1 =~ 0.4142 in [3], and this was latter improved by
the present authors to dos < 2/(3 + v/2) =~ 0.4531 in [8]. Regardless of the sufficient
condition called upon, the crucial point is that it is met with overwhelming probability
for random matrices whose number m of rows, much smaller than its number N of
columns, scales like the sparsity s times the log factor In(N/s). The original article [5]
dealt with Gaussian random matrices. Since then, many clarifications and extensions
have been put forward. As an example, the paper [1] provides a simple proof of the
Restricted Isometry Property for random matrices satisfying a concentration inequality
(see [10] for some background on measure concentration theory). As another example,
the paper [11] establishes the Restricted Isometry Property for sub-Gaussian random
matrices.

In this paper, we modify slightly the ¢;-minimization strategy to consider instead an
{,-minimization problem with 0 < ¢ <1, namely

minimize ||z||, subject to Az =y. (Py)
zeRN

Although this optimization problem has the drawback of not being convex anymore,
the /,-minimization strategy offer some theoretical advantages. The first one is that
the success of the /,-recovery increases as q decreases. This fact, intuitively anticipated
since ||z||¢ approaches the sparsity ||z||o as ¢ decreases to zero, was proved by Gribonval
and Nielsen in [9]. Along the same lines, the sufficient conditions for ¢,-success that are
available in the literature become weaker when ¢ decreases, see e.g. [8]. The {,-strategy
offers a second advantage in that it requires less measurements. Chartrand and Staneva
indeed showed in [6] that, for an m x N Gaussian random matrix, the recovery of s-sparse
vectors by {,-minimization is guaranteed as soon as

m>c1s+caqs In(N/s),

where c¢; and co are absolute positive constants. In their proof, they used an /,-variant
of the Restricted Isometry Property, namely

(1-8)xl < [Ax|g < (1 +d)|x[}  forall x e RN with [Ix[o<t.  (2)

A third advantage of the /,-strategy is demonstrated in this paper, namely that it applies
to a wider class of random matrices. We will indeed prove the success of the /,-strategy
for ¢ < 1/3 when the matrix A is populated by independent copies of a symmetric



pre-Gaussian random variable. Let us recall, see e.g. [2], that a random variable ¢ is
pre-Gaussian if and only if E(£) = 0 and there is a constant b > 0 such that

E(|¢]*) <kW*  for all integers k > 1.

For instance, a special emphasis can be put on Laplace random variables £ with proba-
bility density functions

which satisfy E(\f |k) = kI\F for all integers k > 1, and more generally
E(|¢") =T(r+ 1)\ for all » > 0.
Our main theorem reads as follows.

Theorem 1.1 Suppose that the entries of an m X N matriz A are independent copies
of a symmetric pre-Gaussian random variable. If 0 < g < 1/3, then the probability that
every s-sparse vector x € RY is recovered as a solution of (Py) with y = Ax exceeds
1 — 2exp(—cim), provided that m > casln(N/s). The constants ¢ and co depend only
on the pre-Gaussian distribution.

Here is a rapid outline of our arguments, which essentially relies on a variation of
the classical Restricted Isometry Property (1). Throughout the paper, the probability
density function of a pre-Gaussian random variable is denoted by f, and we require it to
be an even function. For p > 0 and x € RY, we introduce the quantity

1/p

1%/ tp = [/_Z"'/_Z’jﬁ::ltj%‘pf(tl)"'f(tN)dtl---dtN . (3)

We shall see that it turns out to be a norm for p > 1 and a quasinorm for 0 < p < 1.
Note that we prefer the notation ¢ if the exponent p is less than one. We will say that
an m X N matrix A satisfies the ¢t-th order p-Modified Restricted Isometry Property if
there exists a constant 0 < § < 1 such that

(L=0)ym Jx)%, < |Ax[[p < (1 +8)m [ x [, for all x € RY with ||x|lo <t. (4)

When p = 2, we will see that this is nothing else than a scaled version of the classical
Restricted Isometry Property (1). When the function f is a Gaussian probability density
function, we will also see that the g-Modified Restricted Isometry Property for 0 < ¢ <1
coincides with the variation (2) of the Restricted Isometry Property used by Chartrand
and Staneva. An important role will be played by the upper and lower constants ¢, and
C) in the inequality

eolxlh < Jx )%, < CyllxIB,



which will be established in Section 2. This section contains other lemmas that are to
be used later. We then prove in Section 3 that, under some conditions on the constants
cp and C), obviously satisfied in our case of interest, the tail probability

P ([ x| —m ) x [, | >em [ x [}, )

decays exponentially fast with m for a fixed x € R™. In Section 4, we show that this
tail estimate implies the ¢g-Modified Restricted Isometry Property (4). We complete
the argument in Section 5 by proving that a matrix satisfying the g-Modified Restricted
Isometry Property allows for the exact reconstruction of sparse vector by £,-minimization.

2 Preliminaries

We first establish some basic properties of the quantity introduced in (3). These involve
the absolute moments of the probability density function f defined as

o ::/ @At > 0.

Lemma 2.1 Let f be an even probability density function. Forp > 1, the expression (3)
defines a norm on RN provided op < o00. For 0 <p <1, it defines a quasinorm on RN
provided o1 < co. In this case, one has //x+y//fp < //X// —i—//y//fcp for allx,y € RV.

Proof. We first show that //x/ s, is well-defined for each vector x € R™. For p > 1,
we use the convexity of the function t — t? to write

it [eru'm ) ) diy - d
||x\|a’;,’§”’ [ s o) db i

= ||x||§’a£ < 00.

%5

IN

For 0 < p < 1, we use the increase with r of the L,-quasinorm to write

/_:--/_Z\itm\fao---f(m)dtl...dtN

< |xj|/ /Itglftl Fltw)dt .. dty

= Hx||101 < 00.

1%/ .

IN

Next, given p > 0, it is readily seen that /x/¢, = 0 if and only if x = 0 and that
//)\x//f,p A/ x/p for all A € R and all x € RY. It remains to prove that, if p > 1,
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one has Jx+y/ip < Jx [tp+ /| ¥/ sp for all x;y € RV, and that, if 0 < p < 1, one
has /x+ y//?p < Jx //?’p +/ y//?p . If p > 1, the result follows by applying the triangle
inequality for the Ly-norm in the expression of x4+ y/¢,. If 0 < p < 1, it follows by
applying the triangle inequality for the p-th power of the /)-quasinorm in the expression

of /x+ y//?,p. [ ]
The following generalization of [13, Lemma 4.10] applies to || - ||; and // - /7,4 alike.

Lemma 2.2 For0 < q <1, let|-|, be a quasinorm on R™ satisfying |x+y|d < |x|3+|y|?
for allx,y € R*. With §; := {x € R" : |x|; = 1} denoting the unit sphere of R" relative
to this quasinorm, for any 6 > 0, there exists a finite set Uy C Sy with

n/q
min [x —ulf <§ forallx €S, and card(Uy) < (1 + ) :
uclly )
Proof. Let (uy,...,u;) be a set of k points on the sphere S, such that |u; —u;ld > ¢

for all 7 # j. We choose k as large as possible. Thus, it is clear that

min |x —w[] <6 forall x €S,

1<i<k
Let By := {x € R" : |x|; < 1} be the unit ball of R™ relative to the quasinorm |- |,. It is
easy to see that the (0/2)-balls centered at u;,

5 1/q
uz+<2) qu 1§2§ka

are disjoint. Indeed, if x would belong to the (d/2)-ball centered at u; as well as the
(6/2)-ball centered at u;, we would have
0

\ui—uj]g<|ui—xlg+\uj—x\g§§ 5:5,

(o9

which is a contradiction. Besides, it is easy to see that

A s\ V4

By comparison of volumes, we get

5 1/q k 5 1/q 5 1/q
i (2)5) v (2) ) v (1+2) )
=1

Then, by homogeneity of the volumes, we have

s\ "4 5\ /4

n/q
which implies that k < (1 + 5 . This completes the proof. m

Next, we want to compare the (quasi)norm //x// ¢, with the standard fy-norm |[x||2.
This is made possible by Khintchine’s inequality with optimal constants, see e.g. [12].



Theorem 2.1 Given p > 0, for any integer N and any vector x € RN, one has
N N
p/2 p/2
A,,[Zxﬂ S oN ‘Ze]x]‘ < B [Zx}
j=1 €1,.,eN=1%1 j=1

where

Ay = 2(P=2)/2 pin <1, W» B, = 2(P=2)/2 1 ax (1’ W)

Lemma 2.3 Suppose that f is an even probability density function with bounded absolute
moments. Given p > 0, there exist positive constants ¢, and C), such that, for allx € RN,

epllxlly < /%%, < Collxll3-

Proof. We notice first that

Jx)n, = /:--/Z\itjxj\”f@l)wf(m)dtl...dtN
- eN/qoo /GNOO th] (t1) - f(tw)dty ... dty.

€1,.. ,eN ==+1

Then using the symmetry of the probability density function f, we obtain

%1%, = Z / / ‘Ze]ujwj (u1) -+ flun)duy ...duy

€1,...,en==%1

(o] o0 1
= 2N/0 /0 o ‘Ze]u]xj‘ (up)--- flun)duy ...dup.

€1,...,en=E1 j=1

Calling upon Khintchine’s inequality, we have

> AP2N/OOO---/OOO:ji::lu?x?:p/zf(ul)--'f(uN)dul...duN,
/OO /Oo :iuix?:p/zf(ul)---f(uN)du1...duN,

) =
i < N/OOO /OOO :Ji::lu?x?:pﬂf(ul)--~f(uN)du1...duN,
Bp/oo /OO _iv:uzm?:pﬂf(ul)---f(uN)dul...duN.

oo

o0 _]:1



Let us suppose first that p > 2. For the lower estimate, we use the increase with r of the
L,-norm to derive

JxIh, > A, / / 22 flur)- f(uN)dul...duNr/Q

p/2
= Ap Z / / u fu1 f(uN)dul...duN]

p/2
— 4, Zw 02} — 4,08 x|,

For the upper estimate, we use the convexity of the function ¢ — tP/2 to derive

o0 o0 N 2
Ixt, < Bl [ f [Z o] fn) - fla) du - du

HXHQ

IN

B, qup/ / N H2 g P f(uwr) - f(un) dus ... duy

j=1 2

= B ||X||pZH || =B UPHXHQ
2

Let us now suppose that p < 2. For the lower estimate, we use the concavity of the
function ¢t — t*/2 to derive

1=/, = AM]XHQ/_Z.../_Z[i :UJZQ u?]p/Qf(m)"'f(uzv)dm...duzv

||XH2

v

A””X”ZQ)/ / ZH H2 lus? fur) -~ flun) dur ... dun

= Apop |Ix[l3.
For the upper estimate, we use the increase with r of the L,-norm to derive
p/2
//X//fgp < [/ / f (ui)--- fun)duy ...duy

2
= B, x|}

The proof is now complete. =



Remark 2.1 UsingI'(3/2) = \/7/2, we notice that the constants ¢, and Cy, are explicitly
given by

op/2 Up/ 2

A, ot = Tﬂ? min (T'(3/2),0((p+1)/2))  ifp=>2,

v ow/2
| 4oy = T min(CE2IGD2)  d<2,

/2
Byo, = ﬁp max (I'(3/2),I((p + 1)/2)) if p> 2,

Cp =
p/2 2p/2012)/2 .

\Bpa2 = 7 max (T'(3/2),T'((p+1)/2)) if p<2.

For p = 2, we observe that ¢, = C,. This explains the link between the Restricted
Isometry Properties (1) and (4) in this case.

Remark 2.2 If f is the probability density function of a standard Gausstan random
variable £, we observe that //x//?p 1s the expectation of ‘ Z;V:1 xjﬁj‘p for independent

. . N . . . .
copies &1, ..., En of €. But since ijl x;&; s a zero-mean Gaussian random variable with

variance ||x||3, we can compute //X//?p exactly as //X//?p = 2221 ((p + 1)/2)|1x||5/ /7.
This explains the link between the Restricted Isometry Properties (2) and (4) in this case.

3 Exponential Decay for the Tail Probability

In order to establish the ¢-Modified Restricted Isometry Property(4), we consider first
individual vectors x € RY and study the tail probability

P(|||Axug —mx )%, | >em ) x //?q)
The following lemma is at the basis of our argument.

Lemma 3.1 Let ny,...,nmn be independent random variables with same expectation v.
Suppose that there is a constant B > 1 such that, for all integers k > 2,

E(|772-—1/|k) < (k-DN(Bv)k, 1<i<m. (5)
Then, for any € € (0,1),

- em
P ‘Zm—mu’>6mu < 2exp 652 )

=1



Proof. For all u > 0, using Markov’s inequality and the independence of the 7;, we
obtain

P(i(m -v) > emu) = P(exp (u .m (mi — V)) > exp (uemy))

i=1 =1

< Elexp (diny(m —v) _ ﬁ E (exp (u(n; —v))) (6)

exp (uemv) palet exp (uev)
In view of E(n; —v) = 0 and of (5), we have
< B(w-)") kD,
B(exp (ul ) = 143 2D s g
k=2 k=2
o o0 1
— 2k 2k+1
— 1+ ; o (B + ; o 1>”(uB1/)
=1 (uBv)*  (uBvr)3 & 1 (uBp)2t-1
< —
S D g 3G 2
k=1 k=1
B (uBv)? (uBv)3 uBv)?
= exp ( 5 5 exXP 5
2 3 2 3
< exp <(UB21/) > (1 (’LLB;)V) < exp <(uB21/) )exp <(uB;V) )

It then follows that

E (exp (u(y; — v))) (uBv)® | (uBv)*
oxp (uer) < exp ( 5 + 3 > .

We make the choice u = ¢/(B?v) to obtain

E (exp (u(n; — v))) €2 e €2 €2 2¢
< SIS ~ (1= £,
oxpuer) P\ amr T3pr T pz) TP Tame 3B

Substituting the latter into (6), while taking into account that 1—2¢/3B > 1—-2/3 =1/3,

we derive
P mg (”'—l/) > emvr <eX[) —7m2 (4)
! 6B '

i=1

We would likewise obtain
m m ezm
P(;(m —v) < emy> = P(;(ﬁi +v) > (—:mu> < exp <6BQ> . (8)

The required result follows from both (7) and (8). m



Theorem 3.1 Suppose that the entries of the m x N matriz A are independent copies
of a random wvariable with an even probability density function f. Given 0 < q < 1, if
there is a constant o > 0 such that the bounds c, and Cy satisfy

Cyj

7 < (j— D"’ for all intergers j > 1, (9)
q

then, for any x € RN and any € € (0,1),

(|axly —m x5, > em 1, ) < 2o (— ).

Proof. Let x be a fixed vector in RY. We introduce the independent random
variables 11, ..., ny, defined by

R
= 1(Ax)il7 = | 3 asa
J=1

Let us notice that their expectations are independent of ¢, since

[e'e) oo N q
E(m’):/ / ‘thxj‘ f(t1)...f(tN)dt1.--dtN://X//;ng: v
—00 —00 j:l

We calculate, for an integer k > 2,

ety - o Qper )
< > (F)rrmon Z()// FI P e

~
Il
o

=0
Calling upon Lemma 2.3 and Condition (9), we obtain

E(n—v) < f:@ig//x//? Z() (- 1ot Jx o,

£=0

= (k=D +a)* ) x )P

Lemma 3.1 can thus be applied to obtain

A

P(\ém—m//x//i,q\>em//x//§,q> <20 (5 ).

The observation that ||Ax||§ = >°i", n; finishes the proof. m
This theorem can now be applied to symmetric pre-Gaussian random variables.
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Corollary 3.1 Suppose that the entries of the m x N matriz A are independent copies
of a pre-Gaussian random variable & with an even probability density function f. Given
0<q<1/3, for any x € RN and any € € (0,1), one has

P(H|Ax||g —m /| x //31‘,(1 | >em [ x //j’c’q) < 2exp (—/%Qm) , (10)
where Kk is a positive constant depending on q and on f.

Proof. Our aim is to prove that the inequality (9) holds when 0 < ¢ < 1/3 for the
random variable €. Since the latter is pre-Gaussian, there exists a positive constant b
such that

o =E(|¢*) <k for all integers k > 1.

According to Remark 2.1, we need to separate two cases: ¢j > 2 and ¢j < 2. We assume
first that g7 > 2. Let n > 1 denote the smallest integer greater than or equal to ¢j/2, so

that 2(n — 1) < ¢j < 2n. From the increase of o™ with 7 > 0 and the increase of I'(t)
with ¢ > 3/2, we derive

2092, . 293/2 qj/2n
Cyi = NG max (I'(3/2),T((gj +1)/2)) < FU% I((2n+1)/2)
247 /2

< ((2n))¥ /29T ((2n 4 1)/2).

N
Recalling that
(2K +1)/2) = ‘gf(zk ~ DI for all integers k > 0,

and using (2n — 1)!! < 2"n!, we deduce that
243 /2p4i

In view of 2(n — 1) < ¢j < j/3, hence 6n — 6 < j — 1, we observe that

(2n)!1y/7n! = 299/2p% (2n)In!.

(2n)In! = (2n)2n —1)2n —2)(2n —3)2n—4)2n—5)---n(n —1)(n —2)(n —3) - - -
(n

= M(Gn —6)(6n — 9)(6n — 12)(6n — 15) - - - ”67;21)(671 —12)(6n — 18) ---

32n—2
< @@=t = 1) 6y 6n — 8)(6n — 12)(6n — 14)- - (61 — 10)(6n — 16)---

- 2n—233n—4
n2n— n —
L ) GG -8 TG 9) G- - 10

<@ -

for some positive constant 3. We therefore obtain

. 12pag\?
D () oo
q q

11




We now consider the case qj < 2. Here, we simply use I'(t) < I'(1/2) = /7 for all
t €[1/2,3/2] to derive

203/2¢ .
Coj = \/;gg

and then, since (5 — 1) > 1,

max (T'(3/2),T((qj + 1)/2)) < 29/265/% < 297p97,

Cui <2qbQ>j .
a2 — 1.
g < (-1

Cq

This concludes the proof, since Condition (9) always holds for some o depending on ¢
and on f.

4 Modified Restricted Isometry Property

In this section, we show how to pass from an estimate (10) valid for one vector to an
estimate valid for all sparse vectors. The following theorem says that the g-Modified
Restricted Isometry Property is satisfied with overwhelming probability.

Theorem 4.1 Suppose that the entries of the m x N matriz A are independent copies
of a pre-Gaussian random variable with an even probability density function f. Given
0<q<1/3andd € (0,1), there exist constants ki, ko, and ks depending on f and q
such that

P(H]Ang—m//x//qﬂq‘ <md /x5, forallxe RN with ||x][jo < t) > 1—2exp(—mki1d)

provided that
t t
Proof. We mainly follow the ideas of [1], which we adapted to the present situation
with the use of Lemma 2.2, for instance. The details are included for the reader’s
convenience. We start by considering a fixed index set T' C {1,..., N} of cardinality ¢
and we denote by R” the space of vectors in RY supported on T'. In view of Lemma 2.2,
we can find a subset U, of the unit sphere St 4 of RT relative to the quasinorm -/,

such that

(o9

t/q
urenbi{?q J/x — u//gc,q < 1 for all x € Sp and card(Ur ) < <1 + ?) .

Using Corollary 3.1 and a union bound, we obtain

0
P(H\Aqu—m//u//?q‘>m§//u//3ﬁq for someuEUT7q>
< 1—{—§ . 2ex _n52m <2ex _m52m+§
- ) P 4 - P 4 q )

12




This means that with high probability one has

4]
|| Aul|§ —m u /%, | < my Ju/f%, foralué€lUr,.

Let us assume that the matrix A is drawn so that the latter holds, in other words, so
that

o 0
m (1 - 2) / u//?q < [[Au|f <m <1 + 2) Ju //%q for all u € Ur 4. (11)
Let 0 be the smallest positive constant such that
|Ax|[g < m(140) fx f%,  forallx € Spy. (12)

On the one hand, given z € St 4, picking u € Uy, with /x — u//;{q < §/4, we derive

[ Ax]|g

IN

Al + 4G = wly < m (14 3) +m(1+8) /x -,

IN

m<1+g+(1+5)i>.

The minimality of 5 implies that

- 5 =~ 36 4 -
1 <1+ - 1 - <14+ —+- i.e. < ).
+oSl+g+(I+0) <+ +7, e 659
Substituting into (12), we obtain the upper estimate
[Ax[|7 <m(1+0) [/ x /%, for all x € RT. (13)

On the other hand, given x € St 4, still picking u € Uy 4 with /x — u//%q < 6/4, we have
5
4l > Aulg— 4G = wly = m (1= 5) = m(1+0) fx -,

> m(l—g—(l—l—é)i) > m(1—9).

Thus we obtain the lower estimate

[Ax[|7 > m(1—0) [/ x %, for all x € R”. (14)
Since both estimates (13) and (14) hold as soon as (11) is fulfilled, we have
kd*m St
P(‘HAXHZ -m [x /%, | > md | x [, for some x € RT) < 2exp (— Y q5> .

We now observe that the set of t-sparse vectors is the union of (ZX ) < (eN/ t)" spaces R
to deduce

P(H\Ang -—m/x //‘}’q | >mé | x /%, forsomex e RY with [|x][|o < t)
<2 N ex —H(SQm—i—ﬁ < 2ex _552m+§+t1n eN
-\t P 4 g ) — P 4 qd t '

13




If we impose, say, that

8t+“ eN <1ms2m ) >64t+8t1 eN
— n{—— = l.e. mz2 ——=+—-—sn| —
qd t )2 47 T kqdd K62 t )’

we have

P(H|Ax||g — m//x//‘}’q | > m(S//x//%q for some x € RY with ||x||o < t)

( /ﬁ52m>
SQGXP - ) )

which is the required result with k; := K/8, ko := 64/kq, and k3 := 8/k. =

5 Sparse Recovery

In this final section, we prove that ¢,-recovery is guaranteed for matrices satisfying the g-
Modified Restricted Isometry Property, which enables us to establish our main theorem.

Theorem 5.1 Given the even probability density function f and given 0 < ¢ < 1, if
there is an integer t > s such that a matrix A satisfies the q-Modified Restricted Isometry
Property (4) with

K-1 c A
Osit < —0\ h K:=-2|(- > 1, 15
HSKyr C, <s> (15)

then any s-sparse vector x is exactly recovered as a solution of (P,) with'y = Ax.
Proof. Let x € RY be an s-sparse vector and let x* be a solution of (P,) with

y = Ax. Let us set v := x —x*, which is an element of the null space of A. We partition
{1,...,N} as SoUS1USyU..., where

Sp is an index set of s largest absolute-value entries of v,
S1 is an index set of ¢ next largest absolute-value entries of v,

So is an index set of ¢ next largest absolute-value entries of v,

etc. In view of the g-Modified Restricted Isometry Property (4), we have

1
q
//VSO + VSl//f,q < m(l — 5s+t) ||A(VSO + VSl)HZ
1
_ Al—ve —ve — )|
m(l _6s+t)|| ( VSy — VS )Hq
1
< A 714 a ...
= m(l _ 5s+t) [H VSQHq + H VS3Hq + ]
m(l +5s+t) q q
<
= m(l = 0sqe) [/ vs, Vrat Vs lpq+ ]
1+ 6,
< 15 Calllvalld + vs, I+ ).
1- 5s+t

14



It is classical to observe that, for & > 2,

1
[vsillz < m”vsk—IHQ'

This is derived from the inequalities |v;|? < |v;]9, i € Sk, j € Sk_1, by averaging over j,
raising to the power 2/¢, and summing over i. Thus, with Sy denoting the complement
of Sp in {1,..., N}, we obtain

14 st 1 1+ Os4t 1
Ivso+Vsilfy < 77 5Z+t0qt1,q/2 Vsl +lvs,llg+---] < 7= 5; ayi=g2 1V5,lg
(16)
Next, we take into account that
1-q/2 q_ 1-q/2 g 872 q
HVSOHZ <s 1 HVSOHQ <s 1 HVSO + V31H2 < // Vs, T Vs, //f,q : (17)

q

Combining (16) and (17), we obtain

146 +t C, rs\1-a/2
Iveollg < T =2 (2) T vg, 1
1 (554,_75 Cq t

Supposing that v # 0, the assumption (15) now implies

[Vsollg < [1vs,lg-

Since this holds for the index set Sy consisting of s largest absolute-value entries of v, it
also holds for any index set of s entries of v. In particular, if S represents the support
of x, we have

Ivsllg < [lvgllg- (18)

But we also have, because x* is a minimizer of (P),

lellg = 111G = [P lg + [Ig-

By the triangle inequality for the g-th power of the {,-quasinorm, we obtain
1%l = [Ixsllg = Ivsllg + [Ivgllg = lIxsllg = Ix[lg = lvslg + [[vsllg-

Rearranging the latter yields
[vsllg = lvsllg (19)

The inequalities (18) and (19) are contradictory, unless v = 0. We have therefore proved
that x* = x, as expected. m

It remains to put all the arguments together to validate Theorem 1.1. We start by
fixing ¢ to 1/3, which is legitimate since the ¢,-recovery succeeds for 0 < ¢ < 1/3 if it
succeeds for ¢ = 1/3. We then choose an integer ¢ roughly proportional to s so that K > 2
in (15), e.g. the smallest integer larger than or equal to ds, where d := (201/3/01/3)6/5
depends only on f. In this case, Theorem 5.1 ensures the /,-recovery of every s-sparse
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vector provided that ds4¢ < 1/3, say ds4+ < 1/4. But according to Theorem 4.1, when
the matrix A is populated by independent copies of the pre-Gaussian random variable
with probability density function f, this is satisfied with probability > 1 — 2 exp(—mk})
as soon as m > kb(s + t) + k(s + t)In (eN/(s + t)), with constants k{, kb, and kj
depending only on f. This condition is of course guaranteed when m > kjsln (N / s) for
some constant kj depending only on f.

Remark 5.1 In the spirit of Compressed Sensing, one also needs to control the error
between an almost sparse vector and the vector which is reconstructed using slightly flawed
measurements. This was originally done in [4] for the {1-minimization, and later in [8]
for the £y-minimization. A reader familiar with Compressed Sensing can easily perform
the appropriate modifications to obtain such a result. We chose not to include it here for
the sake of clarity.
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