Factorization of
Multivariate Positive Laurent Polynomials

Jerey S. Geronima? and Ming-Jun Lai®

Abstract. Recently M. Dritschel proved that any positive multivariat e Lau-
rent polynomial can be factorized into a sum of square magnitudes of polyno-
mials. We rst give another proof of the Dritschel theorem. O ur proof is based
on the univariate matrix Fegr-Riesz theorem. Then we disc uss a computational
method to nd approximates of polynomial matrix factorizat ion. Some numer-
ical examples will be shown. Finally we discuss how to compute nonnegative
Laurent polynomial factorizations in the multivariate set ting.

x1. Introduction

We are interested in computing factorizations of nonnegatve Laurent polynomials
into sum of squares of polynomials. That is, let

X
P(z) = P Z
k= n

be a Laurent polynomial, wherez = € . Suppose thatP(z) 0 for jzj = 1. One
X

would ask if there exists a polynomialQ(z) = acz* such that
k=0

P(2) = Q(2) Q(); (1)

where Q(z) denotes the complex conjugate of)(z). This is the well-known Fegr-
Riesz factorization problem and it was resolved by Fegr [F15] and by Riesz [R'15].
A natural question is whether the results of Fegr and Rieszcan be extended to the
multivariate setting. More generally, given a nonnegative multivariate trigonomet-
ric polynomial P(z) := P(z1;z2; ;zg4) of coordinate degrees n, does there exist
a nite number of polynomials Qg(z) such that

X
P(2)=  Q(@)Q(2); (2)
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i.e., can P(z) be written as a sum of square magnitudes (sosm) of polynomia.
There is a vast amount of literature related to the study of this problem and the
results relevant to this paper may be summarized as follows:

1 When P(z) is nonnegative on the multi-torus jz;j = jzj = = jzgj =1 and
the coordinate degrees ofQy are less than or equal ton, then the answer to
the question is negative. (See [Calderon and Perpinsky'52ind [Rudin'63].)

2 When P(z) is strictly positive on the multi-torus and the coordinate degrees
of Qk are not speci ed, Dritschel has shown that the answer to the @estion is
positive([Dritschel'04]). However the nonnegative case &émains unresolved.

3 In the bivariate setting, Geronimo and Woerdeman gave a necgsary and su -
cient condition in order for P(z) = jQ(z)j2, where Q(z) is a stable polynomial,
i.e., Q(z) 6 0 inside and on the bi-torus ([Geronimo and Woerdeman'04])

4 In the bivariate setting, there exist rational Laurent poly nomials Qx(z) such
that (2) holds. Furthermore, Qx can be so chosen that the determinants o€
are only one variable Laurent polynomials (cf. [Basu'01]).

5 In [McLean and Woegdeman'Ol], an algorithm was proposed to nd polynomi-
alsPy suchthatP = | jP«j2. The algorithm uses semi-de nite programming.

Although the mathematical problem appears to be theoreticd, it has many
applications in engineering, e.g., the design of autoregssive lIters, construction of
orthonormal wavelets (cf. [Daubechies'92]), constructiam of tight wavelet framelets
(cf. [Lai and Stoeckler'04]), spectral estimation in control theory (cf. [Sayed and
Kailath'01]) and many other engineering applications menioned in [McLean and
Woerdeman'01]. Thus, how to compute such factorization pofnomials Q1; Q»;
is interesting and useful for applications.

In this paper, we iteratively reduce the problem of factorization of multi-
variate positive Laurent polynomials to a problem of factorization of univariate
positive de nite polynomial matrices and thus present a new elementary proof of
Dritschel's Theorem. The proof suggests a computational minod (a Bauer type
method [Bauer'55,'56]) for computing the above factorizaion. The Bauer method
has been studied and generalized to the multivariate and opmtor settings by many
researchers, e.g., [Youla and Kazanjian'78], [Goodman, Mchelli, Rodriguez, and
Seatzu'97,'00], [van der Mee, Rodriguez, Seatzu'01], [Segl and Kailath'01]. It was
proved by [Bauer'56] that his method converges exponentidy fast. See [Lai'94] and
[Goodman, Micchelli, Rodriguez, and Seatzu'95] for di eret proofs of the expo-
nential convergence of their Bauer type methods. The Bauer rathod was extended
to the multivariate case in [Goodman, Micchelli, Rodriguezand Seatzu'00] and [van
der Mee, Rodriguez, Seatzu'02]. For the factorization of uivariate positive de nite
polynomial matrix, a linear convergence of the Bauer type méhod was proved in
[Youla and Kazanjian'78]. Later [van der Meer, Rodriguez am Seatzu'98]) used
Banach algebra techniques to show that the method convergesxponentially fast
for real matrices. For the convenience of the reader we presta di erent proof
based on an extension of the method in [Lai'94].

The paper is organized as follows. In Section 2, we rst give ai erent proof
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of Dritschel's Theorem. As mentioned above the key to the prof is to iteratively

reduce the factorization of a multivariate strictly positi ve Laurent polynomial to a

problem of factorizing a positive de nite univariate matri x of Laurent polynomials.

In Section 3, we explain a Bauer type method to compute the fatrization of

positive de nite Laurent polynomial matrices. The convergence of the method is
shown to be exponentially fast. Then in Section 4, some numécal examples are
computed following the procedure inx2 and x3. In Section 5 the factorization of
nonnegative Laurent polynomials is considered and the papeis concluded with

some remarks in Section 6.

x2. Dritschel's Theorem

We begin with reviewing the concept of the symbol of a bi-in nite Toeplitz matrix
and discussing its properties [Grenander and Szego'58, p6]L For a given univariate
X

Laurent polynomial P(z) = PZ¢, we may view P(z) as the symbol of a bi-
k= n

in nite Toeplitz matrix P :x (P j)ij2z. Indeed, for_any absolutely summable

sequencex = (Xj)i2z, i.e., Xij < 1, let F(x) = 27 X] Z' be the discrete
i272

Fourier transform (or z-transform) of x. Let y = PXx, then it is easy to see that

F(y)= P(2)F(x):

If the matrix P has a factorization Q which is a banded upper triangular Toeplitz
matrix such that

P=QQ;

the discrete Fourier transform ofy = QYQx is F(y) = Q(z) Q(2)F (x), where
QY denotes the complex conjugate transpose of matriXQ and Q(z) the complex
conjugate of the Laurent polynomial Q(z). Thus, nding P(z) = Q(z) Q(z) is
equivalent to nding a banded upper triangular Toeplitz mat rix Q such that P =
Q¥Q.

It is easy to show that if P(z) O for all jzj = 1, then P is Hermitian and
nonnegative de nite. Clearly, P is Hermitian since P (z) is real. Furthermore for
any absolutely summable sequence, we need to show thatxYPx 0. Again
writing y = Px, we know that

142
xVy = 5 F(x)F (y)d
0

wherez = € and it follows that
Z 2

F(x)j’P(2)d 0
0

I\.)||_\

XYPx =



for any nonzero sequence. In particular, for
x=( ;0X N7 Xo XN 0 )T
the left-hand side in the above inequality givesxYPy X, where Py is a central section

of P. The above argument shows thatPy is nonnegative de nite.
In the following we will assume that P (z) is strictly positive, in the sense that

there exists a positive number > 0 such that P (z) . When P (z) is a matrix,
we mean thatP(z) |, wherel is the identity matrix of the same size as that of
P(z). When P (z) is strictly positive, we have

1 4o
xYPx = > iF (X)j?P (2)d kxk?:
0

It follows that if P (2) > 0, then Py > 0.
We now consider the factorization of multivariate Laurent polynomials. Let us
begin with a bivariate Laurent polynomial P(z;;z;). That is, let

X0 X ik
P(z1;22) = Pik 21122 0
j= nk= n

be a Laurent polynomial of coordinate degrees n. We would like to nd a nite
number of polynomials Qx's such that

X
P(z1;22) = jQk(z1; 22)j%:
K

Denote by z; =[1;z;22;, ;z]]" and write

P(z1;22) = 217B(22)21

X
for a Hermitian matrix B(z,) = P Zs, where eachp, isan (n+1) (n+1)
k= n
Toeplitz matrix. With a slight modi cation of an observatio n of [McLean and
Woerdeman'01, Theorem 2.1], we note that there are many way$o write B(z,).

If there is one B(z,) which is nonnegative de nite then we can use the matrix
Feger-Riesz factorization theorem (cf. e.g., in [Helsonb4], [Rosenblum'68], [Rosen-

blatt'58], [McLean and Woerdeman'01], see also Section 3)at nd &(z,) such that

B(z,) = ©¥(22)0(z2):

That is, we have

P(z1;22) = (©(22)21)’@(z2)21
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which is clearly a sum of squares of polynomials.

The above discussion can be generalized to the multivariatsetting and using
an observation of [Dritschel'04] to the case that the size off®(z,) is larger than
(n+1) (n+1). For simplicity, let us consider a trivariate Laurent po lynomial
P(z1;22;23) in z1 = € ';2, = € 2;z3 = € * of coordinate degrees n. We rst
write P (z1; z2; z3) in a matrix format:

P(z1;22;23) = P (22; 23)ZX = 21YD(22;23) 21 ;

with
z1 =Lz 20 (3)
and m; n. There are many ways to write Fb(zz; z3). To capture this de ne the

set of matrices
X

F="f(py(z2;23)) 0 i;j my: Pij (z2) = pk(z2); 0
J'ikJ' j T“kl
Note that the matrices in F are banded sincepx = 0; jkj > n. We look for a matrix
Ib(zg; z3) in F that is positive de nite for jz,j = 1 = jzzj. The polynomial matrix
Ib(zg; z3) can be written as

X0
B(2,;23) = Pi(23)Z5;

k= n
where eachPy(z3) is an (my +1) (mj + 1) Toeplitz matrix. Thus we can write
B(22;23) = 22YP(23)22;

where

2 = [lmyiZolmys i 202, 1T
with I ,, being the (m;+1) (mjy+1)identity matrixand m; n. The polynomial
P (z3) is a matrix polynomial of size (m; + 1)(m, +1) (mg+1)(m, +1). If
it is nonnegative de nite we can factor it into a polynomial m atrix Q(z3), i.e.,
P(z3) = Q(z3)Q(z3)Y by the matrix Fegr-Riesz theorem then we have

P(z1;22;23) = (Q(23)2221)” (Q(23)2221)

which is a sum of square magnitudes of polynomials izy; z;; z3.

Our task then is to produce a positive de nite polynomial matrix for any given
positive multivariate Laurent polynomial. We resume our discussion on the two
variable case again and rewriteP (z;; z,) as follows:

X1
P(z1;22) = pk(ZZ)Zil< = Zmlypml(ZZ)Zml
k= n;



wherem; ng, zm, =[1;z1;22; ;z"*]", and
Pm,(z2) =[Pk (z2)lo jk m,
with polynomial entries p;« (z2) given by
1
mp+1 jj
Note that py (z2) = 0 for jj  kj > ni. Under this decomposition we can show
that for some m; large enough, the matrix P;(z;) will be positive de nite when

P (z1;z2) is positive de nite. To see this note that P(z;;z,) is the symbol of the
following bi-in n2ite Toeplitz matrix,

Pk (22) = kjpk i(22);8j;k =0; ;my:

. 3
Po(z2) P 1(z2) P n(zz) O
P1(z2)  Po(z2) '

P2(z2)  pu(z2) - LT (4)
Pn(z2) Pn 1(22)

The positivity of P(z;;z,) implies that any central section of the this matrix, i.e.,
any square block with the diagonal consistent with the main dagonal

diag( ;po(z2); Po(Z2); Po(W2); )
is positive as explained at the beginning of this section. Tyically, we have

Po(z2) P 1(z2) P 2(z2)
4pi(z2) Po(z2) P 1(z2)® > 0;
P2(z2)  P1(z2)  po(22)
For convenience, we denote by, and P3 to bethe 2 2 and 3 3 matrices above,
respectively. In general, we usePy to denote the k k central block matrix from
the bi-in nite Toeplitz matrix (4) above.
Now look at the matrix Pp,(z2) given by,

Po(z2) P 1(22) > 0;

Po(z2) > 0. P1(z2)  Po(z2)

2 T Po(z2) P a(22) mi P m(z2) 0
a=p1(22) e Po(z2) 7P 1(22)
ﬁpz(zz) m%pl(zz) '
mpnl(zﬂ

0

ml%lpo(zz)



With X =[Xo;X1; ;Xm,]"; we need to prove thatx Py, (z2)x > 0. First write

XYPm . X = XYPy. X + XYRm ., X
mi m;+1 m1 m;+1 mi

with a remainder matrix Ry,. The 2 norm of Ry, can be estimated directly to
give
2ni(np+1)C
KR, ko pi( 1+1)Cy
3(my  n1)

where we have used the fact thatR,, is a banded matrix and

Ci= sup jpi(z)j: (5)
i=1; ngq;
jz2j=1

If P(z1;22) then xYPy,, X kxk,, so that if 129n_1(nl—+1)C < ,thenxYPp,(z2)x >

o o 3(m )
0. Thus an application of the matrix Fegr-Riesz Theorem yields
X1
Theorem 2.1. Let P(z1;2) = Pk (22)Z% > 0 be strictly positive on
k= ni

bi-torus jz;) = 1 = jzpj. Then P(z1;z2) can be factored into a sum of square
magnitudes of polynomials inz; and z,. The total number of terms in the sum is
less than or equal tom; +1 with m; being an integer such that

2ni(n1 +1)Cq _
M = )
3(my  ny)

where C; is the positive constant given in (5). The degrees of each ofhie polyno-
mials is bounded bym; in z; and ny in z,.

We remark that when P (z;; z;) has di erent coordinate degreesny; n,, it may
be worthwhile depending uponC; to choose the smaller amongi; and n; in order
to have a fewer terms in the sum of square magnitudes of polymoials for P (z;; z,).

Next we generalize the result in Theorem 2.1 to the multivarate setting which
is known from [Dritschel'04].

Theorem 2.2(Dritschel). Let P(z1; ;zq) be a multivariate Laurent polyno-
mial which is strictly positive on the multivariate torus jz;j = jzpj = =jzgj =1,
whered 2is an integer. ThenP(z1; ;zq) can be expressed as a sum of square
magnitudes of polynomials inzy;  ;zg.

Proof: We shall use the argurgents in the proof of the previous Theoma. Write
jn=1 n, P (2)Z, > 0, where z is the usual multi-

variable notation beginning with z,. We know that P(z;;z) is the symbol of the

bi-in nite Toeplitz matrix given by (4) with  z, replaced by the multi-variable z.
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It follows that any central section along the main diagonal is strictly positive
de nite as explained before. Write

P(z1;2) = 21YPm,(2)z1; (6)

where z; given by equation (3) and Py, (2) = [pix ], ik m is a matrix of size
(my+1) (my+1) with entries

kjpj k(z); 8k =0;1; ;my:

If P > the argument in Theorem 2.1 shows that form; large enough there is an

+
1 > 0 such that xYPm, (2)x > 1kxk? on the d 1 torus if Zp%(nl D& <

3(my  ny)
X2
where in this case®; = sup jpi (2)]. Write P, (22;29 = B (2925,
ijzjj=1;=2;:d k= n,
wherep are (my +1) (mq + 1) Toeplitz matrices and z°= (z3;:::;z4). Now set
1

bk = P «(2%; 8k =0; ;my

my+1 j|j

with m,  m; and sz(zo) =[bx I, ik mye As above we have that

XYPm,X = XYPm, X +

XYRm., X:
m,+1 m,+1 m2
As above the norm ofR,,, can be bounded by

2n2(n2 +1)Cy
rJ:_"’(mz nz)

kRm2k2

where C, = sup kpi (z29k2, we nd for m; suciently large, Pp,, is a pos-
ijz2)= ] 2aj=1

itive matrix polynomial. We continue the process until we arrive at the positive
trigonometric matrix polynomial Py, ,(zq) which can be factored by the matrix
Feger-Riesz theorem. We have thus established the proof. O

Note that the number of factors will be (m; +1)(m,+1) (mg 1 +1) and
the degrees of the polynomials at mosim; for z; ... my 1 for zg 1 and nq for zg4.
We note that we could have avoided the use of the matrix FegrRiesz theorem by
eliminating all variables then using a square root of a positve matrix (see [McLean
and Woerdeman'01]). We will consider an alternative computtionally attractive
method for computing factorizations in the next section.
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x3. Computing Approximate Factorizations

As shown in the previous section, an important step in the fatorization of multivari-
ate Laurent polynomials is to compute the factorization of univariate polynomial
matrices. Recall a computational algorithm for factorization of one variable Lau-
rent trigonometric polynomials was developed in [Lai'94]. (This is a Bauer type
method. See Remark 6.1 for dierences.) This method can be dégnded to fac-
torize positive de nite polynomial matrices in the univari ate setting. Let us rst
introduce some necessary notation and de nitions in order b explain the method
in more detalil.

Let ", stand for the space of all bi-in nite square summable sequeces. Let
kxk, denote the standard norm on ,. We note that any bounded operator A from
2 71 °2 can be expressed by a bi-in nite matrix.

De nition 3.1. A bi-in nite matrix A = (ai )ik 2z IS said to be of exponential
decay o its diagonal if o
kaik k2 Kr /! Ki

for some constantK and r 2 (0; 1), where Z is the collection of all integers. A is
banded with band width bif ax =0 for all i;k 2 Z with ji  kj > b.

We suppose thatA is a bounded operator throughout this section. IfA is a
positive operator, then there exists the unique positive banded bi-in nite square
root matrix Q of A such that Q> = A. If A = BYB for bi-in nite Cholesky
factorization B of A with positive entries on its diagonal, then there exists a untary
matrix U such that B = UQ.

Recall from the previous section that given any Laurent polynomial P (z), we
can view P (z) to be the symbol of a bi-in nite Toeplitz matrix P. The computa-
tional scheme introduced in [Lai'94] roughly speaking is tochoose a central section

Pv =(B k) N jk N

of matrix P and compute a Cholesky factorization, i.e. Py = C,{’, Cn with Cy

being an upper triangular matrix with positive diagonal entries if Py is positive
de nite. If Py is nonnegative de nite use the singular value decompositio (SVD)

to rst nd Qy such that Py = Q3 and then nd a Householder matrix Hy such
that Cy = Hy Qn is upper triangular. The nonzero entries in the middle row of
Cn approximate those in the middle row (in fact any row) of C whose symbolC(z)
is a factorization of P(2), i.e., P(z) = C(z) C(2).

For the extension of this method to polynomial matrices, let

= fx =1xi0i22:% 2 RM;kxke < 1g; k=1;2

and B("%') be the set of bounded linear operators on3'. Let § 2 B('5') be the
projection given by

nNX=Y;y=TFfyiiyi=05jij>N;yi = Xi; Jij Ng:
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If P 2 B("]') is positive de nite we will be interested in considering the (2N +
1)m (2N + 1) m sub-matrix of P centered at the index zero which will be called
the Nth central section. Note that the N th central section is positive de nite. We
will also be interested in extensions of various nite matricesAy to B('5') given

by 2 3
0O 0 O

40 Ay 09;
0O 0 O

which with a slight abuse of notation will aIsoFbe caIIedAN .
Consider the matrix polynomial P (z) = j”= » B Z with matrix coe cients
pk's of sizem m,then P =(pi j)ij2z 2 B('7)dened by m m matrix blocks
pc; Nk nis a bi-in nite block Toeplitz matrix whose symbol is P(z). As
shown earlier if P(z) is Hermitian nonnegative de nite, so is P. Let C(z) be a
factorization of P(z) i.e., P(z) = C(z)Y C(z), then P = C'C, where Cis a bi-in nite
upper triangular banded block Toeplitz matrix associated with C(z). On the other
hand, if P = CC for a upper triangular banded block Toeplitz matrix, then th e
symbol C(z) of C satises P(z) = C(z)YC(z). If P(z) is positive de nite then
it follows from the matrix Fegr-Riesz theorem (cf. [Helson'64], [Rosenblatt'58],
[Rosenblum'68], [McLean and Woerdeman'01]) that it is postble to chooseC so

that it has positive diagonal entries. We shall prove the folowing,

Theorem 3.1. Let P(z) = P N Pz be anm  m matrix polynomial that is pos-
itive de nite for jzj=1. Let P =(p; j)ij 2z = O CwhereCis an upper triangular
banded block Toeplitz with positive diagonal entries, Py be the Nth central section
of P, and Cy the Cholesky factor of Py (which we extend as described above).
Then

k(Cn Cn) ke K N;

for some 2 (0;1), where 2 7' is any vector with a nite humber of nonzero
entries.

For the numerical computation in the next section we will choose with zero com-
ponents except for o = I, the m  m identity matrix.

The proof of Theorem 3.1 is based upon the following Theorem.2 and Lemmas
3.3 and 3.4.

Theorem 3.2. Suppose thatA 2 B(",) is a positive banded operator such that
kA 1ky < 1. Let Q be the unique positive square root ofA, Ay be a central

section of A, and @N be the positive matrix such that @E, = An. Then

kQ Oy) ke K N (7)

for some 2 (0;1) and a positive constantK . In equation (7) is any vector with
a xed number of nonzero entries.

To prove the above Theorem 3.2, we begin with the following lenmas.
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Lemma 3.3. Suppose thatA is banded with bandwidth band kKA 1k, r< 1

If Q2 = A with Q = (G )ix2z, then jgxj Kr ' 5. If A is invertible, then the
entries of Q ! satisfy a similar bound.

Proof: We only prove the exponential decay property ofQ. The proof of that of
Q ! is similar. The uniqueness ofQ and the convergence of the following series

X

TR

implies that

P .
Q= A= 1+(A |):_:O( 1)I(2(2|)ﬁ) (A 1

A is banded and so isA |. If A | has bandwidth b, then (A 1)’ is also banded
with bandwidth ib. Thus,

X 2i 3 :
G = (@ Sy
(@i |
ijj kj=b
where (A 1)jc denotes the {;k)™ entry of A | and similar for (A 1)
follows that o
ok Kl =
for some constantK . This nishes the proof. O
Let us write
2 3 2 3
1 2 1 a 2
Q=4BY Qy CYS andA=4a Ay 9:
> C 4 3 € 4

Note that Q% = A implies Ay = Q4 + BYB + CYC or @ Q% = BYB + CYC
where®2 = Ay. Thus, we have

(Qu + Ou)(By Qn)=®% Q% +Quby ByQy =BYB + C'C+R; (8)

where R is de ned in the following,

Lemma 3.4. (cf. [Lai'94]) Let R = (rix) N jk N
rk = O(rN=GM) fork = N=4+1; ;N=4 landj

QuOn  OnQn. Then
N; 'N.

Proof of Theorem 3.2: From equation (8) we nd that, ( @N On)=(0Qn +
@N) 1(BYB + CYC + R). By Lemma 3.3., we can prove that the entries ofBYB +
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CYC have the exponential decay property: 8YB + CYC)j = O(rN1 K); Nk
N.

The positivity of A implies that Q is positive and so isQy . It follows that
kQy *kz is uniformly bounded. Thus, we have

k(Qu + On) *ka k Qulks Ki< 1

for a positive constant K ; independent of N, where we have used the fact that®y
is nonnegative. Therefore, we conclude that

kBn  Qn) nkz2 k (Qn + Bn) *kk(BYB + CYC + R) nkz
Klk(ByB + CYC+ R) N ko

where \ is the nite vector whose entries match those of . The proof is completed
by extending Qn ; Oy, replacing N by , and noticing that by Lemma 3.3, k(Qn
Q) ko <K ¢ N, < 1. O
Proof of Theorem 3.1:  Suppose that
sup kP (2)k, < 1: 9)
jzj=1
Otherwise divide P by a su ciently large constant so that (9) holds. Let Q be the
unique positive square root ofP, and @N the positive square root of Py . From

Theorem 3.2 we know thatk(@N Q) k» K N with < 1. Let U be the unitary
matrix such that C= UQ which is upper triangular. Then

k(Ov Q) ko= k(UBy C) ke

The above equation implies that the diagonal elements obJ®y tend exponentially
fast to the positive diagonal entries of C. Moreover, let (¢ 0)i2z be the central

column of UBy . SinceCis upper triangular and banded with bandwidth b, we
have X

. .2 X . .2
j&0i2+ g2 k (UBy C) ke

i< 0 i>b
S |
Thus, . ,i60i®+ . i60j2 K2 2N by Theorem 3.2. We shall use this fact
two times below.
Write UGy = @y + LY, where®y is upper triangular and LY is strictly lower

triangular. Then Uy = v +In,wheregqy = NGOy Y andly = Ly +G@n .
Since Cis upper triangular and banded, gheorem 3 2 §hows thatkIN k, tends to
zero exponentially fast becauskly k3 = = . oj60j°+ oy J6: 0j°. Here we have

used the above fact. Furthermore sincely is symmetric,

Pyv =0F = & Oy = (UGN (UGY)
=(on + In)Y(on + In)
= on + Ron + QIn+ 1IN
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That is, we have
CiCn v =1ay +qIn+ I In:

SinceQy is uniformly bounded so isgy and we nd that kI3, Iy kz and kef, In ko
go to zero exponentially fast. Also, we claim thatkl{, gy k. <K 3 N. Indeed, as
we knowkly ko K N soarekly iko K N for ; which is a zero vector except
for the ith component which is 1, wherei = 1;2; ;b Write Iy = () ~N i N
with 5 =0for i>] . (Note that we arrange the indices so that y.n is on the top
|§ft corner of matrix Iy while = . n is the low right corner of Iy .) We know that

« 1iJ?<K Nforj=0;1 ;b Also, let (qu; ) be the central column of gy .
Note that gy = g.ofori = N; ;N ande =0 for i< 0. It follows that the
only nonzero entries ofl, gy are those withj 0,

X X X X .
i &0 = ij &0 = ij &ot ij & o0-
i= N i=0 i=0 i=b+l

Hence, we have

klY k3 ZX\I 'XD R X R
NON K (i €0 ij | J i & 0]°)
i=0 =0 i= b+l
><b . .2><D 2 >(\| . .2>(\| >Q )
16; 0] KiIn ks + 16; 0] i)
i=0 i=0 i=0 =0 i= b+l
K1 2N +(N+1)kQyks =
K2 2N

for another 2 (0;1) and constant K, > 0, where we have used the above fact
again. Thus, we have the claim. Therefore,

K(CYCn  ian) ka<Ka N;
where we recall thatCy =[c;] n ij w~ isthe Cholesky factorization of the central
section Py of P. Restricting the above quantities to their nite matrices w e note

because of the strict positivity of P, kgy kz is uniformly bounded from below hence
O !is uniformly bounded. Furthermore sinceCy has the same size agy ,

k(I () "CYCnagy) nko<K 4 N
where y = gy forany with nitely many nonzero entries. The above inequality
shows thatk(Cn gy* 1) nka  Kga N. Indeed, writing (ansi ) N i n = CnGyls

we note that a; =0 for i <j since bothCy and gy are upper triangular and each
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entry an;i; on the diagonal is bounded below by the uniform boundednessfC !
and o .

XX
k(I () 'C{Cnay’) k5= i anij anj; o joib  KZ M
j= N i=]j
>From the above inequality, we concludgann; oj K4 N forj = N. By induction
we can show thatjanj. of Ka N forj=1; ;N 1. Forj =0, we have
X

j aﬁ;i; 0 1j2 Kf 2N :

It follows that jan:.0.0 1j K4N N. Hence, we have
kCnay' 1) ke Ks M
for another real number 2 (0;1). Therefore,
KCn  UBn) ko k (Cn an) kot K ke Ke M
and hence,
KCn C) ke k (Cn UBy) ke+ k(UBy C) ke Kz N

This completes the proof. O

x4. Numerical Examples

In this section we give three examples to illustrate how the omputational
method works for polynomial matrix factorizations.
Example 4.1. We rst consider a univariate polynomial matrix

P(z) = 8+z+1=z 1+z

1+1=z 1
It is clear that the matrix is Hermitian and positive de nite . We write
_ 81 11 1 0 __.
P@= 1 1* 002" 1 07

We assemble a bi-in nite Toeplitz matrix whose 10 10 block is as shown below.
2

811100000¢GC
110000000
108111000
101100000
001081110 d
001011000 Cd"
000010811
000010110
00000O0OT1O08
00000O0T1011

[EEN
~



We use the Cholesky factorization method to a 40 40 central block and get a lower
triangular matrix F. Let PO be the 2 2 block from the middle rows and columns
of F (e.g., (Fj )19 ij 20 Which is

P 255 0 #
) 7
PO = 6 IO2310
P35 55

Choose the 2 2 block next to PO in the same rows as that ofP0 asP 1. That is,

P 385 P 2310
55 385
P1:= P p
385 2310
55 385

De ne QY(z) = PO+ P1=z and then we haveP (z) = Q(2)YQ(z). O
Example 4.2. We next consider a bivariate polynomial

P(x;y)=41+5x%+5y? +15=x+ 20=y + 5=x? + 5=y? + 15X + 20y + 5xy
+8y=xX+5=(xy) + 8 x=y + 2x=y? + 3y=x® + 3x%=y + x?=y? + 2y?=x + y?=x?:

It is a positive polynomial since P(x;y) = p(x;y)p(1=x;1=y) with p(x;y) = 5+
2X + 3y + xy + x%+ y2. Let us write

2 3
1
P(xy)=[1;1=x 1=xB(y) 4 x 5
N
with
o) =
41 , 5y, 20, 5 , 20 15 L 54 44 1 3, 1
?+%+W+W+?y P AT 5+)7+y—2
g DAy + 2+ T+ D+ o+ By D+y+ i+ %
5+3y+ y2 %+4y+%+y2 %+§y2+%+3yi2+%y

The above matrix polynomial can be rewritten as(y) =

P 2 . .
= 2Py withp 2, ;p2
being given below:

241 15 3 220 5 3
3 2 9 3 2 0O
p=d% 4 Bhip=44 2 34p,=pp
5 2 % 3 4 2
25 o oF 3
3
5
pzzgl 3 Og;pzzp¥3
1 1 2

3
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We now assemble a bi-in nite Toeplitz matrix whose 9 9 central block is shown

as follows: 2w 15 5 2 5 g 5 o 0°
3 2 32 X
24848 31350
5 7 3 3 45 1 13
3 4 335 3 5% 30
3 24 % 4 % 472 3
05 2 5 % 43 o4
3 1 1 % 4 3 % 2 5
0 3 1 3 35 42 %5 3
o o0 3 0 3 F 5 P %

We use the Cholesky factorization of a central block matrix d size 120 120. Let
F be the lower triangular factorization. Then chooseQq to be the 3 3 block at
the middle rows and columns ofF (e.g., (Fj )ss ij e0), Q1 the 3 3 block next to
Q: in the same rows ofQ; and Q, the 3 3 block next to Q; in the same rows of
Q1. That is

2 3:185602126 0 0 3

Qo=?1:873651218 539725049 0 E,;
1:524622962 1128505745 269126602
1:797364251 08381502303 0:0003518239223
Q1=? 0:7675275947 533796832 06150315980 4
0:00008111923034 :0665117592 B56367398
20:5231873284 M07768330871 :0853059405%
Q2=? 0 0:6562390159 (1143305535, :
0 0 07344969935

Let Q(y)Y = Qo+ Q1=y+ Q,=y? and then Q(y)YQ(y) PB(y). In fact the maximum
error of each entry of Q(y)Q(y) B(y) is less than or equal to 108. O

Example 4.3. Let us consider a bivariate polynomial which has a zero on the
bi-torus:

P(X;y)=30+14=x+11=y+4=x=y+ 14X + 6x=y + 11y + 6 y=X+ 4 Xy:

It is the product of P(x;y)=(4+3 x+2y+1)(4+3 =x+2=y+1) which is zero at
x= 1y= 1. We write

P(X;y)= po(y)+ pi(y)x+ p 1(y)=x

16



for po(y) =30+11=y+ 11y, p1i(y) =14+6y+4=y,andp 1(y)=14+4y+6=y.
It is the symbol of an bi-in nite Toeplitz matrix. One of its ¢ entral section is as
shown below.

211=y+30+11y 4=y+14+6y 0 0 3

2 6=y+14+4y 11=y+30+1ly 4=y+14+6y 0 g
0 6=y+14+4y 11=y+30+1ly 4=y+14+6y
0 0 6cy+14+4y 11=y+30+11y

SinceP (x;y) has no simple factors (see the next section), any central stions of the
bi-in nite Toeplitz matrix is positive by Lemma 5.1. We cons ider several central
sectionsP,, of sizem =32 32,64 64, 128 128 and 256 256. For each of
these central sectionsPy, is a univariate polynomial in y with matrix coe cients
and P, (y) is positive. Thus, P, (Y) = Qm(Y)YQm(y). To compute Qn, (y), we use
the computational method in x3 to yield an approximation Q,, of Qn,. As the size
of central sections increases, th&,, converges to the corresponding entries in the
bi-in nite Toeplitz matrix. We use the entries in the center of the middle rows of
Qm to construct an approximation of Qn, (y) and hence the factorization of P (x;y)
and listed below.

: L 3
Size factorization

16 16 401207952+ 2984741799 + 2:00022687¢ + 0:99671292%y

32 32 4004041536 +299492475% + 2:000034879 + 0:998949058y

64 64 4001381387 + 2998269658 + 2:00000569¢ + 0:999648058y
128 128 400069369 + 2999134588 + 1:9999989¢ + 0:99982191%y

As we know that the factorization is 4 + 3x + 2y + 1, the approximations are very
good. O

x5. Nonnegative Bivariate Trigonometric Polynomials

Finally we consider the problem of factorization of nonnegéive multivariate poly-
nomials. Let us start with P(z;w) 0. If for some zy with jzpj =1, P(zp;w) =0
for all w with jwj = 1, we say that P(z;w) has a simple factor atzy. If P(z;w) has
a simple factor at zy, then P(z;w) has factors z zy) and (1=z 1=%). Let us
factor them out. Then P(z;w)=((z z9)(1=z 1=%)) is still nonnegative. Similarly,
if P(z;wp) =0 for all z with jzj = 1, P(z;w) has a simple factor atwg. In this
case,P(z;w) has two factors (W wp) and (1=w 1=wp) which can be factored out

from P (z; w). Without loss of generality, we may assume thatP (z;w) 0 does not
X .

have any simple factors. Writing P (z; w) = pj (W)Z', we view that P(z;w) is
i= n

a polynomial of z and it is the symbol of a bi-in nite Toeplitz matrix in (4) wit h

w in place of z,. We have the following

17



Lemma5.1. SupposethatP(z;w) 0does not have any simple factors. Then any
central section of the bi-in nite Toeplitz matrix in (4) is s trictly positive de nite.

Proof: SinceP(z;w) 0, we know that any central section of the matrix in (4)
is nonnegative de nite. Suppose that a central sectionT,, (w) of the matrix in
(4) is not positive de nite for w = wp. Then there exists a vectorx such that
Tm(Wo)x =0, i.e., X¥Ty (Wg)x =0. Thus, we have, forz = ¢€ ,
Z,
0=xYTm (W)X = F(x) P(z;wo)F(x)d:
It follows that

iF(X)j’P(z; W) =0 ae:

and hence,P(z;wp) 0 sincejF(x)j & 0;a:e:and P(z;wp) is a Laurent polynomial.
That is, P(z;w) has a simple factor atwy. This contradicts the assumption on
P(z;w). O

Thus, for a central section P,, of sizem m in the matrix in (4), Pmn is
positive. Since Py, is a polynomial matrix in w, by the matrix Fegr-Riesz fac-
torization theorem (cf. [Helson'64], [Rosenblatt'58], [Rosenblum'68], and [McLean
and Woerdeman'01]),P,, can be factorized intoQy,, i.e., Pm (W) = Qm (W)Y Qn (w).
Intuitively, the polynomial Qn, is a good approximation of the factorization of the
bi-in nite Toeplitz matrix P in (4) for m su ciently large. In the previous section,
we presented an example (Example 4.3.) oP (z; w) which is nonnegative without
simple factors. Using our symbol approximation method, we ompute an approx-
imation of the factorization of P, for m = 16;32 64; and 128. The numerical
computation shows the factorizations converge.

Let us now discuss the convergence a little bit more in detail For simplicity, let
A be a bi-in nite Toeplitz matrix associated with a univariat e Laurent polynomial
A(z) and Ay = (ak) n jk ~ be a central section of size (R +1) (2N +1)
for a positive integer N. Suppose that eachAy is strictly positive. Thus we can
obtain a factorization Ay = By By by Cholesky factorization with positive entries
on its diagonal of B.

Lemma 5.2. Forany X;y 2 "2, XYAnY = X{;AnYn cOnverges toxYAy asN !
+1 ,wherexy =(X n; ;Xo; ;Xn)Y is the central section of size2N + 1 of x
around the index 0 and similar for yy .

Proof: For an integer N > O,

x'Any xYAy
1 %2
=3 (F(xn) A(2F(yn) F(X) A(2F(y))d
Z,
:Zi (F(xn) F(X) A(Z)F(yn)d

+2i F(x) A(2)(F(yn) F(y)d

18



wherez = € . In the rst equality we used the fact that xYAxyx =( nX)YA nX
where |y is the projection de ned in Section 3. Thus

XAny  xYAyj
k x XN kzkA(Z)kl kyk2+ ky YN k2kA(Z)k1 ka2
o

asN ! +1 . Here, kA(z)k; denotes the maximum norm ofA(z) over the circle
jzj = 1. This completes the proof. O

A consequence of the above Lemma 5.2 is thatBy xk3 converges toxYAXx. If
A can be factored toA = BYB. Then kBy xk, ' kB xks,. The following is another
consequence of Lemma 5.2.

Lemma 5.3. Let By be a factorization of Ay, i.e., Ay = B’,Q Bn. Then kBy K is
bounded independent ofN .

Proof: By Lemma 5.2, there exists a constantC such that for N large enough,
kBy xk3 = xYAnx  xYAX + C = kxk3kA(2)k; + C:

Hence,kBy k := rpza)g kBn xks is bounded. O
kxko=1

Note that for ezvery N, By banded with the same band width as that of A.
Thus, each row (or column) of By has nitely many nonzero entries. Lemma 5.3
implies that each row (or column) of By is bounded in ", norm and hence each
entry in any row is bounded. Therefore there exists a subsedggnce ofBy; such that
each entry with indices (;k ) in By, convergesas ! +1 . Thatis, for any vector
X =(Xj)izz 2 2 with nitely many nonzero entries, we have

By, X !B X:

for a bi-in nite matrix B. By Lemma 5.3 again, we havexYBYBy = xYAy. Then
BYB = A. Note that B is an upper triangular matrix with the same band width
as that of A. If B is a Toeplitz matrix, we immediately know that A(z) has a
factorization such that A(z) = B(z) B(z). Therefore, we end with

Theorem 5.4. Let P(z;w) be a nonnegative Laurent polynomial with no simple
zeros. LetP be a bi-in nite Toeplitz matrix with Laurent polynomial ent ries in w.
Then P naturally induces a nonnegative operatorB on ", such that P = BYB and
there is a subsequence @y convergent to B entrywise, whereBy is a factorization
of a central sectionPy of P, i.e., B}, By = Py. If B is Toeplitz, then P(z;w) can
be factored into a sum of square magnitudes of nitely many pdynomials in z and
w.

Theorem 5.4 provides a computational method to check if a nonegative Lau-
rent polynomial P(z;w) can be factorized. That is, we compute Cholesky factoriza-
tion of central sections of the bi-in nite Toeplitz matrix P associated withP (z;w)
and observe if the factorization matrices converge to a Toelitz matrix or not. If
they converge,P(z;w) has a factorization.
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1.

x6. Remarks

It is interesting to point out that the symbol approximati on method dis-
cussed in [Lai'94] is very much like the Bauer method in [Baug55]. One
slight di erence is that the singular value decomposition (SVD) instead of
the Cholesky decomposition is used to factorize the matrice associated with
Laurent polynomial P(z) 0. Another slight di erence is that the central

sectionPy = (pj) n ij w~ in[Lai'94] is used instead ofPy = (pj)o ij ~

in [Bauer'55].

. When P (z) is a matrix polynomial in the univariate setting [Hardin, H ogan and

Sun'04] have demonstrated a constructive method to factoiP (z) = Q(z)YQ(z)
when P (z) has a honzero monomial determinant.

Acknowledgement:  The authors would like to thank referees for providing refer
ences [8{11, 14, 17{19, 22, 23] which are directly related tthe topic of the research
presented in this paper.
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