Factorization of
Multivariate Positive Laurent Polynomials

Jeffrey S. Geronimo") and Ming-Jun Lai?

Abstract. Recently M. Dritschel proved that any positive multivariate Lau-
rent polynomial can be factorized into a sum of square magnitudes of polyno-
mials. We first give another proof of the Dritschel theorem. Our proof is based
on the univariate matrix Fejér-Riesz theorem. Then we discuss a computational
method to find approximates of polynomial matrix factorization. Some numer-
ical examples will be shown. Finally we discuss how to compute nonnegative
Laurent polynomial factorizations in the multivariate setting.

§1. Introduction

We are interested in computing factorizations of nonnegative Laurent polynomials
into sum of squares of polynomials. That is, let

P(z) = Z pp”

k=—n
be a Laurent polynomial, where z = €?. Suppose that P(z) > 0 for |z| = 1. One

n
would ask if there exists a polynomial Q(z) = Z ¢x2" such that
k=0

P(z) = Q(2)"Q(2), (1)

where Q(2)* denotes the complex conjugate of (z). This is the well-known Fejér-
Riesz factorization problem and it was resolved by Fejér [F’15] and by Riesz [R’15].
A natural question is whether the results of Fejér and Riesz can be extended to the
multivariate setting. More generally, given a nonnegative multivariate trigonomet-
ric polynomial P(z) := P(z1, 22, - -, 2zq4) of coordinate degrees < n, does there exist
a finite number of polynomials Qx(z) such that

P(z) =) Qi(2)Qx(2), (2)
k

1) School of Mathematics, The Georgia Institute of Technology, Atlanta, GA 30332,
geronimo@math.gatech.edu. This author is partly supported by an NSF grant.

2) Department of Mathematics, The University of Georgia, Athens, GA 30602,
mjlai@math.uga.edu. This author is partly supported by the National Science Foundation
under grant EAR-0327577 and the School of Mathematics, at the Georgia Institute of
Technology where he visited during the fall, 2004.

1



i.e., can P(z) be written as a sum of square magnitudes (sosm) of polynomials.
There is a vast amount of literature related to the study of this problem and the
results relevant to this paper may be summarized as follows:
1° When P(z) is nonnegative on the multi-torus |z1| = |22] = -+ = |z4| = 1 and
the coordinate degrees of (Qx are less than or equal to n, then the answer to
the question is negative. (See [Calderon and Perpinsky’52] and [Rudin’63].)
2° When P(z) is strictly positive on the multi-torus and the coordinate degrees
of @ are not specified, Dritschel has shown that the answer to the question is
positive([Dritschel’04]). However the nonnegative case remains unresolved.
3° In the bivariate setting, Geronimo and Woerdeman gave a necessary and suffi-
cient condition in order for P(z) = |Q(2)|?, where Q(2) is a stable polynomial,
i.e., Q(z) # 0 inside and on the bi-torus ([Geronimo and Woerdeman’04]).
4° In the bivariate setting, there exist rational Laurent polynomials Q(z) such
that (2) holds. Furthermore, Qx can be so chosen that the determinants of Q
are only one variable Laurent polynomials (cf. [Basu’01]).
5° In [McLean and Woerdeman’01], an algorithm was proposed to find polynomi-
als Py, such that P =%, |Px|%. The algorithm uses semi-definite programming.

Although the mathematical problem appears to be theoretical, it has many
applications in engineering, e.g., the design of autoregressive filters, construction of
orthonormal wavelets (cf. [Daubechies’92]), construction of tight wavelet framelets
(cf. [Lai and Stoeckler’04]), spectral estimation in control theory (cf. [Sayed and
Kailath’01]) and many other engineering applications mentioned in [McLean and
Woerdeman’01]. Thus, how to compute such factorization polynomials @1, Q2, - - -,
is interesting and useful for applications.

In this paper, we iteratively reduce the problem of factorization of multi-
variate positive Laurent polynomials to a problem of factorization of univariate
positive definite polynomial matrices and thus present a new elementary proof of
Dritschel’s Theorem. The proof suggests a computational method (a Bauer type
method [Bauer’55,’56]) for computing the above factorization. The Bauer method
has been studied and generalized to the multivariate and operator settings by many
researchers, e.g., [Youla and Kazanjian'78], [Goodman, Micchelli, Rodriguez, and
Seatzu’97,’00], [van der Mee, Rodriguez, Seatzu’01], [Sayed and Kailath’01]. It was
proved by [Bauer’56] that his method converges exponentially fast. See [Lai’94] and
[Goodman, Micchelli, Rodriguez, and Seatzu’95] for different proofs of the expo-
nential convergence of their Bauer type methods. The Bauer method was extended
to the multivariate case in [Goodman, Micchelli, Rodriguez and Seatzu’00] and [van
der Mee, Rodriguez, Seatzu’02]. For the factorization of univariate positive definite
polynomial matrix, a linear convergence of the Bauer type method was proved in
[Youla and Kazanjian’78]. Later [van der Meer, Rodriguez and Seatzu’98]) used
Banach algebra techniques to show that the method converges exponentially fast
for real matrices. For the convenience of the reader we present a different proof
based on an extension of the method in [Lai’94].

The paper is organized as follows. In Section 2, we first give a different proof
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of Dritschel’s Theorem. As mentioned above the key to the proof is to iteratively
reduce the factorization of a multivariate strictly positive Laurent polynomial to a
problem of factorizing a positive definite univariate matrix of Laurent polynomials.
In Section 3, we explain a Bauer type method to compute the factorization of
positive definite Laurent polynomial matrices. The convergence of the method is
shown to be exponentially fast. Then in Section 4, some numerical examples are
computed following the procedure in §2 and §3. In Section 5 the factorization of
nonnegative Laurent polynomials is considered and the paper is concluded with
some remarks in Section 6.

§2. Dritschel’s Theorem

We begin with reviewing the concept of the symbol of a bi-infinite Toeplitz matrix
and discussing its properties [Grenander and Szego’58, p. 16]. For a given univariate

Laurent polynomial P(z) = Z pr2", we may view P(z) as the symbol of a bi-

k=—n
infinite Toeplitz matrix P := (p;—;)i jez. Indeed, for any absolutely summable
sequence X = (Z;);cz, i.e., Z\xz\ < 00, let F(x) = X ez z;27 be the discrete
icZ

Fourier transform (or z-transform) of x. Let y = Px, then it is easy to see that

If the matrix P has a factorization Q which is a banded upper triangular Toeplitz
matrix such that

P — QTQ’

the discrete Fourier transform of y = QTOx is F(y) = Q(2)*Q(2)F(x), where
Q' denotes the complex conjugate transpose of matrix Q and Q(z)* the complex
conjugate of the Laurent polynomial Q(z). Thus, finding P(z) = Q(2)*Q(z) is
equivalent to finding a banded upper triangular Toeplitz matrix Q such that P =
Qf Q.

It is easy to show that if P(z) > 0 for all |z| = 1, then P is Hermitian and
nonnegative definite. Clearly, P is Hermitian since P(z) is real. Furthermore for
any absolutely summable sequence x, we need to show that x!Px > 0. Again
writing y = Px, we know that

where z = ¢ and it follows that

27
X Px = i/ |F(x)[2P(2)d6 > 0
271- 0
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for any nonzero sequence x. In particular, for

T
X:("',O,ZL'_N,‘",330,"',1']\],0,"') )

the left-hand side in the above inequality gives x! Pyx, where Py is a central section
of P. The above argument shows that Py is nonnegative definite.

In the following we will assume that P(z) is strictly positive, in the sense that
there exists a positive number € > 0 such that P(z) > e¢. When P(z) is a matrix,
we mean that P(z) > el, where [ is the identity matrix of the same size as that of
P(z). When P(z) is strictly positive, we have

1 27

x'Px = — |F(x)|>P(2)d0 > €|x|*.
2 0

It follows that if P(z) > € > 0, then Py > ¢ > 0.
We now consider the factorization of multivariate Laurent polynomials. Let us
begin with a bivariate Laurent polynomial P(z1, z2). That is, let

P(z1,20) = > Y pjrzlas >0

j=—nk=—n

be a Laurent polynomial of coordinate degrees < n. We would like to find a finite
number of polynomials Qx’s such that

P(z1,22) = Y [Qn(z1,22) "
k:

Denote by zy = [1, 21,22, -, 27T and write

P(z1,2) = leIB(zg)zl

for a Hermitian matrix P(zp) = Z Przy, where each py, is an (n + 1) x (n + 1)
k=—n
Toeplitz matrix. With a slight modification of an observation of [McLean and

Woerdeman’01, Theorem 2.1], we note that there are many ways to write P(zs).

If there is one P(z3) which is nonnegative definite then we can use the matrix
Fejér-Riesz factorization theorem (cf. e.g., in [Helson’64], [Rosenblum’68], [Rosen-
blatt’58], [McLean and Woerdeman’01], see also Section 3) to find Q(z2) such that

P(2) = QT (22)Q(22).

That is, we have

P(z1,22) = (Q(22)21)Q(22)24
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which is clearly a sum of squares of polynomials.

The above discussion can be generalized to the multivariate setting and using
an observation of [Dritschel’04] to the case that the size of P(z2) is larger than
(n+ 1) x (n 4+ 1). For simplicity, let us consider a trivariate Laurent polynomial
P(z1,29,23) in 21 = e 29 = €92 24 = €% of coordinate degrees < m. We first
write P(z1, 22, 23) in a matrix format:

n

P(z1,29,23) = Z pr(22,23)2F = ZlTﬁ<227Z3)Zl7

k=—n

with
zlz[l,zl,...,zinl]T (3)

and m; > n. There are many ways to write ﬁ(zz, z3). To capture this define the
set of matrices

F =A{(pij(22,23)) 0 <, j <my : Z pi,j(22) = pr(22), }-
i—j=k
[k|<mq

Note that the matrices in F are banded since px, = 0, |k| > n. We look for a matrix

~

P(29,23) in F that is positive definite for |z3] = 1 = |z3]. The polynomial matrix

~

P(29,23) can be written as

n

ﬁ(zz,zs) = Z lf’k(Z:a)ZS,

k=—n
where each Py (z3) is an (my 4 1) x (my 4+ 1) Toeplitz matrix. Thus we can write
ﬁ(zz,zs) = ZZTP<753)Z27

where
m T
Z2 = [ImpZZIml:---aZz 2Iml] )

with I,,, being the (m1+1) x (m; +1) identity matrix and mz > n. The polynomial
P(z3) is a matrix polynomial of size (my + 1)(mg + 1) X (m3 + 1)(me + 1). If
it is nonnegative definite we can factor it into a polynomial matrix Q(z3), i.e.,

P(23) = Q(23)Q(23)" by the matrix Fejér-Riesz theorem then we have

P(z1,22,23) = (Q(Z‘s)zﬂl)T (Q(23)z221)

which is a sum of square magnitudes of polynomials in z1, 29, 23.

Our task then is to produce a positive definite polynomial matrix for any given
positive multivariate Laurent polynomial. We resume our discussion on the two
variable case again and rewrite P(z1, z2) as follows:

ni

P(z.22) = Y pr(22)2h = 2Zm, ' Py (22)2m,

k=—n1



where my > ny, zZm, = [1,2172%,"'7211”1]T: and

P, (22) = [pjr(22)]o<s k<ma
with polynomial entries p; 1(22) given by
1
my+1—|j— k|

pik(z2) = Pr—j(22),Vj,k=0,---,my.

Note that p;i(22) = 0 for |j — k| > n;. Under this decomposition we can show
that for some m; large enough, the matrix P;(z3) will be positive definite when
P(z1, 22) is positive definite. To see this note that P(z1, 22) is the symbol of the
following bi-infinite Toeplitz matrix,

po(z2) p-1(22) -+ p-n(22) O
p1(z2)  po(22) '
pz(Zz) pl(ZQ) AR (4)

pn(ZQ) Pn—1 (22)

The positivity of P(z71, z2) implies that any central section of the this matrix, i.e.,
any square block with the diagonal consistent with the main diagonal

diag(- - -, po(22), po(22), Po(w2), - - )
is positive as explained at the beginning of this section. Typically, we have

po(z2) p-1(22) p-2(22)
>0, [pi(22) po(22) p-1(z2) | >0,---.
p2(z2)  pi(22) po(22)
For convenience, we denote by Py and P35 to be the 2 x 2 and 3 x 3 matrices above,
respectively. In general, we use P to denote the k x k central block matrix from
the bi-infinite Toeplitz matrix (4) above.
Now look at the matrix P,,,(z2) given by,

p0(22) P—1(22)

po(z2) >0, p1(z2)  po(22)

- ﬁpo(zz) m%p_l(@) mp—m(@) 0 -
mP1(22) mgPo(22)  rp-1(22)
ﬁpz(z’z) m%]h(zz)

= P (22)
0

i : .~' '~' ~" '.. ﬁpo(,?,?)_




With x = [zg, 21, , Tm,]T, we need to prove that x*P,,, (z2)x > 0. First write

x' P, x = X Py, x + x'R,,, x

my +1 my +1

with a remainder matrix R,,,. The /5 norm of R,,, can be estimated directly to
give

2nq (n1 + 1)01

V3(my —ni)

where we have used the fact that R,,, is a banded matrix and

By ll2 <

Cy= sup Ipi(22)]. (5)
imtma,
[z2]=1

2ny(n1 +1)C
V3(my —ny)

0. Thus an application of the matrix Fejér-Riesz Theorem yields

If P(21, 22) > € then x1P,,, x > €||x||2, so that if <, thenx' P, (20)x >

ny

Theorem 2.1. Let P(z1,22) = Z pr(22)2F > € > 0 be strictly positive on
k:—nl

bi-torus |z1| = 1 = |z2]. Then P(z1,22) can be factored into a sum of square

magnitudes of polynomials in z; and zo. The total number of terms in the sum is

less than or equal to mq + 1 with my being an integer such that

2n1(n1 + 1)01
< €,
\/§(m1 - n1)

where C1 is the positive constant given in (5). The degrees of each of the polyno-
mials is bounded by my in z1 and no in zs.

We remark that when P(z1, 22) has different coordinate degrees nq, ns, it may
be worthwhile depending upon C to choose the smaller among n; and ny in order
to have a fewer terms in the sum of square magnitudes of polynomials for P(z1, 23).

Next we generalize the result in Theorem 2.1 to the multivariate setting which
is known from [Dritschel’04].

Theorem 2.2(Dritschel). Let P(z1,---,24) be a multivariate Laurent polyno-

mial which is strictly positive on the multivariate torus |z1| = |z2]| = -+ = |zq4| = 1,
where d > 2 is an integer. Then P(zy,---,zq) can be expressed as a sum of square
magnitudes of polynomials in zy,- -, 2zq4.

Proof: We shall use the arguments in the proof of the previous Theorem. Write
P(z1,29,...,2q) = P(z1,2) = Z;i_nl pj(2)z] > 0, where z is the usual multi-
variable notation beginning with z5. We know that P(z, z) is the symbol of the
bi-infinite Toeplitz matrix given by (4) with 2z replaced by the multi-variable z.
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It follows that any central section along the main diagonal is strictly positive
definite as explained before. Write

P(z1,2) = 21" Py, (2)21, (6)

where z; given by equation (3) and P, (2) = [pjkloc;p<,n 18 @ matrix of size
(my 4+ 1) x (mq 4+ 1) with entries

1
m1+1—|j—k|

Pik = pj—k('z)? vjak:(]?lv"'?ml'

If P > € the argument in Theorem 2.1 shows that for m, large enough the£e is an
2n1(n1 + 1)01

€1 > 0 such that x' P, (2)x > €]|x|? on the d — 1 torus if < €,
V3(m1 —nq)
no
where in this case C; = sup Ipi(2)]. Write Py, (22,2") = Z Pr(2)28,
i|25|=1,j=2,...,d P
where py are (my + 1) x (my + 1) Toeplitz matrices and 2z’ = (23, ..., 24). Now set

1
m2+1—|j—k|

ﬁjk: ﬁj—k(zl)7 vj7k:07"'7m2

with mo > my and P,,, (") = [Djk)o< s k<my- As above we have that

1
x'P,,x = p— 1xT73m2x + — 1XTRm2X.
As above the norm of R,,, can be bounded by
2%2(712 + 1)02
[Rmall2 < ,
\/§(m2 - nz)
where Cy = sup 19:(2") |2, we find for mqy sufficiently large, P,,, is a pos-

1,|z2|=|2q|=1

itive matrix plol;nolmilal. We continue the process until we arrive at the positive
trigonometric matrix polynomial P,,, ,(z4) which can be factored by the matrix
Fejér-Riesz theorem. We have thus established the proof. O

Note that the number of factors will be (mq + 1)(mg + 1) -+ (mg—1 + 1) and
the degrees of the polynomials at most my for z; ... mg_q for zg_1 and ng4 for z4.
We note that we could have avoided the use of the matrix Fejér-Riesz theorem by
eliminating all variables then using a square root of a positive matrix (see [McLean
and Woerdeman’01]). We will consider an alternative computationally attractive
method for computing factorizations in the next section.
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§3. Computing Approximate Factorizations

As shown in the previous section, an important step in the factorization of multivari-
ate Laurent polynomials is to compute the factorization of univariate polynomial
matrices. Recall a computational algorithm for factorization of one variable Lau-
rent trigonometric polynomials was developed in [Lai’94]. (This is a Bauer type
method. See Remark 6.1 for differences.) This method can be extended to fac-
torize positive definite polynomial matrices in the univariate setting. Let us first
introduce some necessary notation and definitions in order to explain the method
in more detail.

Let /5 stand for the space of all bi-infinite square summable sequences. Let
||x||2 denote the standard norm on ¢3. We note that any bounded operator A from
¢? — (2 can be expressed by a bi-infinite matrix.

Definition 3.1. A bi-infinite matrix A = (a;x)ikez is said to be of exponential
decay off its diagonal if '
a2 < Krl=H

for some constant K and r € (0,1), where Z is the collection of all integers. A is
banded with band width b if a;;; = 0 for all i,k € Z with |i — k| > b.

We suppose that A is a bounded operator throughout this section. If A is a
positive operator, then there exists the unique positive bounded bi-infinite square
root matrix Q of A such that Q> = A. If A = BB for bi-infinite Cholesky
factorization B of A with positive entries on its diagonal, then there exists a unitary
matrix U such that B = UQ.

Recall from the previous section that given any Laurent polynomial P(z), we
can view P(z) to be the symbol of a bi-infinite Toeplitz matrix P. The computa-
tional scheme introduced in [Lai’94] roughly speaking is to choose a central section

Py = (pj—k)-N<j k<N

of matrix P and compute a Cholesky factorization, i.e. Py = CITVCN with Cxn
being an upper triangular matrix with positive diagonal entries if Py is positive
definite. If Py is nonnegative definite use the singular value decomposition (SVD)
to first find Qn such that Py = Q% and then find a Householder matrix Hy such
that Cny = HyQn is upper triangular. The nonzero entries in the middle row of
Cn approximate those in the middle row (in fact any row) of C whose symbol C'(z)
is a factorization of P(z), i.e., P(z) = C(2)*C(2).
For the extension of this method to polynomial matrices, let

?:{X:{xi}iez,wi ERm?HXHk <OO}, k:1,2

and B(¢5") be the set of bounded linear operators on ¢5'. Let IlIy € B(¢3") be the
projection given by

Oyx =y, y={vi:yi=0,i| > N,y; = x;, |i| <N}

9



If P € B(¢3") is positive definite we will be interested in considering the (2N +
1)m x (2N + 1)m sub-matrix of P centered at the index zero which will be called
the Nth central section. Note that the Nth central section is positive definite. We

will also be interested in extensions of various finite matrices Ay to B(¢5") given
by

0 0 O
0 Ay 0],
0 0 O

which with a slight abuse of notation will also be called Ay.

Consider the matrix polynomial P(z) = Z;L:_n p;z7 with matrix coefficients
pi’s of size m x m, then P = (pi—;)ijecz € B(¢3") defined by m x m matrix blocks
Pk, —n < k < n is a bi-infinite block Toeplitz matrix whose symbol is P(z). As
shown earlier if P(z) is Hermitian nonnegative definite, so is P. Let C(z) be a
factorization of P(z) i.e., P(z) = C(2)" C(z), then P = CTC, where C is a bi-infinite
upper triangular banded block Toeplitz matrix associated with C(z). On the other
hand, if P = CC for a upper triangular banded block Toeplitz matrix, then the
symbol C(z) of C satisfies P(z) = C(2)'C(z). If P(2) is positive definite then
it follows from the matrix Fejér-Riesz theorem (cf. [Helson’64], [Rosenblatt’58],
[Rosenblum’68], [McLean and Woerdeman’01]) that it is possible to choose C so
that it has positive diagonal entries. We shall prove the following,

Theorem 3.1. Let P(z) = >."  prz" be an m x m matrix polynomial that is pos-
itive definite for |z| = 1. Let P = (p;_;)i j.ez = C'C where C is an upper triangular
banded block Toeplitz with positive diagonal entries, Py be the Nth central section
of P, and Cy the Cholesky factor of Py (which we extend as described above).
Then

I(Cx —Cn)dll2 < Kp™,

for some p € (0,1), where 6 € (3 is any vector with a finite number of nonzero
entries.

For the numerical computation in the next section we will choose d with zero com-
ponents except for 69 = I,,,, the m x m identity matrix.

The proof of Theorem 3.1 is based upon the following Theorem 3.2 and Lemmas
3.3 and 3.4.

Theorem 3.2. Suppose that A € B({3) is a positive banded operator such that
|A—1I|l2 < 1. Let @ be the unique positive square root of A, Ax be a central
section of A, and Qn be the positive matrix such that Q% = Ax. Then

1@ — Qn)dlla < KXY (7)

for some \ € (0,1) and a positive constant K. In equation (7) § is any vector with
a fixed number of nonzero entries.

To prove the above Theorem 3.2, we begin with the following lemmas.

10



Lemma 3.3. Suppose that A is banded with bandwidth b and ||A —I||s < r < 1.
li—k]

If Q> = A with Q = (qix)ikez, then |q x| < Kr—® . If A is invertible, then the
entries of Q™! satisfy a similar bound.

Proof: We only prove the exponential decay property of ). The proof of that of
Q! is similar. The uniqueness of () and the convergence of the following series

oo

Sy

1=0

implies that

Q=VA=I+(A-1)= ;(-N%M — 1%

7

A is banded and so is A —I. If A— I has bandwidth b, then (A —I)* is also banded
with bandwidth ¢b. Thus,

oo

i>|j—k|/b

where (A — I);i denotes the (j, k)™ entry of A — I and similar for (A — I);,~C It
follows that

for some constant K. This finishes the proof. O
Let us write

a; B s B a o
Q= |BY Qv Cf| and A= |at Ay f
ag C oy ﬁ; c [

Note that Q% = A implies Ay = Q% + BB + CTC or @%\, — Q3% = B'B+C'C
where Q% = Ay. Thus, we have

(Qn +Qn)( QN — Qn) = Q% — Q% + QnQn — QnQn = BF B+ CTC + R, (8)

where R is defined in the following,

Lemma 3.4. (Cf [La1’94]) Let R = (Tjk>—N§j,k§N = QNQN — QNQN- Then
rig = O(rN/49)) for k = ~N/4+1,---,N/4—1and j = —N,---,N.

Proof of Theorem 3.2: From equation (8) we find that, (Qn — Qn) = (Qn +
Qn)" Y (B'B+C'C + R). By Lemma 3.3., we can prove that the entries of Bf B +
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CTC have the exponential decay property: (BTB+C1C); = O(rN=IkY, _N <k <
N.

The positivity of A implies that ) is positive and so is Qn. It follows that
||Q1_vl |2 is uniformly bounded. Thus, we have

1(@Qn +Qn) 2 < QR 2 < Ky < o0

for a positive constant K7 independent of N, where we have used the fact that @ N
is nonnegative. Therefore, we conclude that

1(Qn — Qn)onll2 <|(Qn + Qn)HI(BTB + CTC + R)dn|2
<Ki||(B'TB+C'C + R)on|2

where 0y is the finite vector whose entries match those of 6. The proof is completed
by extending Qn, Qn, replacing dy by d, and noticing that by Lemma 3.3, |[(Qn —
Q)| < KIAV, A< 1. O
Proof of Theorem 3.1: Suppose that
Sup 1P (2)]|2 < 1. (9)
z|=1
Otherwise divide P by a sufficiently large constant so that (9) holds. Let @ be the

unique positive square root of P, and @ ~ the positive square root of Py. From
Theorem 3.2 we know that [|(Qx — Q)d]]2 < Kp» with p < 1. Let U be the unitary
matrix such that C = U@ which is upper triangular. Then

I(@n = Q)32 = (UQN —C)l.

The above equation implies that the diagonal elements of U @ ~ tend exponentially
fast to the positive diagonal entries of C. Moreover, let (G 0)icz be the central
column of UQ . Since C is upper triangular and banded with bandwidth b, we
have

< (UQN — C)é]|o-
1<0 i>b

245 2 < K?2p?N by Theorem 3.2. We shall use this fact

Thus, Ei<0 i,
two times below.

Write U @ N = @ N+ L}, where @ N 1S upper triangular and LY is strictly lower

triangular. Then UQN = gn +lnN, where gy = HNQNH and [y = L}V-l-QN qn -
Since C is upper triangular and banded, Theorem 3.2 shows that ||l ~Ndl|2 tends to
zero exponentially fast because ||Iyd]|3 = ZKO 1Giol®> + >~ v 1,0, Here we have

used the above fact. Furthermore since Q N is symmetric,
=Q% = Q)Qv = (UQN)'(UQw)
:(QN +1In) (gn + In)
=qlan + Ivan + ally + v
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That is, we have
C]TVON - q;r\/QN =10 NAN + q In + lT In.

Since (Qy is uniformly bounded so is ¢y and we find that ||lelN5||2 and ||q1TVlN5||2
go to zero exponentially fast. Also, we claim that Hl-]l-VQN6||2 < K3\, Indeed, as
we know ||Ind|l2 < Kp" so are ||Ind;]|2 < Kp” for §; which is a zero vector except
for the ith component which is 1, where ¢ = 1,2,---,b. Write Iy = (4;;)-n~n<i j<nN
with ¢;; = 0 for i > j. (Note that we arrange the indices so that ¢, x is on the top
left corner of matrix [ while /_y _px is the low right corner of I.) We know that
ZKj ;1> < Kp"N for j =0,1,---,b. Also, let (gn i) be the central column of gy .
Note that gn,; = ¢ 0 for i = =N,---, N and ¢;0 = 0 for ¢ < 0. It follows that the
only nonzero entries of I N QN0 are those with j > 0,

N
Z gijqi,o Z&j% 0 — Z&j% o+ Z Zz]Qz 0-
i=—N

i=b+1
Hence, we have

N

I andl3 QZ Izqzo%\ + | Z lij

i=b+1

b b
<D ldnol* Y lindills il
i—0 i—0 i=0 j=0i=b+1

<Kip*N + (N + 1)]|Qn 30"
§K2>\2N

for another A € (0,1) and constant Ky > 0, where we have used the above fact
again. Thus, we have the claim. Therefore,

1(CLCN — glyan)dl2 < KsAY,

where we recall that Cy = [¢;;]—n<i j<n is the Cholesky factorization of the central
section Py of P. Restricting the above quantities to their finite matrices we note
because of the strict positivity of P, ||gx||2 is uniformly bounded from below hence
q;]l is uniformly bounded. Furthermore since C'y has the same size as qu,

(1 = (gh) ' CLCOnay")onl2 < KaAY,
where oy = gy for any § with finitely many nonzero entries. The above inequality
shows that || (Cngy' —1)dn|l2 < K4AN. Indeed, writing (an.i;)-n<ij<v = Cnay'

we note that a;; = 0 for ¢ < j since both Cy and gy are upper triangular and each

13



entry an,;; on the diagonal is bounded below by the uniform boundedness of C’;]l
and gy .

N N
I = (g) T ChCrnan" o3 = Y 1D anijanio — djol* < KA.
j=—N i=j

;From the above inequality, we conclude |ay n.o| < K4AY for j = N. By induction

we can show that |ay ;o < K4AYN for j=1,---, N — 1. For j = 0, we have
N
|Za?\m’,o - 1|2 < Kf)\QN'
i=0

It follows that |an 0 — 1| < K4NAY. Hence, we have
I(Cnay' = Ddl2 < Ksp™
for another real number v € (0,1). Therefore,
I(Cx = UQN)S]l2 < I(Cv — qn)dll2 + [[€n6]l2 < Ko™
and hence,
[(Cn = C)dll2 < |(Cn = UQN)dlz + IUQN = C)dllz < Ky,
This completes the proof. 0O

§4. Numerical Examples

In this section we give three examples to illustrate how the computational
method works for polynomial matrix factorizations.
Example 4.1. We first consider a univariate polynomial matrix

=[50 1]

It is clear that the matrix is Hermitian and positive definite. We write

P(@:ﬁ ﬂ+[é quL[i 8]/2«

We assemble a bi-infinite Toeplitz matrix whose 10 x 10 block is as shown below.

8 111 0 0 0 0 0 07
110 000 0 O0O0O0
108 1 110000
1011000 O0O0O0
001 08 1 1100
001 01 100 0O
00001 08111
00001 011 0O
0000 0 010 81

L0 0 00 00 1 0 1 1

—_
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We use the Cholesky factorization method to a 40 x 40 central block and get a lower
triangular matrix F. Let PO be the 2 x 2 block from the middle rows and columns
Of F (e.g., (Fz’j)19§i,j§20 which is

/385 0
PO:=| '
T [ 6 \/2310] :

/385 55
Choose the 2 x 2 block next to PO in the same rows as that of PO as P1. That is,

V385 —v2310
Pl = [ 55 385 ] )

V385 —v2310

55 385

Define Qf(z) = PO+ P1/z and then we have P(z) = Q(2)'Q(z). O
Example 4.2. We next consider a bivariate polynomial

P(x,y) = 41 + 52% 4 5y*> + 15/x + 20/y + 5/x + 5/y* + 152 + 20y + Sxy
+ 8y /2 +5/(xy) + 8x/y + 2x/y* + 3y/x? + 322 Jy + 22 Jy* + 2y° /2 4+ y* /2.

It is a positive polynomial since P(z,y) = p(z,y)p(1/x,1/y) with p(x,y) = 5 +
2z + 3y + 2y + 22 + y2. Let us write

1
P(a,y) = [1,1/x,1/2*|P(y) | « |,
2
x
with
P(y) =
2
S+ 25+ Yy Pyt 5+2 4%
T Ay + o+ 3 e+ Y P+t
2 15 5 2 41 , 5,2, 20 5 20
5+3y+y 7+4y+@+y ?‘l‘gy +—y+w+§y
The above matrix polynomial can be rewritten as ]B(y) = Z?:_Q pjy! withp_o, -+, po
being given below:
-41 15 20 5
3 2 9 3 2 0
bo = % % % yP1 = 4 % % 7p—1:p-{7
5 5 3 3 4 %
L 2 3 3
-5
z 0 0
5
p=|1 3 0|, po=pl
11 3
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We now assemble a bi-infinite Toeplitz matrix whose 9 x 9 central block is shown
as follows:

A A
4842313 0
5 2 4 3 4 2 1 1 2
20403 4085 250
003 B s 43 o4y
SRS LRI
0 1 3R 4 B8y
[0 0 5 0 3 B 5 oy

We use the Cholesky factorization of a central block matrix of size 120 x 120. Let
F' be the lower triangular factorization. Then choose @)y to be the 3 x 3 block at
the middle rows and columns of F' (e.g., (Fi;)ss<i,j<60), @1 the 3 x 3 block next to
(1 in the same rows of @)1 and ()5 the 3 x 3 block next to @)1 in the same rows of
Ql- That is

[3.185602126 0 0
Qo = | 1.873651218 2.539725049 0 ,
| 1.524622962 1.128505745 2.269126602

1.797364251 0.08381502303 —0.0003518239229

Q1 = 0.7675275947 1.633796832 0.06150315980
| 0.00008111923034  0.9665117592 1.856367398
[0.5231873284 0.007768330871 0.08530594055

Q2 = 0 0.6562390159  0.1143305535

0 0 0.7344969935

Let Q(y)' = Qo+ Q1/y+Q2/y? and then Q(y)'Q(y) ~ P(y). In fact the maximum

error of each entry of Q(y)Q(y)* — P(y) is less than or equal to 1078, O
Example 4.3. Let us consider a bivariate polynomial which has a zero on the
bi-torus:

P(z,y) =30+ 14/x+ 11/y+4/z/y + 14z + 6z /y + 11y + 6y/z + 4zy.

It is the product of P(z,y) = (4+ 3z +2y+1)(4+3/x + 2/y + 1) which is zero at
r=—1,y =—1. We write

P(z,y) =po(y) +p1(y)x +p_1(y)/x

16



for po(y) =30+ 11/y + 11y, p1(y) = 14+ 6y +4/y, and p_1(y) = 14 + 4y + 6/y.
It is the symbol of an bi-infinite Toeplitz matrix. One of its central section is as
shown below.

11/y+30+ 11y 4/y+ 14+ 6y 0 0
6/y+14+4y 11/y+30+11y 4/y+ 14+ 6y 0
0 6/y+14+4y 11/y+30+1ly 4/y+ 14+ 6y
0 0 6/y+14+4y 11/y+30 + 11y

Since P(z,y) has no simple factors (see the next section), any central sections of the
bi-infinite Toeplitz matrix is positive by Lemma 5.1. We consider several central
sections P, of size m = 32 x 32, 64 x 64, 128 x 128 and 256 x 256. For each of
these central sections, P, is a univariate polynomial in y with matrix coefficients
and P,,(y) is positive. Thus, Py, (y) = Qm(y) Qm(y). To compute Q,(y), we use
the computational method in §3 to yield an approximation @,, of Q,,. As the size
of central sections increases, the @),, converges to the corresponding entries in the
bi-infinite Toeplitz matrix. We use the entries in the center of the middle rows of
Q. to construct an approximation of Qm(y) and hence the factorization of P(x,y)
and listed below.

size factorization
16 x 16 4.01207952 + 2.984741799x + 2.000226870y + 0.996712925xy
32 x 32 4.004041536 + 2.994924757x + 2.000034879y + 0.998949058xy
64 x 64  4.001381387 4 2.998269650x + 2.000005690y + 0.999648058xy
128 x 128  4.00069369 + 2.999134582x + 1.99999896y + 0.999821915xy

As we know that the factorization is 4 + 3x + 2y + 1, the approximations are very
good. 0O

§5. Nonnegative Bivariate Trigonometric Polynomials

Finally we consider the problem of factorization of nonnegative multivariate poly-
nomials. Let us start with P(z,w) > 0. If for some zg with |z9| = 1, P(z9,w) =0
for all w with |w| = 1, we say that P(z,w) has a simple factor at zo. If P(z,w) has
a simple factor at zp, then P(z,w) has factors (z — zp) and (1/z — 1/z). Let us
factor them out. Then P(z,w)/((z—20)(1/2—1/zp)) is still nonnegative. Similarly,
if P(z,wp) = 0 for all z with |z| = 1, P(z,w) has a simple factor at wg. In this
case, P(z,w) has two factors (w —wp) and (1/w — 1/wq) which can be factored out
from P(z,w). Without loss of generality, we may assume that P(z,w) > 0 does not

have any simple factors. Writing P(z, w) = Z p;(w)z?, we view that P(z,w) is
j=—n

a polynomial of z and it is the symbol of a bi-infinite Toeplitz matrix in (4) with

w in place of z5. We have the following
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Lemma 5.1. Suppose that P(z,w) > 0 does not have any simple factors. Then any
central section of the bi-infinite Toeplitz matrix in (4) is strictly positive definite.

Proof: Since P(z,w) > 0, we know that any central section of the matrix in (4)
is nonnegative definite. Suppose that a central section 7,,(w) of the matrix in
(4) is not positive definite for w = wy. Then there exists a vector x such that
T (wo)x =0, i.e., xI T}, (wg)x = 0. Thus, we have, for z = ',

1 27

0 = x'T}, (wo)x F(x)"P(z,wo)F(x)df.

It follows that
|F(x)]?P(z,wg) =0, a.e.

and hence, P(z,wq) = 0 since |F(x)| # 0, a.e. and P(z, wy) is a Laurent polynomial.
That is, P(z,w) has a simple factor at wg. This contradicts the assumption on
P(z,w). O

Thus, for a central section P,, of size m x m in the matrix in (4), P, is
positive. Since P,, is a polynomial matrix in w, by the matrix Fejér-Riesz fac-
torization theorem (cf. [Helson’64], [Rosenblatt’58], [Rosenblum’68], and [McLean
and Woerdeman’01]), P, can be factorized into Q,, i.e., Py (w) = Qm(w)TQm(w).
Intuitively, the polynomial @,, is a good approximation of the factorization of the
bi-infinite Toeplitz matrix P in (4) for m sufficiently large. In the previous section,
we presented an example (Example 4.3.) of P(z,w) which is nonnegative without
simple factors. Using our symbol approximation method, we compute an approx-
imation of the factorization of P,, for m = 16,32,64, and 128. The numerical
computation shows the factorizations converge.

Let us now discuss the convergence a little bit more in detail. For simplicity, let
A be a bi-infinite Toeplitz matrix associated with a univariate Laurent polynomial
A(z) and Ay = (ajr)-n~N<jk<n be a central section of size (2N + 1) x (2N + 1)
for a positive integer N. Suppose that each Ay is strictly positive. Thus we can
obtain a factorization Ay = By By by Cholesky factorization with positive entries
on its diagonal of B.

Lemma 5.2. For any x,y € ls, x! Any := XEVANyN converges to x! Ay as N —
400, where Xy = (z_n,---, %0, --,on)! is the central section of size 2N + 1 of x
around the index 0 and similar for y .

Proof: For an integer N > 0,

x'Ayy — xT Ay
1 27

= || (FGen)" AR)F(yn) — P AR)F(y) df

1 27

=5 |, (O~ FG0)" AG)Plyn)ad

1 27

tor ] F(x)"A(2) (F(yn) — F(y))df
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where z = €¥. In the first equality we used the fact that xT Ayx = (IIyx)T Allyx
where Il is the projection defined in Section 3. Thus

|xT.ANy — XTAy\
<[|x —xnll2llA) oo llyll2 + [y — ynll2A(2) || colIx]2

—0

as N — +o0o. Here, ||A(z)]c denotes the maximum norm of A(z) over the circle
|z| = 1. This completes the proof. O

A consequence of the above Lemma 5.2 is that ||Byx||3 converges to xT Ax. If
A can be factored to A = BTB. Then ||Byx|lo — ||Bx]|2. The following is another
consequence of Lemma 5.2.

Lemma 5.3. Let By be a factorization of Ay, i.e., Ay = BLBN. Then ||By|| is
bounded independent of N.

Proof: By Lemma 5.2, there exists a constant C' such that for N large enough,
IBnx|3 = x"Anx < xTUx + C = [[x[5 A(2) [ + C.

Hence, ||By|| := max |IBnx||2 is bounded. O
Ixll2=1

Note that for ezvery N, By banded with the same band width as that of A.
Thus, each row (or column) of By has finitely many nonzero entries. Lemma 5.3
implies that each row (or column) of By is bounded in ¢ norm and hence each
entry in any row is bounded. Therefore there exists a subsequence of By, such that
each entry with indices (j, k) in By, converges as i — +o0. That is, for any vector
X = (2;)iez € f2 with finitely many nonzero entries, we have

BNiX — Bx.

for a bi-infinite matrix B. By Lemma 5.3 again, we have x!B By = x'Ay. Then
BB = A. Note that B is an upper triangular matrix with the same band width
as that of A. If B is a Toeplitz matrix, we immediately know that A(z) has a
factorization such that A(z) = B(z)*B(z). Therefore, we end with

Theorem 5.4. Let P(z,w) be a nonnegative Laurent polynomial with no simple
zeros. Let P be a bi-infinite Toeplitz matrix with Laurent polynomial entries in w.
Then P naturally induces a nonnegative operator B on {5 such that P = BB and
there is a subsequence of By convergent to B entrywise, where By is a factorization
of a central section Py of P, i.e., BITVBN = Pn. If B is Toeplitz, then P(z,w) can
be factored into a sum of square magnitudes of finitely many polynomials in z and
w.

Theorem 5.4 provides a computational method to check if a nonnegative Lau-
rent polynomial P(z,w) can be factorized. That is, we compute Cholesky factoriza-
tion of central sections of the bi-infinite Toeplitz matrix P associated with P(z, w)
and observe if the factorization matrices converge to a Toeplitz matrix or not. If
they converge, P(z,w) has a factorization.
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1.

§6. Remarks

It is interesting to point out that the symbol approximation method dis-
cussed in [Lai’94] is very much like the Bauer method in [Bauer’55]. One
slight difference is that the singular value decomposition (SVD) instead of
the Cholesky decomposition is used to factorize the matrices associated with
Laurent polynomial P(z) > 0. Another slight difference is that the central
section PN = (pij)—Ngi,jgN in [Lai’94] is used instead of PN = (pw)ogidgj\[
in [Bauer’55].

. When P(z) is a matrix polynomial in the univariate setting [Hardin, Hogan and

Sun’04] have demonstrated a constructive method to factor P(z) = Q(2)TQ(z)
when P(z) has a nonzero monomial determinant.

Acknowledgement: The authors would like to thank referees for providing refer-
ences [8-11, 14, 17-19, 22, 23] which are directly related to the topic of the research
presented in this paper.
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